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Abstract: We define multiplicative derivative and its properties on time scales. Then, we restate many
concepts for multiplicative analysis such as derivative, Rolle’s theorem, mean value theorem and increasing
decreasing property on time scales. We aim to create important fields of study by carrying this most
important issue of multiplicative analysis, which has applications in economics, finance and many other

fields, to time scale calculus.

MSC 2010: 34N05, 11N05.

Key Words: Time Scale, Multiplicative Calculus

1. Introduction

Multiplicative calculus was first introduced by Grossman and Katz [13], [14] in 1967. This type of
analysis is also called non-Newtonian analysis because of its difference from classical calculus of Newton
and Leibniz. There are four important operators for this analysis, such as gradient, derivative, average
and integral. Multiplicative calculus is a useful supplement to the usual calculus in that it is tailored
to situations involving exponential functions in the same sense that the usual calculus is tailored to
situations involving linear functions. While classical analysis works based on addition and subtraction
operations, multiplicative analysis works on multiplication and division. The multiplicative calculus
moves the roles of substraction and addition to division and multiplication. There are actually many
reasons to study multiplication analysis. It improves the work of additive calculations indirectly.
Problems that are difficult to solve in classical analysis can be solved with incredible ease in this
analysis.

Multiplicative calculus has a relatively restrictive area of applications than the classical calculus.
Only positive functions are concerned here. In fact, the following question may come to mind. Why
is the need to develop this new analysis when there is already an existing analysis that has been
developed in great detail and has many applications. This is actually the same as the answer to
the question of why polar coordinates are used when there is a cartesian coordinate system. Get to
know the point in the plane better. This analysis gives better results than classical analysis in many
fields such as finance, economics, biology and demography. A very limited number of studies have
been conducted on this analysis until the beginning of the 2000s. Recently, various studies have been
carried out on this subject and quality and effective results have been obtained (see [5], [6], [11], [12],
[15], [19]).

In this study, we will define the multiplicative derivative and its properties which has many appli-

cations in many fields on time scales. In this case, it will be seen that classical multiplicative analysis



is a special case of time scale for T = R. Before explaining some important concepts of multiplicative
analysis on time scales, let’s briefly explain the concept of time scale and express its basic features.

A time scale T is an arbitrary, closed, non-empty subset of real numbers. This theory was first
studied by Hilger in 1988 in his doctoral dissertation [2], [17]. Hilger’s aim was to gather discrete
and continuous states in mathematics under the same roof. Thus, difference equations and differential
equations would be combined and important results would be obtained. However, some concepts
such as A—derivative, A—integration and their various properties on T are explained in detail in
two important books written by Bohner and Peterson [7, 8]. Later, in the multivariable case, many
concepts with partial delta derivatives and their properties were given by Bohner and Svetlin [9)].
Since its first study, this theory has been studied by many mathematicians in numerous fields (see [3],
[10]). We need firstly to mention on something about A—calculus of time scale theory.

Let @ = inf T and b = sup T. Since T is not necessarily connected, the forward-jump and backward-

jump operators g,p: T — T are defined as
o(t)=inf{s € T:s>t}, p(t) =sup{seT:s <t}

respectively for t € T such that a <t < b, t <supT, inf¢ = supT, sup¢ = inf T where ¢ denotes
empty set. If T is bounded, one can write o(b) = b. The corresponding forward-step function p is
defined by

p: T —RY u(t) =o(t) —t.

However, ¢t € T is left dense, left scattered, right dense, right scattered, isolated and dense iff p(t) = t,
p(t) < t,o(t) =t,ot) >t p(t) <t <o(t) and p(t) =t = o(t), respectively. We also should remind
A—differentiability region T* along with the set T to define A—derivative of a function. T* = T\{b}
if T is bounded above and b is left-scattered; otherwise T® = T. Let f : T — R be a function. f is
right continuous at ¢ € T if there is some § > 0 such that |f(t) — f(s)] < e for all s € [t,t + J) and
¢ > 0. The set of all right continuous functions on T is denoted by C.4(T).

One can define f2(t) to be the value for ¢ € T*, if one exists, such that for all ¢ > 0 there is a
neighborhood Uj of ¢ such that for all s € Uy

|f7(8) = f(s)] = F2) (o(t) = 5)| < elo(t) —s].

Here, f is A—differentiable on T* if f2(t) exists for all t € T*. We will refer to [7, 8] for detailed
information on A—derivative.

Before the details of multiplicative derivative on time scales, some definitions should be made that
will provide the infrastructure of this important concept. As is known, logarithms and exponential
functions have an important place in multiplicative analysis. For this reason, it is necessary to express
these concepts on T. The following important notions and conclusions are introduced by Anderson
and Bohner [1].



