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Abstract

Under consideration in this paper is rogue waves on the general periodic travelling waves background of an integrable
extended modified Korteweg-de Vries equation. The general periodic travelling wave solutions are presented in terms of
the sub-equation method. By means of the Darboux transformation and the nonlinearization of the Lax pair, we present
the first-, second- and third-order rogue waves on the general periodic travelling waves background. Furthermore, the

dynamic behaviors of rogue periodic waves are elucidated from the viewpoint of three-dimensional structures.

Keywords: extended modified Korteweg-de Vries equation, Darboux transformation, Jacobian elliptic function, rogue
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1. Introduction

A special solitary wave, rogue wave, has been extensively investigated in many fields, such as plasmas, oceanic waves,
optics and even finance [1-4]. Rogue waves appear from nowhere and disappear without a trace possessing the properties
of high peak and being rationally localized [5]. In recent years, rogue waves on the elliptic function background named
rogue periodic waves have become more and more popular in nonlinear science. The rogue periodic wave phenomenon is
an exact analytic rogue solution of soliton equations on a periodic background. The discovery of rogue periodic waves is of
great significance because it discloses novel and absorbing nonlinear phenomena. A new excellent method was proposed to
get the rogue periodic waves for the nonlinear Scrédinger equation [6] and modified Korteweg-de Vries (mKdV) equation
[7]. Then the rogue periodic waves of the Hirota equation [8, 9], the sine-Gordon equation [10] and the fifth-order Ito
equation [11] are obtained. In addition, multi-breather and high-order rogue waves of the nonlinear Scrédinger equation
on the elliptic function background have also been presented [12]. As is known to all, Darboux transformation (DT) is
an essential method to obtain multi-soliton and localized solutions of soliton equations [13-16], but a few studies of the
rogue periodic waves have been done.

It is well known that the mKdV equation is a fundamental completely integrable nonlinear partial differential equation

admitted the N-soliton solution [25] and plays a significant role in various physical contexts such as the generation of
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supercontinuum in optical fibres [18], propagation of solitons in lattice [19], nonlinear Alfvén waves propagating in plasma
[20], physical experiments of ion acoustic solitons in plasmas [21] and fluid mechanics [22]. Therefore, it is necessary to
study the extended form of the mKdV equation. In this paper, we investigate an extended modified Korteweg-de Vries

(emKdV) equation, which takes the form
wy + a(6U Uy + Upzs) + B(30utuy + 10U + 40Uty tpy + 1002 Upre + Uszzee) = 0, (1)

where a << 1 and 8 << 1 stand for the third- and fifth-order dispersion coefficients matching with the relevant nonlinear
terms, respectively. It is noted that the multi-soliton solutions and rational solutions of Eq. (1) have been obtained
[23, 24]. However, the rogue waves on the most general periodic travelling waves background of the emKdV equation (1)
have not been reported.

The main aim of the present work is devoted to making a further investigation on rogue periodic waves of Eq. (1).
In section 2, we give the Lax pair and the formula of the N-fold DT. In section 3, the most general periodic travelling
wave solutions are presented in terms of the sub-equation method. In section 4, we discuss the nonlinearization of the Lax
pair. In section 4, we construct the second solution of the Lax pair. In section 5, with the help of the DT method, the
first-, second- and third-order rogue periodic waves are generated. The discussion and conclusion are located in the final

section.

2. Lax pair and Darboux transformation

To begin with, the Lax pair of Eq. (1) can be given by [25]
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where ® is the vector eigenfunction and A is a spectral parameter. From the zero curvature equation, one can easily obtain

