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Abstract 

To account for the effect of liquid viscosity, the bubble breakup model 

considering turbulent eddy collision based on the inertial subrange turbulent spectrum 

was extended to the entire turbulent spectrum that included the energy-containing, 

inertial, and energy-dissipation subranges. The computational fluid 

dynamics-population balance model (CFD-PBM) coupled model was modified to 

include this extended bubble breakup model for simulations of a bubble column. The 

effect of turbulent energy spectrum on the bubble breakup and hydrodynamic 

behaviors was studied in a bubble column under different liquid viscosities. The 

results showed that when the liquid viscosity was < 80 mPas, the bubble breakup and 

hydrodynamics were almost independent on the turbulent spectrum. At liquid 

viscosity > 80 mPas, the bubble breakup rate and gas holdup were significantly 

under-predicted when the inertial turbulent spectrum was used, and when using the 

entire turbulent spectrum the predictions were more consistent with experimental 

data. 

 

Key words: Bubble breakup model; Inertial turbulent spectrum; Entire turbulent 
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1. Introduction 

Bubble column reactors are widely used in chemical, biochemical and 

petrochemical industrial processes because of their excellent characteristics, such as 

simple geometry, low operating and maintenance cost, and high heat and mass transfer 

rates.1 Commercial reactors are often operated with highly viscous media. For example, 

the heavy Tellus oil (l = 75 mPas) was synthesized from synthesis gas in 

gas-liquid-solid three-phase slurry reactors.2,3 A high concentration of fine particles 

would greatly increase the apparent viscosity of pseudo-homogeneous slurry phase in 

slurry reactors.4 Experiments showed that liquid viscosity l played an important role 

on the hydrodynamics and mass transport behaviors of bubble columns.5-10 At high l, 

the bubble breakup rate significantly decreased,11 leading to a wider bubble size 

distribution and lower gas holdup and gas-liquid mass transfer rate.9,10,12 Kajero et al.8 

studied the viscous effects on flow regime and bubble dynamic behaviors using silicone 

oil (l  5000 mPa·s) by electrical capacitance tomography (ECT), and found that with 

increasing viscosity the occurrence of spherical cap bubbles decreased, while the 

tendency of slug flow increased. Liu et al.13 reported that with increasing l, the bubble 

plume oscillation frequency in a bubble column increased at low superficial gas 

velocity (Ug < 0.08 m/s), but decreased when Ug > 0.08 m/s and in high liquid viscosity 

range. 

The computational fluid dynamics (CFD) incorporating population balance model 

(PBM) has been demonstrated effective to quantitatively predict the hydrodynamics 

and mass transport behaviors of the bubble column.14-25 In the CFD-PBM coupled 
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model, the CFD model gives the flow field and phase holdup and the PBM gives the 

local bubble size distribution. The hydrodynamics and mass transport behaviors of 

bubble columns with low liquid viscosity media have been successfully predicted by 

the CFD-PBM coupled model based on Kolmogorov inertial subrange turbulent 

spectrum.9,14,26-31 However, the simulations of bubble columns with high liquid 

viscosity are very limited. 

Wilkinson et al.11 experimentally reported that the liquid viscosity was closely 

related to bubble breakup behaviors, and increased l reduced the bubble breakup rate. 

In a fully turbulent flow, the dominant bubble breakup was due to collision by turbulent 

eddies.29,32-37 The bubble breakup models in previous literature38,39 were mainly based 

on Kolmogorov inertial subrange turbulent energy spectrum. In these models, the lower 

integration limit was estimated by the minimum size of eddies in the inertial subrange, 

equal to 11.4-31.4 times the Kolmogorov scale  = (l/l)3/41/4. With increasing l, 

this minimum size of turbulent eddies increased and the effective inertial energy 

spectrum narrowed, resulting in considerably decreased bubble breakup rate. While, 

with continuously increasing l, the inertial subrange would disappear. In this case, the 

breakup model only considering the energy from inertial subrange was not applicable in 

the industrial turbulent dispersed multiphase flows. Recently, many researchers39-43 

