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Abstract

In this paper, we study a fractional order time delay for nonlinear financial system. By
using Laplace transformation, stability and Hopf bifurcation analysis have been done for the
model. Furthermore, numerical simulation has been carried out for better understanding of
our results.
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1. Introduction

Recently, the complex dynamics of financial and economical systems has become an ex-
ceptionally noticeable issue in both micro and macro economics which is described in the
book by Shone[l]. Ma and Chen[[2],[3]] have studied the bifurcation topological structure
and the global complicated character of a kind of nonlinear financial system in both of the
papers. There are a lot of ways to control chaos which is described in the papers by Ott et.
al[4], Pecora and Carroll[5], Tanaka et. al[6], Zhang et. al[7], Bian et. al[8], Zhang et. al[9],
Liu and Cheng[10], Wang and Cheng [11], Rafikov and Balthazar[12], Peruzzi et. al[13], Li
et. al[14], Wang et. al[15], Wang et. al[16] .

Fractional differential equations and delay differential equations have evolved as an
emerging field of research due to its wide spread applications in various fields as the men-
tioned by Podlubny[17] and Gyori and Ladas[18].
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Xin and Li[19] have done the 0-1 test for chaos in a fractional order financial system
with investment incentive. Some economic process have time-delay characteristics as dis-
cussed in the papers by Cesare and Sportelli[20], Fanti and Manfredi[21], Neamtu et. al[22],
SenGuptal23], Issaka and SenGupta[24] and it has been observed that ordinary differential
equations are not suitable to appropriately study the above problems. Jiang et. al[25] have
investigated a double delayed feed back control of nonlinear finance systems.

Several researchers are also working in the field of fractional delay differential equations
due to its usefulness in various fields. Zhen et. al[26] proposed a delayed fractional order
financial system and discussed the complex dynamical behavior of the financial model by
numerical simulation.

In this paper we have discussed the stability and Hopf bifurcation of the nonlinear frac-
tional order time delay model for a financial system. We have taken our model from the
paper[26], which describes the financial system of a particular countrty i.e.

D*Mx(t) = 2+ (y(t — &) —a)z (1)
D*y(t) =1—by —2°(t — &) (2)
D%z(t) = —z(t — &) —cz (3)

where £ > 0 represents the delay term of the system. x(t), y(¢) and z(t) are the interest
rate, the investment demand and the price index respectively, a,b,c are the nonnegative
constants. a is the saving amount, b is the cost per investment, c¢ is the elasticity of demand
of the commercial markets.

Let us consider a; = as = a3 = a. So the model becomes,

D%x(t) =z + (y(t — &) —a)z (4)
Dey(t) =1—by —a*(t = §) ()
Doz(t) = —ax(t — &) —cz (6)

with the initial functions,

z(t) = ¢1(t), y(t) = ¢2(t), 2(t) = ¢3(t), t € [=€, 0],
where D® is the Caputo fractional derivative[17].

The paper is organised as follows. Section 1 is the introduction to the paper. Section 2
contains the stability and Hopf bifurcation analysis of the model. The numerical simulation
given in section 3, which illustrates our result. Section 4 contains the conclusion part of the

paper.



2. Quantitative Analysis

In this section, we have done stability and bifurcation analysis with time delay, where &
is selected as a bifurcation parameter of nonlinear financial model (4)-(6).

The equilibrium is obtained by setting D%z (t) = DYy(t) = D*z(t) = 0, in the model
)

2.1. Asymptotic stability of the equilibria:
Let us consider the linear transform: z =z — xg, y =y — 4o, Z = 2 — z9. After using the
above transform in equations (4)-(6), we get the following linearized systems,

Dz =z +y(t — &0+ (yo — @)z (7)
D%y = —by — 2x0Z(t — &) (8)
D%z =—Z(t—¢§) —cz 9)

By taking Laplace transform on both sides of (7)-(9), we get,

5°X1(s) = s 1 (0) + X3(s) + moe * Xo(s) + moe ™ /_5 e o (t)dt + (yo — a)X1(s) (10)

5 Xo(s) = 8" Lo (0) — bXy(s) — 2wpe ¢ X1 (5) — 2206 /0 e ¢y (t)dt (11)
—£

59X3(s) = s L p3(0) — e X (s) + e /_£ e % pi(t)dt — cX3(s) (12)
where, T = ¢1(0), 7 = ¢2(0), 2 = ¢3(0), X1(s) = L[z(t)], Xa(s) = L[g(t)], Xa(s) = L[z(2)].

