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1 | INTRODUCTION

Biological pattern forming is a subject of increasing interest in applied mathematics, both because of the potential for creating
new mathematics and because of the large range of important applications it may have®. Chemotaxis is well understood to play
a key role in the self-organization of many biological processes at the cellular level. Chemotaxis is the regulated movement
of an organism in response to chemical gradients in the environment, which are also differentiated by the cells. Chemotactic
aggregation is a phenomenon that occurs when chemical products are attractive (hence the term chemoattractant). Keller-Segel
model cite2, which can be summarized as follows, is one of the most important partial differential structures for understanding
chemotactic aggregation.:

0,p =D, /\ p—kV(pVo), (D
sc, = D, /\ c—rc+fp. 2)

Here D » is the cellular diffusion constant, k the chemotactic coefficient, f§ the rate of attractant production 7 the rate of attractant
depletion, D, the chemical diffusion constant, p is the cell density, and c is the chemical density. The terms in Eq, include the
diffusion of the cells and chemotactic and Eq, expresses the diffusion and production of attractant. There is a broad literature
on this problem’s study for both the Keller-Segel model and some simplificationsZ, 1> 20, 10/ LI 112 RIS 4 R e ferences looked into
the biological significance of this mathematical reality®,' This will be an important accomplishment in the field of mathematical

fChemotaxis model coupled with heat equation
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biology. In this article, we look at the regularity problem from a different viewpoint.

u, — V(@mVu) + V(CuVe + puVo) =0 ,(x,1) € QX R™,
Sc,— AN\c+rtc+pu+ Kev=0 ,(x,1) € AXR™, 3)
v,—aAv=0 ,(x,1) € AXR".

Where u = u(x, t) denots the density of the cells in position x € R? at time t, ¢ = ¢(x, t) is the concentration of chemical signal
substance, 6 > 0 represents the relaxation time, the parameter ¢ is the chemotactic coefficient and m, 7, u and p, k are given
smooth functions, the term v, is heat distrubition over time and the term /\v corresponds to a variation of v compared to its
average and «a is the heat coefficient and the terms V(uuVv), K cv are directed cell movement by a heat and chemical degradation
by a heat factor (Respectively). This problem deals with the extent of the influence of heat on the attraction and graduation of
cell density and concentration of the chemical solution signal.

The main objectives of this work is to study of the problem Keller-Segel coupled with a heat equation on the form: 6 = 1 and m, =
and p, k are the positive constants and y = ¢ are the negatif constant and @« = 1. and we demonstrate the global existence and
uniqueness of a weak solution for parabolic- parabolic-parabolic problem with the Dirichlet conditions and initials conditions
defined as:

p
-

u, — V(imVu) = V({@wVe +uVv)) =0, (x,1) € QX R™,
P14 u=0, inT,
u(0,x) =uy, x €Q,

¢, —/\c+tc+pu+tKev=0, (x,1)€QXR",
{4 P24 ¢=0, inT, 4)
c(0,x) =¢p, x€Q,

v,—Av=0, (x,1)€ QxR
P33 v=0, inT,
v(0,x) = vy, x € Q.

2 | EXISTENCE AND UNIQUENESS OF WEAK SOLUTION OF THE PROBLEM

To simplify the weak solution of the problem (4) a decomposition into three subproblems (P1) and (P2) and (P3) are adopted.
We use the Galerkin method we can demonstrate the existence and uniquness of a weak solution of subproblems (P1) and (P2)
and (P3) therefore we have the existence and uniqueness of a weak solution of the problem (). The following initial-boundary
conditions assumption is used to prove the proposed solution of (@)

uy € L*(Q), ®)
o € LH(Q), (6)
vy € LA(Q). @)

2.1 | Existence and uniqueness of weak solution of the problem (P1)
In subsection, we state and prove the existence and uniqueness of weak solution result of the problem (P1) .