have rebuilt their breakup model under the entire turbulent energy spectrum including 

the energy-dissipation, inertial and energy-containing ranges. They found that the 

turbulent eddies in the energy-dissipation and energy-containing zones could also 

induce bubble breakup. With the CFD-PBM model based on the entire turbulent 
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spectrum, Castellano et al.44 and Niño et al.45 simulated a liquid-liquid and a gas-liquid 

stirred tank reactor, respectively, and they both found that the effect of energy spectrum 

was significant. After considering the entire turbulent spectrum, the predicted bubble or 

drop Sauter diameters and mass transfer coefficients kla were more consistent with 

experimental data.44,45 However, the simulations of gas-liquid bubble columns with a 

CFD-PBM model under entire turbulent spectrum have not been studied, and the 

researches on the applicability of inertial or entire energy spectrum under different 

liquid viscosity ranges are also limited. 

The present work aimed to extend our previous bubble breakup model29 to the 

entire turbulent energy spectrum, and incorporate this extended bubble breakup model 

in the CFD-PBM coupled model to simulate a bubble column under a wide liquid 

viscosity range. The applicability of the CFD-PBM coupled model based on entire 

turbulent spectrum was studied, and the critical liquid viscosity where the entire 

turbulent spectrum must be used to replace the inertial turbulent spectrum was 

obtained. 

2. Bubble breakup model development 

2.1 Entire turbulent energy spectrum model and number density of eddies 

To extend our bubble breakup model29 from inertial turbulent spectrum to entire 

turbulent spectrum, the mean turbulent eddy velocity ūλ and the number density of 

eddies nλ with eddy size of λ under entire turbulent spectrum range should be 

calculated in advance. They were both the necessary terms to derive the model of 

bubble breakup in a turbulent flow.32,33,40,42 
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The turbulent kinetic energy of spherical eddies with size from λ to λ + dλ per 

unit mass of liquid was equal to the kinetic energy of eddies of wave number from κ 

to κ + dκ, with κ = 2π/λ,32,46,47 as follows: 

                   3 21
( ) ( )

6 2
   l ln u dλ E d 


                       (1) 

where u was the mean turbulent velocity, and E(κ) was the turbulent energy spectrum. 

The model of entire spectrum that includes the energy-dissipating, inertial and 

energy-containing subranges of isotropic turbulence proposed by Pope47 was used: 
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where fL(κL) and fη(κη) are specified dimensionless functions that determine the 

shapes of the energy-containing and energy-dissipating subranges, respectively. C1 = 

1.5, P0 = 2 and β = 5.2 are model constant parameters.47 L is the integral scale, and η 

is the Kolmogorov scale46: 
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The positive parameters CL and Cη are determined by computing the integrals of Eqs. 

(7) and (8), respectively, as suggested by Solsvik et al.48: 
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where Reλ was the Taylor-scale Reynolds number,  1/2 1/2
20

3Re k L
v , and C0 was a 

parameter having a value of 1.40~1.75. 

Generally,
2u could be approximated by the application of the second-order 

longitudinal structure function [v]2().39 The function [v]2() proposed by 

Davidson et al.49 was used: 
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Following Solsvik and Jakobsen50, the analytical solution for Eq. (11) was 

calculated as follows: 
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where F, K and Г are hypergeometric, Bessel and gamma functions, respectively. The 

final solution covering the entire spectrum39 was obtained by adding the 

energy-dissipation subrange spectrum (Sawford and Hunt51): 
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where λd = (15C)3/4η, and C = 2. 
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Therefore, the mean turbulent velocity ūλ was obtained: 
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By substituting Eqs. (20) and (2) into Eq. (1), the number density of eddies under 

the entire turbulent spectrum was expressed as39: 
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2.2 Extended bubble breakup model 

Analogous to the models from Luo and Svendsen32, Wang et al.34 and Andersson 

and Andersson52, our previous bubble breakup model29 was constructed by 

multiplying a collision or interaction frequency term by a probability density function 

based on inertial subrange turbulent spectrum of turbulence. The main equations of 

our previous bubble breakup model are listed in Table 1. After replacing the number 

density and mean turbulent velocity of eddies under inertial turbulent spectrum with 

that under entire turbulent spectrum, the bubble breakup model was extended to the 

entire turbulent spectrum, as listed in Table 1. 