The equation (10)-(12), can be written as,

a— —s& (0 —s
s —yot+a —wee*t -1 Xi(s) s 11 (0) + moe ™ 2, e ga(t)dt
2z0e~ % s*+b 0 Xo(s) | = | 5°7192(0) — 2m9e ™ [, e u(t)dt
e 0 ste) \() s 4a(0) — e [ e o (t)dt

The characteristic matrix is

s —yo+a —zoe ¥ -1
2xpe” ¢ 5%+ b 0
e % 0 s“+c

The characteristic equation is

F(s) = P(s) + 2025% 72 4 5% + 2u2ce ™ + be™* = 0 (13)
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where P(s) = s3* + A5 + Ays® + As.
The values of Ay, Ay and Az are

Ai=b+c—y +a,
Ay = be — yoc — yob + ac + ab,
Az = abc — yobe.
Let s = iv = v (cos(3) +isin(%)), v > 0. By substituting s in (13), we get

(By +iCy) + (By +iCo)e™ ™ 4 (Bs + iC3)e” " + 2x2ce ™ 4 be ™ = 0

where By = v3® 00330”T + Ajv*®cosam + Asv® cosG + As,

C1 = v**sin33T + Ay sinam 4+ Ayvsin®y,

By = 2x§v°cos <,

Cy = 2x5v*sin

B3 = 2v%cos$,

Cs = 20%sin<.
So,
(B1+iCh)+(Be+iCy)(cos2v€ —isin2v) +(Bs+iC5) (cos2v€ —isin2v€ ) +b(cosvE —isinv€) = 0

By separating real and imaginary part,

Micos2v€ + Cysin2vf = —Msycosvé — (By + Cssinvf)
— M sin2v€ + Cycos2v€ = Masinvé — (Cy + Ccosve) (14)

Squaring and adding the above equation,
M12 + 022 — M22 - B% - Cg - 012 = (23103 - 2M201)87;TLU§ + (2M2B1 + 20103)0081)5 (15)
where, My = By + 2x3c, My = Bs + b. Since sinvé = +4/1 — cos?v€, we will find following

two cases.

Case I: Let sinv = /1 — cos?v€. So (15) becomes,
Licos®vé + Lacosvé 4 Ls = 0, (16)
Where, L1 = 2M2B1 + 20103 + (23101 — 2M201)2



Ly = —=2(2M> By + 2C1C3)(M{ + Cf — M3 — Bf — C§ — CY)
Ly= (M2 +C?— M2 — B? — C2 — C?)2 — (2B,C, — 2M,C})2.

Let cosv = fi(v) and sinvé = fy(v) into (15), where fi(v) and fa(v) are functions of
v. Moreover, f(v) + f2(v) = 1. From cosv€ = fi(v), we can obtain,

1
& = —|arccosfi(v) +2nm], n=0,1,2,.. (17)
v

Case II: Let sinv§ = —y/1 — cos?v§. Similarly, by substituting cosv§ = g91(v), sinvg =
g2(v), where fi(v), and go(v) are functions of v. As we know, ¢;%(v) + g22(v) = 1. From
g1(v) = cosv€, we obtain |

1
& = — larccosge(v) + 2nrm]), n=0,1,2,... (18)
v

Let £ = min{&;, &} be the bifuraction point.
Thus we have established the following theorem.

Theorem 2.1.1: When £ < &, the equilibrium point (z*,y*, z*) of the nonlinear finan-
cial model (4)-(6) is asymptotically stable.