Definition 1.1. For h > 0, the transformation (; : C;, — C by

Y

Llog(1+ zh), for h#0
uly = § BB
z, for h=0

1
is called multi-valued cylinder transformation where C is the set of complex numbers, C;, = {z eC:z+# _E}

and log is the multi-valued complex logarithm function.

Definition 1.2. [1] Let p: T — C be a A—differentiable function for p # 0. Then,

@wazj@mvﬁg

:|AT:S,t€T,
p

is multi-valued logarithm function on T. Here, if p =constant, ¢,(t,s) = 0 for all s,t € T. Thus, this
logarithm does not distinguish between either constants or constant multiples of functions. Now let’s

express some of the features of this function that are necessary for our proofs.
Lemma 1.3. [1] Let f,h: T — C be a A—differentiable functions with f,h # 0. Then,
gfh(tv 5) = Ef(t 8) + gh(t 8)

and
lLi(t,s) = Ef(t, s) — lp(t,s).
h

The proof of these properties can be easily demonstrated by definition.
Lemma 1.4. [1] Let « € R and p: T — C be a A—differentiable function with p # 0. Then,
lpa(t,s) = alp(t, s),

for all s,t € T.
The derivative of this specially defined function on T is one of the critical concepts for our study.
This concept will have different representations as the time scale is changed. This situation will yield

very important results for multiplicative analysis.
Theorem 1.5. [1] Let p: T — C be a A—differentiable function with p # 0. Then,

1 og [220)
Bts) =< ) log [ 27| for pu(t) #0
) t ’

pp(t) , for u(t) =0

>

for all s,t € T where A—derivative is respect to ¢. All this will be necessary when bringing the concept
of A—derivative to multiplicative analysis on time scale.
The rest of the work is organized as follows: In the second chapter, some basic concepts in mul-

tiplicative analysis and the concept of derivative in multiplicative analysis will be given. In the next



section, the multiplicative derivative will be defined on T and its properties will be proved. Some basic

theorems for usual calculus will be generalized to mutiplicative calculus on T.

2. Preliminaries on Multiplicative Calculus

Now, before moving on to the main topic, let’s express the notions and theorems that should be
given about multiplicative analysis. First of all, it is important to express the concept of derivative in
multiplicative analysis, which is the basis of our study, and to examine its properties. The operations
in the difference quotient in classical derivative. By way of contrast, the derivative in multiplicative

calculus for a function is based on the ratio.

Definition 2.1. [4], [18] Let f : A C R — R be differentiable in usual case and f(t) > 0 for all ¢.

If the below limit exists and positive for

ik

f*(t) is called *—derivative of f at t. Since f is positive, the quantity in square brackets is positive,

£*(t) = lim

lim (2.1.)

and the power in (2.1.) is a well defined positive number for all arbitrary non-zero numbers h. If f*(t)
exists for all £ on an open set 2 C R, then f: A — R is well defined.
In fact, there is a relationship we will use frequently between classical derivative and derivative in

multiplicative analysis. Let’s express this now.
Lemma 2.2. [4], [18] Let f : A — R be positive and differentiable at ¢,
f*(t) — e(lnof)'(t)'

Repeating this procedure n times, we can obtain the relation between the n—th order classical deriv-

ative and n—th multiplicative derivative as

FEO(1) = o™ @),

Similarly, n—th order classical derivative can be expressed in terms of n—th multiplicative derivative;

n—1 . '
=3 T2 ) (1nof ) (tn = 0.1,..

Lemma 2.3. [4], [18] If a positive function f is differentiable in usual case at ¢, it is also
*—differentiable at ¢. Similarly, If the positive function f is *—differentiable at ¢ and f*(t) # 0, it
is also usual differentiable at t.

Let’s see the basic properties of the multiplicative derivative with the following theorem in order

to better understand the main part of our study.

Theorem 2.4. [4], [18] Let f, h be *—differentiable at ¢t and p be usual differentiable at ¢. The

following expressions are provided for multiplicative derivative.



i (cf)" (t) = f*(t),c€R
ii. (fh)* (t) = f*(H)h*(t
iii. (f/h)" (t) = f*(t)/ <>
iv. (f7)° (t) = F* (PO f()P(
v. (fop)* (t) = f* (p(t))? jt({), »
vi. (f +h)* () = f*(t) TOF@ p*(t) TO+R0

The proof of each of these items can be made using the multiplicative derivative definition. Here,

)h )
(

unlike the classical case, the multiplicative derivative of the sum or difference is more complicated.
Some important theorems related to derivative, which have very important applications in classical

analysis, can also be expressed in multiplicative analysis.