Table 2. Liquid properties in this work. 

Liquids l, kg/m3 l, mPas l, mN/m 

Water 1000 1.0 72.5 

54.9 wt% glycerol solution 1124 7.9 63.6 

69.9 wt% glycerol solution 1140 20.1 63.2 

76.6 wt% glycerol solution 1184 39.6 62.0 

Glucose solution A 1340 170.0 76.0 

Glucose solution B 1380 550.0 76.0 
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Table 1. Summary of original bubble breakup model and modified equations for model extension. 

Items Formulations Extensions 

Breakup rate without 

internal flow through 

the bubble neck 

Specific rate that a bubble of size db breaks up with a breakup 

fraction of f’
v 

max

min

' '

b b b b( ) ( , ) ( )v vf d P f d d d  
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2
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d d n d
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Breakup probability function considering the internal flow 2 1exp( / )t t  , '
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3. Experimental data and methods 

3.1 Experimental data 

To validate the predicted effect of turbulent energy spectrum on the 

hydrodynamics of air-water bubble column under different pressures, the gas holdup 

data from Wilkinson and Dierendonck53, Degaleesan et al.54, Rudkevitch and 

Macchi55 and Esmaeili et al.6 were used. Furthermore, the gas holdup data from Xing 

et al.9 and Urseanu et al.5 were used to validate the effect of energy spectrum on the 

hydrodynamics of a bubble column at different liquid viscosity. The physical 

properties of used liquids are listed in Table 2. 

3.2 Methods 

The CFD-PBM coupled model became more complicated and the computational 

time and cost increased significantly after the bubble breakup model was extended to 

the entire turbulent spectrum. Therefore, there exists a question when it is necessary 

to consider the entire turbulent spectrum for predicting the bubble breakup and 

simulating the hydrodynamics of a bubble column rather than limiting the model to 

the inertial turbulent subrange. Karimi and Andersson40 proposed a two-step 

verification method to clarify this question. First, the turbulent properties, e.g., the 

number density of eddies were needed, and then the specific breakup rates were 

compared with the experimental data. However, the turbulence properties and 

experimental bubble breakup rates were especially limited. Here, we proposed a novel 

approach to answer this question. The gas holdups simulated by the CFD-PBM 
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coupled model with the bubble breakup model under inertial subrange and entire 

turbulent spectrum were compared with the experimental data, and then whether the 

inertial subrange should be extended to the entire range was determined. The criteria 

obtained could be used to determine whether the entire turbulent spectrum must be 

considered. Because the experimental data of gas holdup of bubble columns were 

extensive and reliable in the literature, this approach was more feasible and effective. 

4. Modeling and simulations 

4.1. CFD-PBM coupled model 

Figure 1 shows the coupling algorithm between the CFD two-fluid model and the 

PBM, which was similar to our previous work26,28-30, except that the entire and inertial 

bubble breakup models in Section 2.2 were used for detailed comparison. 

The governing equations of the time-averaged two-fluid model are listed in Table 

3. These equations were solved using Fluent 14.0 by setting the volume fraction of 

bubble group i in the gas holdup, fi, as a User Defined Scalar. The coupling of PBM was 

based on the following equation: 
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To calculate the bubble coalescence rate c(v,v’), three mechanisms were included, 

namely collision by turbulent eddies, entrainment by bubble wake and diffierence in 

bubble rising velocities. For bubble breakup rate b(v), the breakups due to eddy 

collisions in Section 2.2 and due to instability of large bubbles were included. The 
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equations for bubble coalescence and for bubble breakup due to instablity of large 

bubbles are summarized in Table 4. 

Table 3. Governing equations of the two-fluid model. 