2.2. Hopf bifurcation analysis
Differentiate (13) with respect to &, we obtain ,

ds 4atsotle=2s8 — gatle=st _ 4a2ese™258 — hse ¢
dé  Pl(s) + 21das*le 256 — 4adtse=25¢ 4 ase—le s — Esve—s8 — datcfe25¢ — bfes¢
(19)
From (17), we consider the numerator term ,
4x§s°‘+167255 — gotlest _ legcse*zs£ — bse ¢
1 1 1 1
= dajvet! (cosucos%}ﬁ — icos@sin?vf + isz’n@cos%}ﬁ + sin (@ _; i
1 1 1 1

T (cos@cosvﬁ — icos@smvﬁ + ism(a z )Wcosvﬁ + sin@sinv{)

idagcvcos20€ — dagcvsin2ué — ibvcosvé — businvé
= M1 + ZMQ

where M, = 4z2v*cos <% - 21}5) —v¥*cos <W - v£> — 423 (vsin2v€ + bvsinvg)

My = 420"t sin (@ - 27)5) — vt lsin <(a+21)7r - v§> — 4x3(vcos2v€ + bucosvf).

5
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Let us consider the denominator term from (19),

P|(s) + 2x3as* te ™ — 4a2es%e 2 4 as® e — €5%e T — dxlete 5 — bEem

3a— 1 30— 1 20 — 1 2 — 1
= 3av3* ! cosM + isz’nu + 20 A 0% cosu + isz’nu
2 2 2 2
+ Ayt COSM + isinM
2 2
1 _ _ 1 \
+ 2xhav*? (COS%COSQ’US — icos (o sin2v€ + isin (@ cos2v€ + sin%smﬂv{
/

— Azl (cos%cos%f — icoso;lsinQUE + isin%cos%{ + sin%sin?vﬁ)

(= 1)m (—1)
2

-1 -1
+ o ! (cos 5 cosvé — icos W«vaﬁ + isin%wsvf + sin%smvf)

N arm . oam . .. ar . am |
— & 00570031)5—20037$znvf+zsznTCosvf—Fsm?smvf

4a3cé(cos2vE — isin2v€) — bE(cosvé — isinve)

= Ny +iN,
where
N, = 304@3“1005@ + 204A1v2alcos(2a+1)7r + Agavalcos@
+ 2x5av* tcos (—(a _21)7 — 2U£) — 4x5év°cos (% — 21}5) + av®Lcos (—(a _21)7T — v£>
— &v%cos <% — vf) — 4xjcEcos20€ — bEcosve
Ny = 3av3a_1sin—(3a ; DL + 204141112“_152'71—(2& ; DL + Agowa_lsin—(a _21)7T
+ 2x(2)owa_lsm (@ - 21}5) - 41;%{1}0‘52'71 <% - 2v§> + av® Lsin (@ — v§>

— &vsin (% — v{) + 4ajcEsin2v€ + bEsinve.

Thus, (19) can be written as,

d8| . M1+ZM2

de == T N 1 iN2

d M,N, + M,N.
= e (%) - WM+ LN,

S J e—gou=vo Mi + Nj

Thus the following result is established.

Theorem 2.2.1 When ¢ = &, the nonlinear finance model (4)-(6) has a Hopf bifurca-
tion.



3. Numerical Simulations

In this section we have done the numerical simulation, which illustrates our result. Plots
are done by using MATLAB software. Figure 1 shows the phase diagram of fractional order
system ((4)-(6)) is asymptotically stable and have a Hopf bifurcation when & = 0.8. Figure
2 shows the phase diagram of fractional order system ((4)-(6)) is asymptotically stable and
have a Hopf bifurcation when £ = 1.1.
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Figure 1: The phase diagrams of the system (4)-(6) undergoes Hopf bifurcation when & = 0.8
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Figure 2: The phase diagrams of the system (4)-(6) undergoes Hopf bifurcation when £ = 1.1

4. Conclusion

In this paper,we have examined a fractional order time delay nonlinear financial model.
The proposed model focuses on the dynamic interaction between interest rate, investment
demand and price index. Some conditions on stability and Hopf bifurcation have been de-
rived for the model by using Laplace transformation. Further numerical simulation has been
carried out for the purpose of better understanding of our results.
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