Eq. (1). Thereafter, we give the DT of the emKdV equation (1) as follows.
Theorem 1. The unified DT of Eq. (1) reads
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where ®; = (f1,91)7 is a special solution for (2) with A = ;. In the following, it is worthy to show that system (2) can

be transformed into
o[1], = U[1]®[1], ®[1], = V[1]@[1], (4)

and the transformation between potential functions reads
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ff+at )
In what follows, we generalize the aforementioned elementary DT into the N-fold case.
Theorem 2. Assume that ®; = (f;,9,)7(1 <1< N) be N nonzero solutions of system (2) with A\ = \;(1 <1 < N). The
N-fold DT of Eq. (1) can be represented as

u[l] =u+ 4\

O[N] =T[N]®, T[N]=1—- XM\ +S)*X7T, (6)

and the transformation between old and new potential functions is

o det(Ml)
u[N] 7u72m, (7)

where X = ((I)l,(bg, ...,‘I)N),S = diag()\l,/\g,...,)\N),
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3. Periodic travelling wave solutions
We consider the travelling wave solution of Eq. (1)
u(e,t) = u(€), €=x—ut, (9)

where v is the wave speed. Substituting (9) into (1) and integrating once, we get
— v+ o(2u® + uge) + B(6u° + 10uug + 10uuee + ugeee) = w, (10)

where w is an integral constant.
Notice that it is laborious to get the exact travelling wave solution. Hence, we will make use of the sub-equation

method [26] to obtain the exact travelling wave solution. Firstly, it can be seen that (10) contain the terms ueeee, uee and

uZ. Assume u(§) satisfies the equation
ug = Pp(u), (11)



where P, (u) is a polynomial function of degree m, then it solves

1
uge = 5P (u), (12)
and . .
Ugeee = gplé'(U)Pm(U) + ZP#,(U)P&(U)- (13)

Secondly, inserting (12) and (13) into (10) and then balancing the highest order of derivative term and nonlinear term,

we can get m = 4. Accordingly, (11) can be expressed as follows
ug = P(u), P(u)=a+bu+cu®+du®+ eu?, (14)
where a, b, ¢ ,d and e are constants. Substituting (14) into (10) and comparing the coefficients of like power of u, we have
u® : 24B(e +1)(e + i) =0,
ut 1 308(e + g)d =0,

1
u 55[15d5 + 40c(e + 1)] + 2a(e + 1) = 0,

1 3 (15)
u? 55[15cd +30b(e + 1)] + 50d =0,
ut %B(24ae + obd + 2¢* + 20a) + ac — v = 0,
u %B(Gad + be) + %ab —w=0.
Solving these equations yields two pairs of solutions
a=a,b=b, c=c,d=0, e=—1, wz%b—i—%ﬁbc, v =ac+ B(c* - 2a), (16)
and
a:a,b:O,c:c,d:0,e:—i,w:O,vzﬁcQ—&—?Ba—&—ac. (17)
Thenceforth, we only take the first case (16) into consideration, namely,
ug = P(u), P(u)=a+bu+cu®—u? (18)
Besides, it is not difficult to find that the periodic travelling wave solution (9) reveals the following elliptic equations
Uy + 2u® — cu — g =w, (19)
Upwz + 62Uy — cuy = 0. (20)

(I) When the polynomial P(u) admits four real roots ordered as uy < us < ug < ug such that u; + us + ug +ug = 0,
the exact periodic travelling wave solution of the Eq. (1) is given by

(u1 — uq)(u2 — uq)
(ug — ug) + (u1 — ug)sn?(ta; k)’

(21)

U = Uy +



with

472 = (uy — u3z)(ug — uy),

(22)
47262 = (uy — u2)(u3 — uyg),
where 7 > 0 and k € (0, 1) is the elliptic modulus. Then, with the aid of the Vieta theorem, we can get
a = —U1U2U3U4,
b = ujuguz + urUu2ug + U U3UL + UU3UL, (23)
¢ = —(urug + urus + uruyg + ugug + ugtg + Usly).
Remark 1. Since P(u) is even for b = 0, one can gain uy = —u; and uz = —uy. Therefore, the expressions a = —uju3,

c=u?+u3 u; = 7(1+ k) and uz = 7(1 — k) results from (22) and (23). For this reason, the periodic travelling wave

solution (21) reduces to
u=wurdn(u1& k), k=4/1—-—. (24)