Models Equations 

Mass conservation ( ) 0 u i , i = g, l 

Momentum conservation  eff( ) ' ( ) , ( )T

i i ii
P i j        uu u u F g    , i = g, l 

k- 
turbulence 

mode for 

liquid 
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k equation   lam, t, tb ,( ) ( ) / ( )l l l l i l l l k l l k l l lk k G      u          
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l l l l i l l l l l k l l l

l

C G C
k

       u 
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T
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2

3
k l l l l l l l l l lG k         u u u u u    

2

t, μ ( / )l l l lC k    
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eff , lam, t, tbl l l      , tb μb bsl g g lC d u u    

,t ,l l l gk k k  , ,t ,l l l g    , 2

, VM slip
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2
l g gk C u  , , slipl g g gu   
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Dt
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L L
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( )
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Figure 1. Schematic of the CFD-PBM coupled model 

Table 4. Models of bubble breakup and coalescence. 

Items  Equations 

Bubble breakup due 

to instability of 

large bubbles 

Breakup rate 
0.5

b b b b
0

( ) ( )/ ,  ( ) ( )dv vb d d n d f d f      
Daughter 

bubble size 

distribution 

0.5

b b b
0

( , ) ( ) / ( )dv v v vf d f d f d f  
 

Coalescence rate 

due to turbulent 

eddies：ct=tPt 

Collision rate 
       

1 2 1/2
1/3 2/3 2/3

t ,max ,max

1
, 2

4
i j g g g ij i j i jd d d d d d



        
 

2 2 1/3

bt, bt, bt, bt, bt, bt, bt b b,/( ),  ,  0.89 ,  ( )m m m

ij ij ij ij ij i j ij i jl l h l l l l d h N N       
 

Coalescence 

efficiency 
  1/2

2 3 1 3 1/2

t ( , ) exp 0.75(1 )(1 ) ( / ) (1 )i j ij ij g l ij ijP d d We           
 

Coalescence rate 

due to different rise 

velocity：cu=uPu 

Collision rate        
1 2 1/2

1/3 2/3 2/3

u ,max ,max

1
, 2

4
i j g g g i j i jd d d d d d



       
 

Coalescence 

efficiency 
u ( , ) 0.5i jP d d 

 

Coalescence rate 

due to bubble 

wake：cw=wPw 

Collision rate 

2 2

w slip, w slip, slip,( , ) 12.0 ,  ( , ) 15.4 ,  0.71i j i i i j i i i id d d u d d d u u gd    

 6 6 6

c c c( /2) / ( /2) ( /2)j jd d d d d   
 

c c cfor /2;  =0  for /2. with 4 /(g )j jd d d d d     
 

Coalescence 

efficiency 
  5/6

1/2 1/3 1/2

w ( , ) exp 0.46 /( )i j l i j i jP d d d d d d    
 

4.2. Simulation details 

The simulations of a bubble column with 0.15 m diameter and 2.5 m height were 

performed in Fluent 14.0. Considering that the bubble column was axially symmetric, 

two-dimensional axisymmetric steady-state simulations were carried out in the present 

work. The results showed that the computational grid of 20  3 mm + 10  1.5 mm in 

the radial direction and 55  40 mm + 15  20 mm in the axial direction created by 
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Gambit was fine enough to be mesh independent. To solve the PBM, the bubble volume 

was divided into 30 groups by a geometric approach of vi+1 = vir using a smallest 

volume v1=1.0  10-10 m3 and an increasing factor r = 1.7. Other simulation details are 

referred to our previous works.26,28,30 

5. Results and discussion 

5.1. Turbulent spectrum 

Similar to the settings by Solsvik and Jakobsen50, the following parameters and 

relations were set unless otherwise specified: ε = 2.0 m2/s3, db = 0.01 m, L = 5db, k = 

(Lε)2/3, v = μl/l, ReL = k1/2L/v. 