Definition 1. We say u € L*(0,T; Hy(Q)) X H,(Q) with u, € L*(0,T; H™'(Q)) is a weak solution of the problem (P1) if and
only if
(u,, ®) + B(u, ®, 1) =0, (8)
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where
B(u,®,t) = /[m(Vthb) +{(uVcVD +uVo)Vdldx, )
Q
for all ® € H(;(Q) ,0<t<T,and
u(0,x) = uy € LX(Q). (10)

Remark 1. Note thatu € C([0,T1; L*(Q)) asu € L*(0,T; H;(2)) and u, € L*(0,T; H~'(Q)) Then equality (T0) makes sense.
Before proving the existence and uniqueness of weak solution of the problem (P1), we need the following lemma:
Lemma 1. i) For all ® € H(Q) the B(u, ®,n)is continuous in H(Q) X H, (L), there exists a constant positive C such that
| Bu,@,1) [<C | u ||H(;(Q)|| o ”HJ(Q) . (11
ii)Forany u € H, é (€2) Then there exists a constant positive f such that
Bl ully@S Bun, Yue HyQ). (12)

Proof. 1) We use the Cauchy-Schwarz inequality on (9) we obtain
| Bu, @,0) | <[ m ||| Vu || 2q)ll VP |20

a1 Vell, Ve |

L4

XIEall, N Vol

I Ve

2@ 4@ 4@’

and we have
| B, ®,0) < C |lullggll @ lgg) -
ii) The expression of B(u, u,t) we obtain
B(u,u,1) = [,(m(Vu)* + {(uVcVu + uVoVu)dx,
and we have
B(u,u,1) > [o(m(Vu)’dx = || Vu |[3, .
finally, inequality Poincares, gives B(u,u,t) > f || u ”21(9) . O
0
To demonstrate the existence of weak solution of problem (P1) we use the method of Galerkin we assume w, = w,(x) are
smooth functions verifying:

w; € H(% (Q),
Vm; w,....w,,, its linearly independent, (13)
the finite linear combinations of w; are dense in H (i Q).

We are looking for u,, = u,,(t) solution <<approached>> of the problem in the form

(1) = ). g, (14)
i=1
and g;,, to be determined by the conditions:

{ <um’wj>+B(.um’wjvt) =09 (15)
1<j<m.
The nonlinear differential equation system is to be completed by the conditional:

Uy (0) = gy Uy = 2| X, W0; — g in H(Q), when m — co.
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2.1.1 | Energy estimates

We propose now to send m to infinity and show a subsequence of our solutions u,, of the approximation problems (I3) and (T6)
converges to a weak solution of (P1). For this we will need some uniform estimates.

Theorem 1. (Energy estimates.) There exists a constant C depending only on Q, T and c, such that

maxoor || Uy, ||L2(Q) + 1l w2 O.T:H} ()

) (16)
+ 1w, 20rm-10)< C llug Nl 12 -
Proof. In order to prove the estimation (T6) we will estime each terms in the left side of (I4) one by one as follows:
1. Multiplying equation (T3) by g;,,(t) and summing for k = 1...m, and then recalling (I4) we find
(U, t,,) + Blttys . 1) = 0, (17)
and we have
From Lemma (T)) there exists constant # > 0 such that
PNty 12y < Bty 0, 1.¥0 <1 < T, (19)
and we have 4
Lty )+ 8 1 121 < O 20)
this implies that
“ Ll ||L2(Q)_|| u (0) ||L2(Q)_|| uO ||L2(Q)’ (21)
so we have
Ornax I u, ||L2(Q)—|| Uy ||L2(Q) (22)
2. Integrate inequality (20)) from O to T and we employ the 1nequahty (22) to find
i 0= /"nu oy @3)

3.Fixany v € H (Q), with || v ||il (9)5 1, and write v = v' + v?, where v' € (wk) T and @ w,) =0, (k=1,..,m), we use

(13) we deduce forall0 <t <T that
W, ,v")+ Bu,,v',H)=0

then (I4) implies
’ _ ’ _ ’ 1 _ 1
<um7 U> - (um7 U) - (um’ v ) - _B(uma v 7t)a

consequently

|t 0 1.ty 1
since

112

o I g Sl oI, o <.

we have

Il u la-1@< C Il 4y a0
and therefore

T2 _ "2 2
0 0



Slimani Ali ET AL 5

2.1.2 | Existence and uniqueness of weak solution

Next, we pass to limits as m — oo, to build a weak solution of our initial boundary-value problem (P1).