Theorem 2.5. (Multiplicative Rolle’s Theorem) [4], [18] Assume that f is continuous, posi-
tive on [a, b] and *—differentiable on (a,b) . If f(a) = f(b), there exists a < ¢ < b such that f*(c) = 1.

Theorem 2.6. (Multiplicative Mean Value Theorem) [4], [18] Assume that f is continuous,
positive on [a, b] and *—differentiable on (a,b). Then, there exists a < ¢ < b such that

f(b)_ *Cb—a
f(a)_f()

As can be seen, although the multiplicative derivative will have some problems especially in the case

of addition and subtraction, it will have great benefits in practice. Now let’s move the multiplicative
derivative and its properties to the time scale, which is a more general case. There has not been any
study on the time scale regarding multiplicative analysis so far. In this respect, the proof and given

concepts will make important contributions to this theory.

3. Multiplicative derivative on time scales

In this section, *—derivative and its basic properties will be defined on T. Here, the concept of
A—derivative on T will be carried to multiplicative calculus and important results will be obtained.
Then some theorems related to new derivative will be expressed and proved, and examples will be

given.

Definition 3.1. Let f : T — C be a A—differentiable and f(¢) > 0 for all ¢ € T. If the below limit

exists and positive for
1

fA*(t):ELI% <§zi§)>a(t)_8 7 (31)

A7 (t) is called A*— derivative of f at t. To consolidate this definition and make it understandable,

we need to define one sided A*— derivatives.
If f(t) > 0 is defined on [tp,b) C T, then the right side A*— derivative of f at the point tg is

defined to be .

-t ()




Similarly, the left side A*— derivative of f at the point g is defined to be
1

A" — lim f7(0) \ o(to) — s
=) _s1—>t0< f(s) ) 0 ’

while f(t) > 0 is defined on (a,tg] C T. We can easily draw the following conclusion from here.

f(t) > 0 is A*— differentiable at to iff f2" (to) and f2"(to) exist and

F27(t0) = [ (t0) = 2 (to).
Example 3.2. Consider the function

t+3, te[-2,2)
f(t)_{t2+t, te{2,4,8

Let us evaluate f2°(2). Here, we will first examine the structure of one-sided A*—derivatives. Since
2@ =2

and
. 10

2 = —_—

f+ ( ) 3 9

f is not A*—differentiable at t = 2.
Lemma 3.3. Suppose that f: T — C be A—differentiable and f(¢) > 0 for all ¢ € T. Then
fA* (t) _ ei?(t,s)'

Proof: We use the formal definition of E? (t,s). Firstly, Let’s make the proof for pu(t) # 0 as

1 10g<ff’(t>>
A = ME T\F) ) eps)

Similarly, we get

log

lim ——=———— £8(t,9)

r=et ol

~—
|
VA
I
qy)
<

)

for p(t) = 0. So, from these two equations, the desired equality can be easily seen.

Similarly to the reduction of the A—derivative to usual derivative when T =R in particular,

A*—derivative is reduced to *—derivative.
Theorem 3.4. If f : T — C is A—differentiable and f(t) > 0 for all ¢ € T, then it is also

A*—differentiable at t.

Theorem 3.5. If f: T — C is A*—differentiable, f(t) > 0 and f2"(t) # 0 for all t € T, then it is
also A—differentiable at t.



Proof: The following equations are obtained from the basic concepts given earlier.
fA* _ ezf(t,s)7
and
log f& = £3(t,s) + 2kmi, k € Z.

If u(t) =0, we get

a0 - . ,
2kmi + 0 =log fA" = fAt) = f(t) {log A — 2k7m} .
Likewise,
[N oo FA PSS S AN o FA
2kmi + ()10g<f(t)> = log f° =2k +N(t)lg<1+,u(t)f(t)>—lgf
= 10g< Tt )> ~
f(t) u(t

= fAx T }

It completes the proof.

Theorem 3.6. If f: T — C is A*—differentiable, f(t) > 0 and f2"(t) # 0 for all t € T, then it is

continuous at t.

Proof: By the definition of A*—derivative of f(t) > 0, and Theorem 3.4., it is also A—differentiable
at t € T. By [8], it is continuous at that point. It completes the proof.

Now let’s express and prove some important properties of the multiplicative delta derivative.