5.1.1 Second-order longitudinal structure function 

Figure 2 shows the comparison of the Kolmogorov [v]2() limited to the 

inertial subrange with the semi-empirical model considering the energy-containing, 

inertial and energy-dissipation subranges. Solsvik and Jakobsen50 previously noted 

that for adequately high ReL (~100000), the shape of structure function [v]2() with 

entire spectrum model was consistent with the shape of Kolmogorov structure 

function. However, with decreasing Reynolds numbers, the range of inertial subrange 

narrowed and even disappeared in the curve of function [v]2() under entire 

spectrum. In this work, it was found that the Reynolds numbers decreased 

considerably with increasing liquid viscosity, and these two curves shown in Fig. 2 

deviated more from each other, indicating that in the high viscosity regime it caused 

significant error when only considering the inertial subrange in the bubble breakup 
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model. 

10-5 10-4 10-3 10-2 10-1
10-5

10-4

10-3

10-2

10-1

100

l = 1 mpa.s

ReL = 23207.9

(

v)

2


, m

 Solsvik &Jakobsen

 inertial range formula

(a)

min = 21.4 max = 3db

 
2/32[ ] 2v   

10-4 10-3 10-2 10-1
10-5

10-3

10-1

101

 
2/32[ ] 2v   

(b)
l = 40 mpa.s

ReL = 693.9

(

v)

2


, m

 Solsvik &Jakobsen

 inertial range formula

min max

 

10-3 10-2 10-1
10-5

10-3

10-1

101

 
2/32[ ] 2v   

(c)
l = 170 mpa.s

ReL = 182.9

(

v)

2


, m

 Solsvik &Jakobsen

 inertial range formula

min
max

10-3 10-2 10-1
10-5

10-3

10-1

101

 
2/32[ ] 2v   

(d)
l = 550 mpa.s

ReL = 58.2

(

v)

2


, m

 Solsvik &Jakobsen

 inertial range formula

max min 

 

Figure 2. Effect of liquid viscosity on [v]2() under inertial and entire spectrum (ε = 2.0 

m2/s3, k = 0.2 m2/s2). 

5.1.2 Energy spectrum 

The comparison of the energy spectrum limited to the inertial subrange with that 

extended to the entire range is shown in Fig. 3. It can be found that the turbulent 

energy of eddies with middle size calculated by Kolmogorov energy spectrum was 

consistent with the energy calculated by the entire energy spectrum. While, with 

increasing liquid viscosity, the overlaps between these two spectra gradually narrowed 

and even disappeared. 
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Figure 3. Effect of l on the turbulent energy under inertial and entire spectrum (ε = 2.0 m2/s3, k 

= 0.2 m2/s2). 

5.1.3. Number density of turbulent eddies 

Figure 4 shows the effect of l on the number density of turbulent eddies under 

Kolmogorov inertial spectrum and the entire spectrum. With increasing liquid 

viscosity, the inertial subrange narrowed, and even disappeared at liquid viscosity of 

550 mPas. Therefore, when the inertial subrange spectrum was used, the bubble 

breakup rate would be zero at liquid viscosity of 550 mPas because λmin became 

larger than λmax in this case and no turbulent eddies satisfied the conditions in the 

model. 
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Figure 4. Effect of l on the number density of turbulent eddies under inertial and entire 

spectrum (ε = 2.0 m2/s3, k = 0.2 m2/s2).  

Figs. 3 and 4 show that there were many overlaps between the curve under 

entire spectrum and the line within inertial spectrum in the low viscosity regime, and 

Fig. 5 shows that the integral value from the energy-containing and energy-dissipation 

subranges was rather lower than that from the inertial subrange. However, the value of 

[v]2() under entire turbulent spectrum was slightly lower than that under inertial 

spectrum, as shown in Fig. 2. In our bubble breakup model29, the effect of pressure on 

the bubble breakup rate was described by considering the internal flow inside the 

deformed bubble. The mean turbulent velocity ūλ = [v]21/2 was important for 

calculations of the internal flow. There would be one question that at different 
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pressures whether the bubble breakup data and the hydrodynamics of bubble column 

under the inertial and entire spectrum were consistent in the low viscosity regime. 
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Figure 5. Effect of l on the integral energy of different subranges (ε = 2.0 m2/s3, k = 0.2 m2/s2). 