Theorem 2. (Existence of weak solution.) Under hypothesis (3)), there exists a weak solution of problem (P1).

! Yoo

Proof. According to the energy estimates (I6), we see that the sequence {u,}_,is bounded in L*0,T; H& (€)) and {u, }>
is bounded in L2(0,T; H~'(Q)) Consequently there exists a subsequence which is also noted by {u,};,_, and a function u €
L*(0,T; Hé (Q)), with ' € L*(0,T; H~'(Q)), such that

u,, — uweakly in L*(0,T; H, (%)), (24)
u, — u weakly in L*(0,T; H™'(Q)). (25)

2. Next fix an integer N and choose a function v € C'(0,T; H& (€2)) having the form
N
o) = Y P twy, (26)
k=1

where {g“‘)}]]j:l are given smooth functions, we choose m > N and multipling equation (T3) by g¥'(t) VK = 1...N, and then
integrate with respect to 7 to find

t
/ (u ,v) + Bu,,, v,0)dt =0, 27)
0
we recall (24) and to find upon passing to weak limits that
t
/ (U ,v) + B(u,v,)dt =0, Yo € L*(0,T; H}(Q), (28)
0
as functions of the form (26) are dense in L*0,T; H g (€2)). Hence in particular
W, v)+ Bu,v,t)=0, Yv e HOl (Q) and Vr € [0,T1], 29)

and from Remark (I)) we have u € C(0,T; LX(Q)).
3. In order to prove u(0) = u,, we first note from (I0) that

t
/ —(u, V") + B(u, v, 1) = (u(0), v(0)), (30)
0
for each v € C1(0, T; Hé (Q)) with v(T) = 0. Similary, from we obtain
t
/ —(u,,, ') + B(u,, v, )dt = (u,, v(0)), 31
0
we use again (30), we obtain
t
/ —(u, V') + B(u,v,1)dt = (uy, v(0)), (32)
0
since u,,(0) — u, in L2(Q). Comparing (30) and (32)), we conclude u(0) = uj,. O

Theorem 3. (Uniqueness of weak solutions. ) A weak solution of problem (P1) is unique.

Proof. We suppose there exists two weak solution u; and u,and we put U = u, — u, then U is also a solution of problem (P1)
with U, = (u, — u)(0) = 0. Setting v = U in identity (I8) we are
d

1 2 _
E(E ” U ”LZ(.Q)) + B(U’ U9 t) - 05
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2 d 1 2 . .
from Lemma (TJ), we have B(U,U, 1) > 8 || U ||H(;(Q)2 0, so E(E | U ||L2(Q)) < 0, then integrate with respect to ¢ to find

2 2
” U ”LZ(Q)S“ UO ”LZ(Q): Oa

Thus U = 0. O

2.2 | Existence and uniqueness of weak solution of problem (P2)
In subsection, we state and prove the existence and uniqueness of weak solution result of the problem (P2)

Definition 2. We say ¢ € L*(0,T; H(% (Q)) with ¢, € L?(0, T; H~'(Q)) is a weak solution of the problem (P2) if and only if

(¢, q) + L(c,q,1) =0, (33)
where
L(c,q,t) = /[(Vch) + tcq + puq + Kveqldx, (34)
Q
for all g € H(;(Q) ,0<t<T,and
¢(0,x) = ¢y, € LX(Q). (35)

Remark 2. Note that ¢ € C([0,T]; L*(Q)) as ¢ € L*(0,T; H)()) and ¢, € L*(0,T; H~'(Q)) Then equality (33) makes sense.

To demonstrate existence of weak solution of problem (P1) we use the Galerkin method, we assume w, = w, (x) are smooth
functions verifying:
w; € HO1 (Q),
Vm; w,....w,, its linearly independent , 36)
the finite linear combination of w; are dense in HO1 (Q).