If u; =1 and ug = V1 — k2, (24) becomes the normalized dnoidal periodic wave solution

u=dn(x —vt;k), v =2 — k%) + B(k* — 6k* +6). (25)
. . . . . _ +
(IT) When the polynomial P(u) admits two real roots ¢ < p and two complex conjugate roots p %+ iv with p = —£34,
the exact periodic travelling wave solution of Eq. (1) is given by
(¢ = p)(1 = en(ra;K))
= 26
“ p—’_1—|—(5—&—((5—1)071(7'3:;/-@)7 (26)
with
52 = (g=n)?+v?
(p—p)?+v2°
= (lp— 1?2+ ) ((q— p)? +v?), (27)

27262 = 12 — (p— p)(g — p) +V°,
where § > 0, 7 > 0. In the same token, using Vieta theorem, we can get
a=—pq(p* +v?),
b= 2pqp + (p+ q)(u® + v°), (28)
¢ = —(pq+2p(p + q) + p* + 7).

Remark 2. Since P(u) is even for b = 0, one can gain ¢ = —p, p = 0 and § = 1. Thus, the periodic travelling wave

solution (26) reduces to

p
u=mpcn(t&;K), T= PP+ K= —. 29
pen(r€; ), 7= Vp L (29)

If p=k and v = /1 — k2, (29) becomes the normalized cnoidal periodic wave solution

u = ken(x — vty k), v=a(2k? — 1) + B(6k* — 6k% + 1). (30)



4. Nonlinearization of the Lax pair

We take the following Bargmann constraint into consideration

u= ¢ + 3+ i + 3, (31)

where (¢1,¢1)7 and (g2, p2)T are two nonzero solutions to the Lax pair (2) with A = A, A = Ay and \; # £)\y. Inserting

(31) into (2a), we can get the Hamiltonian system of degree two

dgf)j 8H0 d(p] 8H0 .
_ = — _ =1.2 2

with
1
Ho(é1, 01,02, p2) = Z(Qf’% + 07 + ¢35+ ©3)° + Md1o1 + Ao (33)

As is shown in Ref. [27], another conserved quantity can be obtained

Hi(d1, 92, 01, 02) = 4Aid101 + A3dha02) — 4(A1d101 + Aadhapa)® — (A1 (8T — 1)+

(34)
X2(3 — ©3))2 +2(87 + 05 + 5 + ©3) (AT (8] + ©7) + A3(¢3 + ©3)).

Because H; is independent of z, we define two constants Fy = 4Hy, Fy = 4H;. Differentiating (31) in x successively, we

can derive the first-order differential equation

g = 2X1(6F — ¢F) + 20 (03 — ¥3), (35)
the second-order differential equation
Ugs +2u° = cu — AN3 (4] + ¢F) — AN (85 + ¥3), (36)
the third-order differential equation
Upar + 6Py — cuy = —8X1 Aa(Ma (97 — ¢7) + A1 (93 — ©3)), (37)
and the fourth-order differential equation
Ugpgpzr + 10U Uy, + 10uu? + 6u® — c(Uge + 2u®) + 2au = 0, (38)

where

c=2F, + 4\ + \2), (39)
a=4Fy(\] + \3) +8\I\3 — Fj — Fy, (40)
Fy = 4\10101 + 422 + u?, (41)
Fi = 16(A3h101 4+ A3dows) — (Fo — u?) + 2u(ugs + 2u® — 2Fyu) — u?. (42)



Let us introduce

L Li1(\) Lio(\)
Lis(=A\) =Ly (=N))’

where
2M 101 2X22¢p02
Liu(\)=1— -
n) 2N 2
Lia(\) o1 N i 93 v3
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One can check directly the following Lax equation
L,=1U1L].
Computing the determinant of the matrix L yields the following differential constraints
(Uge + 2ud — 2F0u)2 — 16/\§)\§u — 2y (U + 6uu, — Cly)
—2(Fy — u?)(—a + 8\IX\2 + u? — 2uty, — 3u® + cu?)
— 4()\% + /\3) [ui + (Fy — u2)2] =0,
and
(U + 6% Uy — 2Fuy)? + (Fy + F§ + u? — 2utig, — 3u® + 2Fgu?)?
— 4\ + A3) (uaw + 2u® — 2Fpu)® — 16ATA] [u2 + (Fo — u?)?]
+ 3203 N2 (U + 2u® — 2Fou) = 0.
Plugging (20) into the fourth-order differential equation (38) generates
ui — 2Uyy —3ut+cu®—a=0.
By dint of the (20) and (47), we can rewrite Eqs. (45) and (46) in the equivalent forms
(Uge + 2u® — 2Fou)? — 4(A] + A3) [u2 + (Fo — u?)?] — 16ATA3F, = 0,
and

AT+ M3+ AY) [u2 + (Fo — u?)?] + 16AIAS (AT A3) (Fo — u?)