In the high viscosity regime, it can be seen from Figs. 2-4 that the range of 

inertial subrange significantly decreased with increasing liquid viscosity, and Fig. 5 

shows that the energy from the energy-containing and energy-dissipation subranges 

became more important and larger than that from inertial subrange. Therefore, the 

energy-containing and energy-dissipation subranges could not be ignored in the high 

liquid viscosity regime. Then, another question was to determine the specific effect of 

the turbulent spectrum on the bubble breakup and hydrodynamics of a bubble column 

under different liquid viscosities. 

5.2. Bubble breakup 

5.2.1 Bubble breakup rate 

To answer the first question in Section 5.1, the effect of gas density or pressure 
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on the bubble breakup rates was first investigated with the inertial and entire spectrum 

for the air-water system, as shown in Fig. 6. At low gas density ( 1 kg/m3), the 

bubble breakup rates under entire spectrum were slightly lower than that under inertial 

spectrum. The underlying reason could be attributed to the internal flow 

mechanism.29,35 During the period of internal flow, the turbulent eddies with lower 

velocity could not cut off the neck of bubble and cause breakup before the gas from 

smaller part flowed to larger part driven by Laplace pressure difference. As shown in 

Fig. 2, the velocity of turbulent eddies within the entire spectrum model was lower 

than that with the inertial spectrum model. However, at high gas density (> 1 kg/m3), 

the higher breakup rates of larger mother bubbles were obtained within the entire 

spectrum. The critical size of mother bubbles, at which the bubble breakup rates under 

entire spectrum began to be larger than that under inertial spectrum, decreased with 

increasing gas density. With increasing gas density, the velocity of internal flow inside 

a deformed bubble decreased significantly especially inside large bubbles, which 

would weaken the effect of the different turbulent eddy velocity. Thus, the added 

energy from the energy-containing and energy-dissipation subranges contributed to 

the higher breakup rates of large bubbles under the entire spectrum. Overall, the 

bubble breakup rates calculated with these two turbulent spectrums were nearly 

consistent, which indicated that whether extending the bubble breakup model to the 

entire spectrum had no significant effect on the influence of gas density or pressure on 

the bubble breakup rates in an air-water system. 
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Figure 6. Effect of gas density on the bubble breakup rates under inertial and entire spectrum (ε 

= 2.0 m2/s3, μl = 1.0 mPas,  = 72.5 mN/m). 

Figure 7 shows the effects of the turbulent spectrum on the bubble breakup rates 

at different μl. It can be found that when μl increased to 80 mPas, the bubble breakup 

rate with the inertial subrange spectrum was significantly lower than that with the 

entire spectrum. In particular, the bubble breakup rates with inertial subrange 

spectrum approached zero at μl = 170 and 550 mPas. Therefore, the entire spectrum 

must be used to include the turbulent eddies in the energy-containing and dissipation 

subranges for the calculations of bubble breakup. The critical liquid viscosity where 

the bubble breakup model should be extended to entire spectrum was preliminarily 

determined to be ~80 mPas, which would be further validated by the CFD-PBM 

simulations in Section 5.3. 
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Figure 7. Effect of l on bubble breakup rates under inertial and entire spectrum (ε = 2.0 m2/s3, 

g = 1 kg/m3). 

5.2.2 Daughter bubble size distribution 

The influence of turbulent spectrum on the daughter bubble size distributions 

under different gas densities was shown in Fig. 8. The probabilities of equal-size 

breakup under the entire spectrum were slightly lower than that under the inertial 

spectrum, because the turbulent velocity of eddies within entire spectrum was lower 

than that within inertial spectrum, as shown in Fig. 2. 
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Figure 8. Effect of gas density on daughter size distribution (db = 6 mm, μl = 1.0 mPas, σ = 

0.072 N/m, ε = 2.0 m2/s3). 

5.3. CFD-PBM simulations 

CFD-PBM simulations were carried out to further study the effect of turbulent 

spectrums. First, at low liquid viscosity, the effect of pressure or gas density on the 

average gas holdup under inertial and entire spectrum was studied, and the results are 

shown in Fig. 9. The increasing trend of average gas holdup with increasing pressure 

could be predicted by the CFD-PBM model with the entire or inertial spectrum. 