We are looking for c,, = ¢, (t) solution <<approached>> of the problem in the form

)= d,, (Ow;, (37)
i=1

the d,,, to be determined by the conditions:

{ (cl,ns w/) + L(cms w/7t) = Os (38)
1<j<m
The system of nonlinear differential equations is to be completed by the initial conditions:
cn(0) = Copr Con = D Bt = ¢ in Hy (L), when m — co. (39)
i=1

We now propose to send m to infinity and to show a subsequence of our solutions c,, approximation problems (38) and (39)
converges towards a weak solution of the problem (P2). For this we need uniform estimates.

2.2.1 | Energy estimates

We propose now to send m to infinity and show a subsequence of our solutions c,, of the approximation problems (38) and (39)
converges to a weak solution of problem (P2). For this we will need some uniform estimates.

Theorem 4. (Energy estimates.) They exists a constant C depending only on Q, T" such that
maxog<r || €y 12 + 1 € ”LZ((),T;H(;(Q)) (40)
+ ” Cr,n ||L2(0,T;H‘](Q))S C ” Co ||L2(Q) .

Proof. In order to prove the estimation [0) we will estime each terms in the left side of (38)) one by one as follows:
1. Multiplying equation (38) by d,,,(t) and summing for j we find

(cl . w;)+ B(c,.c,. 1) =0, 41)
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and we have

> dt[” ||L7(Q)] + L(c,, (1), ¢, (1)) =0, (42)
and we put || v ||= v/ L(v, v) (= is norm in H (Q)) o)
2L 6 ) 1l 6 =0 43)
we have
E(” C ||L2(Q)
and we have
” C ”LZ(Q)—” C (0) ”LZ(Q)—” CO ||L2(Q)’ (44)
SO we are
Mmax. Il e 2=l co 1l 12 - (45)
2. Integrate inequality (3)) from 0 to T and we use (43) to find
b en B = / e Wy (46)

3.Fixany v € H (Q), with || v ||§{ (Q)S 1, and write v = v' 4 v?, where v! € (wk) 1 and % w,) =0forall (k= 1,...,m).

we use (38) fromall0 <t <T that”
(c,, ")+ L(c,, 0", 1) =0

Then (37) implies
! ’ ’ 1
(¢,.0) = {c,.v) ={c,.v') = —=L(c,.v". 1),

consequently

[ 0 1S C I e
and as

O P T St
thus

“ Cn ”H—I(Q)S C ” Cm ”H(;(Q)’
and therefore

2 2
A ——— /nc . r<c/||c Py 41 < C ll o g

2.2.2 | Existence and uniqueness of weak solution

Next, we pass to limits as m — oo, to build a weak solution of our initial boundary-value problem (P2).

Theorem 5. (Existence of weak solution.) Under hypothesis (), there exists a weak solution of (P2).

Proof. According to the energy estimates (40), we see that the sequence {c,, }>>_,is bounded in L*0,T; Hé (Q)) and {6;1};:;1
is bounded in L*(0, T; H~'(Q)) Consequently there exists a subsequence which is also noted by {c,, }>_, and a function ¢ €
L*0,T; H(; (Q)) with ¢’ € L*(0,T; H™'(Q)), such that
¢ — ¢ weakly in L*(0,T; H)()), @7
¢ — ¢ weakly in L*(0,T; H™'(Q)).
2. Next fix an integer N and choose a function v € C'(0, T’ Hé (€2)) having the form
N

o) = Y dPw, (48)

k=1
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where {d(k)}lil are given smooth functions. We choose m > N, multiply equation (38) by d¥(1)VK = 1.

integrate with respect to ¢ to find
t
/ (¢, ,v) + L(c,, v, )dt = 0,
0

we recall to find upon passing to weak limits that
t
/ (¢, vy + L(c,v,0dt =0, Vv € L*(0,T; H}(Q)).
0
As functions of the form are dense in L2(0, T; H(i (€2)). Hence in particular

(", vy + L(c,v,1) =0, Vo € Hy(Q) et V1 € [0, T]

and as and from Remark (2) we have ¢ € C(0,T; L*(Q)).
3. In order to prove for prouver ¢(0) = ¢,, we first note from (33)) that

t
/ —(c, V") + L(c,v,0)dt = (¢(0), v(0)),
0
foreachv € C1(0,T; H (; (Q)) with o(T') = 0. Similary, from (49) we obtain

t
/ —{C,ps V') + B(c,,, v, 1)dt = (¢, 0(0)),
0

we use again (52)), we obtain
t

/ —(c, V") + B(c, v, )dt = (cy, v(0)),
0
since c,,(0) — ¢, in L?(Q). Comparing (52) and (54)), we conclude ¢(0) = c,.