+16ATAS — (A2 4+ A2) (uge + 2u® — 2Fpu)? + 8A I\ 3u(uge + 2u® — 2Fpu) = 0.

Inserting Egs. (35) and (36) into Eqgs. (48) and (49), one can obtain
b? = 16(A] + \3)(F§ + a) + 64NIA3Fy,

and

16(A] + M2+ AXD(FZ +a) + 64NIN3(A2 + A Fy + 64X1A3 — (A2 + A2 = 0.

(45)



Solving the above equations (50) and (51), we have
a =4 )\ — F} (52)
and
b? = 6ANINZ(Fy + AT + A2). (53)
Theorem 3. The Lax pair (2) with u given by the periodic waves (21) and (26) admits three pairs £A;, £A2, A3 of

eigenvalues with Re()) # 0 that corresponds to the periodic eigenfunctions ®. For the periodic wave (21), the eigenvalues

are located at

1 1 1
)\1 = §(u1 + UQ), )\2 = §(u1 + U3), )\3 = §(U2 + Ug). (54)
For the periodic wave (26), the eigenvalues are located at
1 ) 1 ) 1

Al=—(p— = =-(p—q) — = A3 = — . 55
1=4P-a+gr X=10-9d-5v X=50+d (55)

Proof It is noted that the expression (40) and the relation (52) infer
Fy = 4F,(A\] + A3) +4A1A3. (56)

Then, making use of (40), (52) and (53) results in the cubic equation about Fj
4(F§ + a)(2Fy + ¢) = b, (57)

For the periodic wave (21), due to (23), the cubic equation (57) admits three roots in the following forms

1 1 1
(].)FO = §(U1U4 + UQ’LLg), (2).F() = §(U1U3 + UQ’LL4), (S)E) = 5(%1’(1,2 + U3’LL4). (58)
Because of three possible choices of the two eigenvalues A1, Ao, it is enough to consider one combination of the three
eigenvalues )
1 1
AL = §(U1—|—UQ), Ao = i(ul —l—u?,), /\325(’11,2-1-’113). (59)
For the periodic wave (26), due to (28), the cubic equation (57) admits three roots in the following forms
1 1 1 i
(DFy = 5(0* +6pg+¢°) + 5v%,  (2e)Fo = —1(p+a)* + 5v(p—q). (60)
Thus, the eigenvalues are in the forms
1 i 1 i 1
>\171(P*Q)+§V, )\271(]7*‘])*51/, >\3*§(p+‘J)~ (61)

In what follows, we will give the squared eigenfunctions of the Lax pair (2). By rewriting (35)-(38), we have

¢ + 9T + 93 + 93 = u,

2M1(03 — 1) + 2X2(d3 — ©3) = ug,

AN (67 + 91) + 4AN3 (93 + ¢3) = uge + 2u® — 2Fpu,

8AT (97 — ©F) 4+ 8A3(5 — ¥3) = Ugaa + 6uuy — 2Fpu,.

(62)



By solving (62) with Cramer’s rule, one can get

Uz + 2u® — 2Fgu — 4\3u

A+l = ’
' ! 4(A2 - \2)
¢2 2 Uzzx + 6u2ux — 2Fyu — 4/\§u1
1~ %1 = S On D) ,
Ugy + 2us — 2Fyu — 4)\%11’
3+ 3 = ’
2 402 - \2)
o2 — 2 = Yawe + 0UU — 2Fou — ANju,

8Aa(A2 — AF)