Theorem 3.7. Let f,h : T — C be A*—differentiable functions for all t € T* where f, h,# 0.
Then, f.h, %,cf,f + h are A*—differentiable and

i (f-h)AA: (t) = fN( t) K2 ().

ii. (%) (t) = hA*(t L for hA" £ 0.

iii. (cf)™ (t) = fA(t) for c € R.

f h
f+h (hA*(t))m

. (f+h)2 @) = (F2 1)

Proof: These proofs can be obtained directly using the definition as follows.
i (fR)AT (1) = efn(ts) = ALt Hen(t.9)}" _ 07 (19) 82 (t.9) — FAT(1) BT (1)
A G0 e e} _ 2
i () = < elttoaea)® Lo
iii. By the definition, we get (cf)> () = ber(ts) — ot (65) 87 (49)  Here we will continue the

proof for two different cases of p. Firstly, let us assume that u(t) = 0. For this case, it yields that
A

(cf)2 (t) = f27(t) since ete () = 1. Similarly, since e#C )log(HM() ) = 1 for p(t) # 0, we get

(ef)™ () = 127 (0).



iv. This proof will again be done for two cases of p. If u(t) =0,

A €8, (ts) _ LENS BNTE (8T A (N THR (7 ar 0\ TR
(f + WA () = fFmn) = T = (7 e’ :(f (t)) (h (t)) .

It completes the proof.
Example 3.8. Let us consider f: T — C, f(¢t) = t. Then,

L jog( 2
e“(t)lg( ¢ >, for p(t) #0

fA* (t) _ eZ?t _ .
er, for p(t) =0

Example 3.9. If f: T — C, f(t) = o, € R, f2"(t) = 1.

Lemma 3.10. Let f,h: T — C be A*—differentiable functions for all t € T" where f,h # 0. If
f(t) = ch(t),c € R, fA"(t) = h™"(t) for all ¢,
Proof: We get f2"(t) = eIt = elat = pA” (t) with simple reasoning.

Lemma 3.11. If f h,r : T — C are A*—differentiable functions for all ¢t € T" where f,h,r # 0,

then
(fhr)27 (1) = f27 ()RS (£)r2 (1),

Corollary 3.12. This result can be generalized as follows. Let f : T — C be A*—differentiable
for all ¢ € T%. Then, (f™)2 (t) = (f27(t))" for some n € N.

Theorem 3.13. Let o be a constant and m € N.
i. If f(t) = (t — )™, then

_m_1, o(t)—«a
e ! g( t-a ) for p(t) #0

o) = o
et-a, for u(t) =0
ii. If h is defined by h(t) = !
—_m 1, o(t)—a
hA(t) = et o813 >, for p(t) #0
eat, for p(t) =0

Example 3.14. Let f(t) = tzlirt‘t onT= (%)NO U {0}. Then, we have

A% (t2)A* (sin t)A*

If this derivative is calculated for a particular point t = 1, f2"(1) = et with u(t) = 0. Furthermore,

A1) = et e ()

Y



for u(t) # 0.

Definition 3.15. Assume that f : T — C is A*—differentiable for all t € T". (fA*)A* (T = C

is second order A*—derivative of f provided that 2" is A*—differentiable for t € T+, Similarly, high
order A*—derivative of f is defined by f(2")" : T+" — C,n € N. Let’s now write clearer statements for
the higher order A*—derivative. We will do this using the definition of the first order A*—derivative,

N A : .
A1) = %1t If the same logic continues to be used, we get
* A*
<fA ) (t) — eefAAt'
When we generalize this situation, it yields
A'Ilt

FEV(t) = €

Now, Rolle’s and mean value theorems, which have a very important place in multiplicative analy-

sis, will be defined on time scales.

Theorem 3.16. (A*—Rolle’s Theorem) Suppose that f has A*—derivative at each point on
la,b]. If f(a)= f(b), then there exists some points ci, ca € [a, b] such that

A e) < 1< A (), for fler), flea) >0,
A () = 1> % (), for f(er), f(ez) <O.

Proof: Since f is A*—differentiable at each point on [a,b], f is also A—differentiable on [a, b).
Therefore, by the assumption f(a) = f(b), there exists c1,c2 € [a, b] such that

Let p(t) = 0.

If f(e1) <0
If f(c1) >0, f&°
If f(e2) <0

(c2) >0

If f C2
Consequently, we get
FA () <1< 2 (ep) or f27(e2) <1< 27 (en),

if f(c1)f(c2) > 0. Let u(t) # 0. Then,

FA@®) |
)

Since p(t) > 0, we get the same result. It completes the result.

£ (1) = (1 )



Example 3.17. Let T = Z and f(t) = t2. Find ¢, c2 € (—3,3) such that

F2 (1) <1< f2 (o), for f(er), fea) > 0.