Theorem 6. (Uniqueness of weak solutions. ) A weak solution of problem (P2) is unique.

Proof. We suppose there exists two weak solution c; et ¢, and we put that
C = ¢, — ¢, then C is also a solution of (P2) with C, = (¢, — ¢;)(0) = 0. Setting v = C in identity (31) we have
d 1 2 _
E(E || C ”LZ(Q.)) + L(C’ C’ t) - 07
andas || C ||= y/L(C, C) (= norm in H,(Q)), there L(C,C,1) =|| C ”21(9)2 0, then we have
0
d 1 2
E(E ” C ||L2(Q)) < 09
then integrate with respect to t to find

2 2
” C ”LZ(Q)S” CO ”LZ(Q.)= 07

then C = 0.

2.3 | Existence and uniqueness of weak solution of the problem (P3)

In subsection, we state and prove existence and uniqueness of weak solution result of the problem (P3)

..N, and then

(49)

(50)

(G

(52)

(53)

(54)

Definition 3. We say v € L*(0,T; H;(Q)) with v, € L*(0,T; H~'(Q)) is a weak solution to the problem (P3) if and only if

(v,,¥) + A(v,¥,1) =0,

when
A(v,‘P,t):/VuV‘de,

Q

(55)

(56)
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for all ¥ e H(%(Q) ,0<t<T,nd
v(0,x) = vy € L*(Q). (57)

Remark 3. Note that v € C([0,T]; L*(Q)) as v € L*(0,T; Hy(€)) and v, € L*(0, T; H~'(Q)) Then equality makes sense.
Before proving the existence and uniqueness of weak solution of problem (P3), we need the following lemma:

Lemma 2. i)Forall ¥ € H(; () and A(v, ¥, t)is continuous in HO1 Q)x H é (Q), there exists a constant positive Csuch that

| A@ Y. ) IS Cllollgoll ¥ ki@ - (58)
ii)Forany v € H é (€2) Then there exists a constant positive f such that

Bl vl A, v,1), Yv € Hy(Q). (59)
Proof. 1) We use the Cauchy-Schwarz inequality on (56)) we obtain

| A(w, 0,0 |<]| VU || 20|l VY 1l 120

and

| Aw,0,0) S C |l vl ¥ g -

ii) The expression of A(v, v,t) becomes

Aw.e) = [(V0Rdx =l Vo I,
Q
finally, Poincares inequality, gives A(v,v,1) > B || v IIzl © L
0

To demonstrate existence of a weak solution of (P3) we use the Galerkin method we suppose that w, = w;(x) are smooth
functions checking:
w; € H(; (Q),
Vm; w,....w,, its linearly independent, (60)
the finite linear combination of w; are dense in H, é (Q).

we are looking for v,, = v,,(¢) solution <<approached>> of the problem in the form

0,0 = Y LD, (61)
i=1

the /;,, to be determined by the conditions:

{ (Um,wj)+A(.Um,wj,t)=0, ©2)
1<j<m
The system of nonlinear differential equations is to be completed by the initial condition:
0,,(0) = vy, Vo = Z a;,W; = Uy in HS(Q), when m — 0. (63)

i=1
We now propose to send m to infinity and to show a subsequence of our solutions v,, of approximation problems (62) and (63)
converges to a weak solution of problem (P3). For this we will need uniform estimates.