Resorting to Egs. (19), (20) and (39), the above equations can be simplified to the following forms

b+ 8\u

2 2 _ 1

¢1 +901 - 8()\% _/\g)a
AUy

¢ — 1 = sim— v
T2 -0

b+ 8\3u
Bt = oo
ST 58—
)\gux
¢ — 93 = 50—
2T 208 -0
In the same token, we rewrite Egs. (41) and (42) as a linear system

AM1p1p1 + 4hadopa = Fo — u?,
16AT101 4+ 16A3da2 = Fi + F§ + u2 — 2uu, — 3u* + 2Fpu’.
Solving the above equations with Carmer’s rule, we have
Fi + F2 +u? — 2uug, — 3u® + 2Fyu? + 42\3u? — 402 F,
16A1 (A2 — )\3) ’
Fi + Fg + ui — gy — 3ut + 2Fu? + 4)\%u2 — 4)\fF0
16X2(A3 — \9) ’

¢1<P1 =

¢2<,02 =

Thanks to Egs. (39), (47), (52) and (56), we derive
A1 (e — 422 — 2u?)

PPN
~ Ao(e— 423 —2u?)
S R

5. Second solution of the Lax pair

(71)

For deriving the rogue periodic waves, we construct the second linearly independent solution ® = (él, $1)T of the

Lax pair (2) with A = Aq.



Let u(x,t) = u(xz — vt) be a periodic travelling wave solution of the emKdV equation (1) with the wave speed v, so u
satisfies (14)-(20). On the other hand, the eigenfunction ®(x,t) = ®(x — vt) satisfying the time evolution in the Lax pair
(2) should be considered. By virtue of (2b) and Egs. (14)-(20), it is easy to get

961 | O 91 01 _
ot " Yor 0 T TV TV (76)

Thus, ¢1(x,t) = ¢1(z — vt) and 1(z,t) = p1(z — vt) satisfy the time evolution in Lax pair (2). In the light of Ref. [2§],

the second linearly independent solution ® = (gZ)l, $1)T can be written by

) 2¢1 R 2¢1
=101 — ) =pth + 5, 77
¢1 = g1y gl ATt o (77)
where ¥ is a function of « and ¢ to be determined. Substituting (77) into (2a) yields
9, 8A1¢11
= _ i 78
o~ (Bt (78)
Owing to (68) and (72), (78) can be integrated to the form
Te—4AN\? — 202
9 = —16(\] — A3 4)\2/ ECCA TS gy st 79
V=160 - ) [0 [T o) (19)

where §(t) is an undetermined integral function of ¢. Then, plugging (77) into (2b) with A = A\; and employing (68), (72)
and (78), one can have
V14 + 0010 = —16(A] — A3)(a + Be + 4B8A7). (80)

Hence, ¥ is determined in the following form

TV e 4N — 202

2
07 8702 dy + (a4 Bec+48A))t| . (81)

91 = —16(32 = A2) [u{ /
0

Remark 3. It is noted that the numerators in (67), (68) and (72) for the eigenfunction (¢1,;)” can be extended to
the other two eigenfunctions (g2, p2)” and (¢3, p3)T by replacing A; — Ao and \; +— A3 respectively. On the other hand,
the numerical factor (A3 — A3) in ¥; cancels with the denominators in (67), (68) and (72) for the squared eigenfunctions.

Thus, the expression for ¥ and 93 can be obtained with A1 — Ay and A — A3 respectively.

6. Rogue periodic waves

In this section, we derive rogue periodic wave solutions of emKdV equation (1). Inserting (77) and (f1,¢1) = (1, $1)

into the one-fold DT (5), we obtain the first-order rogue periodic wave solution of the emKdV equation (1)

P101 [(0F + 91)%07 — 4] + 2(¢f — 1)
(67 + ©7)29% + 4] (¢ + ¢7)

Similarly, substituting (77) into two- and three-fold DT results in the second- and third-order rogue periodic wave solutions

u[l] = u+ 4N

(82)

respectively. The exact formulas are lengthy and hence omitted.
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(I) Figs. 1-3 show the first-, second- and third-order rogue waves on the periodic travelling wave solution (21) with
the parameter values
Uy = 2, U = —0.25, us = —0.75, Uy = —1. (83)

By virtue of different choices for the eigenvalue A\ given by (54), three new solutions are derived in Figs. 1 which display
an algebraic soliton propagating on the periodic travelling wave background (21). The second-order rogue periodic wave
solutions with three different choices of an eigenvalue pair (A1, A2) in (54) are shown in Figs. 2. For the third-order rogue

periodic waves in Fig. 3, we only have one choice of (A1, A2, A3) in (54).