Since T = Z, it yields o(t) =t + 1, u(t) = 1. Additionally, we get

. (t+1)2
fA (t): 2
Hence,
* C +12 * C +12
fA(Cl)_%Slande<C2)_(2C%) > 1,

holds for ¢; € {—2,—1} and ¢ € {1,2}.

Theorem 3.18. (A*—Mean Value Theorem) Suppose that f is continuous on [a,b] and has

A*—derivative at each point on [a,b). Then, there exists some c1, ¢y € (a,b) such that

[fA*(Cl)}b—a < f(b) < [fA*(@)}b—a,

for f(c1), f(c2) >0, and

[fA*(Cl)}bfa . () > [fA*(Cz)}bfa’
for f(c1), f(c2) <O.

Proof: Let us consider ¢ defined by

st — 10 {f(b)}ﬁ'

fla) [ f(a)

Then, ¢ is continuous on [a,b] and has A—derivative at each point on [a,b). Moreover, it yields

¢(a) = ¢(b) = 1. Then, there exists c1,ca € [a,b) such that

™ (c1) < 1< ¢ (e2), for f(c1), fle2) >0
$2 (c1) > 1> 02 (c2), for f(c1), fez) <O. (3.1)

On the other hand,

o) = 5 o) ]S o SO
ey = e [ ] = 1)

Here, if the second multiplier on the right is calculated for different cases of u. In both cases of
t—a A"
p(t) # 0, u(t) =0, we get [k;h} — ka-3. Hence we get,

t=c1

6 () = 1% (o) [ HH T

If the same process is run similarly, we get
* * b a=b
6 () = ¥ (e) [ HH T

10



By considering these equalities and (3.1.),

1 1

() [% 1< P (e [—

Namely,

Similarly, it yields that

for f(c1), f(c2) < 0. This completes the proof.

Example 3.19. Consider f(t) = t* on T = Z. Let us find the values of c1,cy € (—2,4) such that

* b—a f(b) . b—a
A < I\~ A
] =g = @] for s f(e) > 0,
on [a,b] = [-2,4]. From the structure of the given time scale and the definition of the function, we

get o(t) =t+1, u(t) =1 on T =127, and f(—2) = 16, f(4) = 256. Then,

. (t+1)*
fA (t) = YR
Hence, we have
6 6
(1 +1)° 256 _ | (ca+ 1)
c‘lL - 16 — c% ’
ie,
1) 1)
(Clti ) <2and2< (02‘2 )
51 Ca
The values of ¢1, co which satisfy above inequalities are ¢; = —1 and ¢y € {1,2,3} for T = Z.

Corollary 3.20. Let f be a continuous function on [a, b] that has a A*—derivative at each point
on [a,b). If fA"(t) =1 for all ¢ € [a,b), then f is a constant function.

Proof: By using A*—mean value theorem, there exists some ¢, ca € [a,b) such that

=[] " < 8 < [ e] T =,

i.e., f(t) = f(a) for all t € [a,b).

Theorem 3.21. Let f be continuous on [a,b] and be A*—differentiable at each point on [a,b).
Here are the following situations.

i. If fA7(t) > 1 for every t € [a,b), then f is increasing on [a, b].

ii. If f27(t) < 1 for every t € [a,b), then f is decreasing on [a, b].

iii. If fA7(t) > 1 for every t € [a,b), then f is non-decreasing on [a, b].

iv. If f27(t) < 1 for every t € [a,b), then f is non-increasing on [a, b].

Proof: We will only prove the provincial situation. The proof of other cases is similar.

11



ii. Assume that f27(¢) < 1 for every t € [a,b]. Then, for any t1,ts € [a,b] and ¢ < to, there exists

¢ € (t1,t2) such that

< e

ie. f(t1) > f(t2). So, f is decreasing.on [a,b]. It completes the proof.

Example 3.22. Let us determine the intervals where f(t) = t3—2t2 —¢ is increasing or decreasing

on T = Z. By using the concept for A*—derivative, we get

. B3+t —2t—2
A _
1m0 = =5
Let’s identify the critical points by the relation f2"(t) = 1 to determine the sign of the function.
Therefore,
* 2
A > 1forte [—5,1—\@) U (0,1]U (1+\/§,oo>,
. 2
At < 1forte (—oo,—g} U (1 - \/5,0) UL, 00).

On T =Z, f is decreasing on (—oo, —1] U {2} and increasing on [3,00) .

4. Conclusion

In this study, the concept of A—derivative, which is one of the basic concepts of time scale theory,
has been redefined using the principles of multiplicative analysis. The basic properties and basic
theorems of A—derivative, which has many applications in many fields, are given in multiplicative
analysis. We hope that this work will open up a new field for mathematicians and will be the basis

for many different fields in applied mathematics.
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