2.3.1 | Energy estimates
Theorem 7. (Energy estimates.) There is a constant C depending only on Q, T" such that

omsg; | o 2@ + Il Oy “LZ(O,T;HJ(Q)) + (64)
I U:,, “LZ((],T;H-I(Q))S Cllv ”LZ(Q) . (65)
Proof. Multiplying equation (62)) index j by /,,(t) and we are in j he comes :

(U, w;) + AV, v, 1) =0, (66)
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where 1 d
EE[” U “Lz(g)] + A(Um’ m? t) - (67)
we have according to the lemma (2) there is a constant § > 0 such That
Bl v, II? (Q)s B(,,v,,1),Y0<t<T, (68)
S0 4
T 0w i)+ B 1 0 124, < 0. (69)
therefore
“ U ”LZ(Q)_” v (0) “LZ(Q)_” UO ||L2(Q)’ (70)
then we have
max || U ”LZ(Q)S” Dy ”L2(Q) (71)

0<
Integrated inequality (69) from 0 to T and we use (7T) find

2

fixed everything u € H (Q), with || u ”H‘(Q)S 1, and write u = u' + u?

where u! € (wk) T and W, wy) =0, (k=1,...m). we use (62) from all 0 < 7 < T that

W u")+ A, u', ) =0

when (61) we find
’ ! 1N 1
W, w)= u)=—-A,,u,1),
therefore
/ 2
| W) 1S C W0y 1
and as
12 2
It 1 g <l o < 1.
therefore
lv, lg-1=< C Il v, ”Hg(Q)’
and when

2
A /nvn1@m<C/MUMWQM<CM%hmy

2.3.2 | Existence and uniqueness of weak solution

Then we pass the limit as m — oo, to build a weak solution for the initial problem condition (P3).
Theorem 8. Under hypothesis (7)), There is a weak solution of problem (P3).

Proof. According to energy estimates (63), we see that the sequence {v,, }>_,is bounded in L*0,T; H (Q)) and {v }®

m’m=1
is bounded in L?(0;T; H~'(Q)) Therefore, there is a subsequence which is also noted by{v,,}>_ and a function v €

L*0,T; H(; (Q)), with v" € L2(0; T; H™'(Q)), such that
v,, = vweakly in L*(0,T; H)(Q)), (73)
v — v weakly in L*(0; T; H™'(Q)). (74)

Next fix an integer N and takes a function u € C'(0,T; H, é (€)) under the form

N
ut) =Y ePw,, (75)
k=1
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where { g(k)};{il are given smooth functions and we choose m > N, multipling the equation (62) by g¥(r) and VK = 1...N,

then integrate with respect to ¢ to find
t
/(u;n,u> + A(v,,,u, t)dt = 0,
0

we recall and (74) to find passing low limits that
t
/(u’, u) + A, u,t)dt = 0, Yu € L*(0,T; H}(Q)),
0

as functions of the form (73)) are dense in L*0,T; H(i (€2)). In particular
(V' uy + A(v,u,1) = 0, Yu € H)(®) and V¢ € [0, T]

and as (57) and from Remark(3)) we have v € C(0, T; L*(Q)).
To prove v(0) = v,, we first note of (T0) that

t

/ —(v, U’y + A(v,u, 1) = (0(0), u(0)),
0
for eachu € C'(0, T; HOl () with w(T") = 0. Similary, from (76) we obtian

/ —(U,, U') + AV, u, 1)dt = (v, u(0)),
0

we use again (73)), we obtian

t

/ —(v,u') + A(v,u, 1)dt = (vy, u(0)),
0
since v,,(0) — v, in L?>(Q). Comparing and (8T), we conclude v(0) = v,,.

Theorem 9. (Uniqueness of weak solutions.) A weak solution of problem (P3) is unique.

(76)

(77)

(78)

(79)

(80)

81)

Proof. We suppose there exists two weak solution v; and v, and we put that V' = v, — v, then V is also a solution of (P3) with

Vy = (v, — v))(0) = 0. Setting u = V in identity (78]), we have

d 1
=G V12,0 + AWV, V., 1) =0,

dr 2 @
for lemma (@), we have A(V,V,0) > || V ||§{5<Q)z 0, so %(% 1V 1.0 <O,

then integrate with respect to ¢ to find

2 2
” V ”LZ(Q)S” I/O ”LZ(Q): O’

thus V' = 0.

Then we have the existence and uniqueness of weak solution to chemetaxis model coupled with heat equation.
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