Although the gas holdups predicted with the entire spectrum were slightly lower than 

that with the inertial spectrum due to the lower bubble breakup rate, they both agreed 

well with the experimental data. Therefore, it was demonstrated again that the 

extension to the entire spectrum had no significant effect on the simulations of an 

air-water bubble column. 
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Figure 9. Comparison of the calculated average gas holdup under inertial and entire spectrum 

with experimental data at different pressure in an air-water system. 

Figure 10 shows the effect of μl on the average g with the inertial and entire 

spectrum. In the low liquid viscosity regime (< 40 mPas), the gas holdups predicted 

by the CFD-PBM coupled model with either the entire or inertial spectrum were both 

in agreement with the experimental data. Although there were no experimental data at 

liquid viscosity of 60 mPas, the simulated gas holdups under the inertial spectrum 

agreed with that under entire spectrum. However, in the high liquid viscosity regime 

(≥ 80 mPas), the predicted average gas holdups under the inertial spectrum were 

much lower than that under the entire spectrum. Furthermore, at liquid viscosity of 

170 and 550 mPas, the average gas holdups predicted by the CFD-PBM coupled 
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model with the entire turbulent spectrum were more consistent with the experimental 

data reported by Urseanu et al.5 Therefore, from the view of the simulations of a 

bubble column, it was necessary to extend bubble breakup model to the entire 

turbulent spectrum in the high liquid viscosity regime, and the critical liquid viscosity 

of ~80 mPas was further confirmed. 
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Figure 10. Comparison of the calculated average gas holdup under inertial and entire 

spectrum with experimental data at different liquid viscosity at ambient pressure. 

6. Conclusions 

The entire turbulent spectrum including the energy-containing, inertial, and 

energy-dissipation subranges was used to extend our previous bubble breakup model   

considering turbulent eddy collision based on Kolmogorov inertial subrange turbulent 

spectrum. The CFD-PBM coupled model with the extended bubble breakup model 

and previous model were used to simulate a bubble column under different pressures 

and liquid viscosities. The following conclusions were obtained from the simulation 

results and the validation with experimental data: 
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(1) At low liquid viscosity, the influence of gas density or pressure on the bubble 

breakup rate and the CFD-PBM simulations of a bubble column was little 

affected by the selection of turbulent spectrum. 

(2) With increasing liquid viscosity, the inertial turbulent subrange narrowed and 

even disappeared. At high l, the bubble breakup rate predicted with the inertial 

turbulent spectrum was greatly lower than that by the entire spectrum, and the 

gas holdup of a bubble column predicted by the CFD-PBM coupled model with 

the inertial spectrum was greatly lower than that with the entire spectrum. 

(3) The CFD-PBM coupled model with the entire spectrum gave better predictions 

of the gas holdup of a bubble column. Therefore, in the high liquid viscosity 

regime, the entire spectrum should be used to include the energy-containing and 

energy-dissipation subranges for constructing the bubble breakup model. 

(4) From the validations with the bubble breakup rate and gas holdup, the critical 

liquid viscosity was determined as ~80 mPas, above which the inertial turbulent 

spectrum will cause large errors and the entire spectrum should be used. 
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Notations 

b(db), b(v) bubble breakup rate, s-1 

c(v,v’) bubble coalescence rate, s-1 

cf factor of increase of surface energy, dimensionless 
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cd factor of increase of surface energy per unit volume, dimensionless 