5 L
5
=0 3
-5 0 -
-20 -
0
5 z
¢ 20

(a)

Figure 1: The first-order rogue waves on the periodic travelling wave solution (21) with the parameters a = 1, 8 = 1,
up =2, ug = —0.25, ug = —0.75, uy = —1.

5 5 5
=0 30
-5 0 -5
-20 -20
0
. 20 5

(a)

Figure 2: The second-order rogue waves on the periodic travelling wave solution (21) with the same parameters.

(II) Figs. 4 show the first-, second- and third-order rogue waves on the periodic travelling wave solution (26) with
the parameter values
p=15¢=-05 pu=-05 v=2. (84)

Due to the only real eigenvalue A3 in (55), we get the first-order rogue wave solution on the periodic travelling wave

background (26) in Fig. 4(a). In Fig. 4(b), we choose a complex eigenvalue pair (A1, A2) in (55) resulting in the second-

11



Figure 3: The third-order rogue waves on the periodic travelling wave solution (21) with the same parameters.

order rogue periodic wave solution. For the third-order rogue periodic wave solution in Fig. 4(c), we can only have one
choice of (A1, A2, Ag) in (55).

(a) (b) ()

Figure 4: The first-, second- and third-order rogue waves on the periodic travelling wave solution (26) with the parameters
a=1,=1,p=15¢=-05 u=-05v=2.

2K (k)

Remark 4. Since the Jacobian elliptic functions sn?(7x; k) and cn(7z; k) are periodic in = with the periods L; =

and Lo = 4KT(F”) respectively, the solutions w in (21) and (26) are Li-period and Ls-period respectively, where K (k) is the

complete elliptic integral. Substituting (f;, ;)" = (¢, ;)" and (f;,9;)" = (¢2j, $;)%(j = 1,2,3) into the corresponding

DTs leads to the solution w and @ respectively so that lim @ =@ and lim 4@ = 2u — 4. The characteristics of
[01,2,3] =00 [91,2,3]—0

rogue periodic waves are summarized in Tables 1 and 2.

7. Conclusion

In this paper, we have studied the rogue waves on the general periodic travelling waves background of emKdV
equation which can be seen as a higher-order integrable generalization of the standard mKdV equation. Based on the

sub-equation method, the general periodic travelling wave solutions are presented. By means of Darboux transformation

12



Table 1: Characteristics of rogue waves on the periodic travelling wave background (21)

Solution a(0)  a0)  a(fRy  g(Kl)
First-order with A\; —Us  2uq + us —uq 2ug + ug
First-order with A —u3  2uq + us —Uyg 2ug + Uy
First-order with A3 —Uy 22Uy + Uy —us 2ug + us3
Second-order with (A1, A2) Uy 2up — Uy u3 QU9 — U3
Second-order with (A1, A3) uz  2up — us Us Uy — Us
Second-order with (A2, A3) uy  2up — ug U1 2ug — Uy
Third-order with (A1, A2, A3) —uy 3uq —Uo 3us

Table 2: Characteristics of rogue waves on the periodic travelling wave background (26)

Solution a(0)  a(0) a(2ER) 2K
First-order with A3 —q 2p+q —p 2q+p
Second-order with (A1, A2) q 2p —q P 2q — p
Third-order with (Ag, A2, A\3) —p 3p —q 3q

and the nonlinearization of the Lax pair, we obtain the first-, second- and third-order rogue periodic wave solutions.
Those solutions cover the known results in the literature. In addition, the dynamic behaviors of rogue periodic waves are
discussed on account of three-dimensional figures. It is hoped that this work will be of certain value to investigate the
rogue periodic waves in other nonlinear integrable models.
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