C, C1 model constant, dimensionless 

CL, Cη, C0 positive model parameters, dimensionles 

CDi    single bubble drag coefficient, dimensionless 

CD/CD0    drag correction factor of bubble swarms, dimensionless 

CL    lift force coefficient, dimensionless 

CTD    turbulent dispersion force coefficient, dimensionless 

CVM    virtual mass force coefficient, dimensionless 

CW    wall lubrication force coefficient, dimensionless 

dneck bubble neck size, m 

db mother bubble diameter, m 

dc0 critical bubble neck diameter, m 

dc    critical bubble size for differentiating small and large bubbles, m 

ds,j  local bubble Sauter diameter, m 

dbH    maximum horizontal dimension of the bubble, m 

Eo    Eötvös number, g(l-g)db
2/, dimensionless 

Eo’    corrected Eötvös number, g(l-g)dbH
2/, dimensionless 

E(κ), E(λ) turbulent energy spetrum, m3s-2 

Eo Eötvös number, g(l-g)db
2/, dimensionless 

fi    volume fraction of bubble group i in the gas holdup, dimensionless 

fL(κL) non-dimensional cut-off function for energy containing subrange, 

dimensionless 

fη(κη) non-dimensional cut-off function for energy dissipation subrange, 

dimensionless 

F    hypergeometric function required in Eqs. (13) and (16) dimensionless 

FD    drag force, Nm−3 

FL    transverse lift force, Nm−3 

FTD    turbulent dispersion force, Nm−3 
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FVM    virtual mass force, Nm−3 

FW    wall lubrication force, Nm−3 

kl gas–liquid mass transfer coefficient, ms−1; kinetic energy of the liquid 

phase, m2s−2 

kla volumetric mass transfer coefficient, s-1 

kb,large       model factor for wake accelerating effect of large bubbles, 

dimensionless 

kb,small model factor for hindering effect of small bubbles, dimensionless 

k    turbulent kinetic energy, m2s-2 

K    Bessel function required in Eq. (17), dimensionless 

L integral length scale, m 

n number density of bubbles, m-4 

nλ number density of eddies, m-4 

Pb( f’
vdb, λ) breakup probability, dimensionless 

Pb( fvdb, f’
v) breakup probability considering internal flow, dimensionless 

P pressure, MPa 

P0 model constant, dimensionless 

Reλ Tylor-scale Reynolds number, dimensionless 

ReL Reynolds number,
1/2

Re k L
L v
 ,dimensionless 

S, T1...T5 functions for analytical solution of Eq. (11), dimensionless 

t1 internal flow time, s 

t2 neck contraction time, s 

Uneck internal gas flow velocity, ms-1 

Uplus additional shrinking velocity, ms-1 

Ug superficial gas velocity, ms-1 

ūλ the mean turbulent velocity, ms-1 

ū the mean turbulent velocity at a distance of db, ms-1 

uslip    bubble slip velocity, ms-1 
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V1 volume of smaller part of the deformed bubble, m3 

Greek letters 

g  gas holdup, dimensionless 

κ  wave number, m-1 

τe the life span of a turbulent eddy, s 

 turbulent energy dissipation rate, m2s-3 

εs Volume fraction of particles, dimensionless 

g gas density, kgm-3 

l liquid density, kgm-3 

 surface tension, Nm-1 

λ eddy size, m 

η Kolmogorov scale, η = (μl/l)3/4/ε1/4, m 

λmin minimum eddy size effective for breakup, m 

λmax maxmum eddy size effective for breakup, m 

μl liquid viscosity, mPas 

μal apparent liquid viscosity, mPas 

μg    gas viscosity, mPas 

λd defined in Eq. (19) as = (15C)3/4η, m 

v kinematic viscosity, m2s-1 

2[ ] ( )v    second-order longitudinal structure function, dimensionless 

β(fv, db) daughter size distribution, dimensionless 

β model constant, dimensionless 

γ breakup probability function, dimensionless 

Г Gamma function, dimensionless 

λ(db) collision frequency density, m-5s-1 

Ω total breakup rate, m-3s-1 

j,k Dirac delta function, dimensionless 

i,k transport coefficient resulted form bubble breakup, dimensionless 
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i,jk transport coefficient resulted form bubble coalescence, dimensionless 
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