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Abstract

The stability and boundedness for delayed impulsive SDEs driven by fBm are
studied in this paper. Two kinds of noises, i.e, additive fBm noise and mul-
tiplicative fBm noise are both taken into consideration. By using stochastic
Lyapunov technique and impulsive control theory, sufficient criteria for pth mo-
ment exponential stability and mean square ultimate boundedness are derived,
for two kinds of fBm driven delayed impulsive SDEs, respectively. As appli-
cation, the obtained results are used to do practical synchronization w.r.t. a
class of chaotic systems, in which the response system is perturbed by additive
fBm noises. Finally, A Chua chaotic oscillator is given to verify the validity and
applicability of the derived results.
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1. Introduction

Compared with ordinary differential equations (ODEs), stochastic differen-
tial equations (SDEs) are better tools to deal with the ubiquitous environmental
disturbances and uncertainties in dynamical systems. In 1968, Mandelbrot [1]
originally studied fractional Brownian motion (fBm), which is an effective tool
to model the property of long range dependence and the phenomenon of self-
similarity, it is widely applied in the fields such as hydrology [2], finance [3],
telecommunication [4], etc. Thus there have been many researchers studied S-
DEs driven by fBm, for instance [5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15] and the
reference there in. The property of fBm B (t) relies heavily on the Hurst pa-
rameter H. If H € (%, 1), it exhibits the property of long range dependence,
sometimes also called long memory. If H € (0, %)7 it exhibits a short memory.
If H = %, it reduces to a Brownian motion (Bm). Although fBm is the gener-
alization of Bm, the properties of fBm and Bm varies very different. Contrast
with Bm, fBm is neither Markov nor semimartingale, thus the classical stochas-
tic analysis theories are not applicable to fBm when H # % Therefore, it is a
challenging and difficult problem to study fBm driven SDEs, new theories and
methods are required. Fortunately, there have been some new attempts in this
direction, for example, in 2000 year, Duncan et al. [16] initially introduced a
new type of stochastic integral w.r.t. fBm using the Wick product, this defi-
nition satisfy the following property: E fg f(s)dBH(s) = 0. The advantages of
this definition are two-fold. Firstly, the above property coincides with a common
assumption: the random perturbation in SDEs should not affect the mean rate
of change. Secondly, it may facilities some calculations when we do stability
analysis. Thus in this paper, we utilize this definition.

On the other hand, impulses, as effective tools to describe the abrupt changes
in systems, has been widely studied for a long time. The earlier works on impul-
sive systems can be founded in [17, 18]. Since impulses in systems have effects
(active effects or negative effects) to the performance of systems, stability anal-

ysis of impulsive systems is always a research focus. During the past decades,



the existence and stability analysis for different types of impulsive SDEs (IS-
DEs) have been investigated by many researchers[19, 20, 21, 22, 23, 24, 25, 26].
However, most of the above mentioned stability results concerned with ISDEs
driven by Bm, as for ISDEs driven by fBm, the stability results are very few.
On the other hand, as we know, Lyapunov second method is a useful tool to do
stability analysis in ODEs. During the last decades, many researchers aim to
generalize the Lyapunov method from ODEs to SDEs. When the SDEs is driv-
en by Bm , the stochastic Lyapunov method was established in the pioneering
work by Khasmiskii [27]. Besides, stability analysis for some more general SDEs
driven by Bm can be found in monograph by Mao [28]. In 2014, Zeng et al. [29]
established a new stochastic Lyapunov technique to evaluate the stochastic sta-
bility of SDEs driven by fBm. However, to the best of our knowledge, stochastic
Lyapunov stability criteria for fBm driven SDEs with delayed impulses have not
been derived yet.

In this paper, we aim to establish some new criteria for stability and bound-
edness of delayed impulsive SDEs with fBm. The main contributions are list as
follows. 1) Delayed impulsive SDEs with fBm are investigated as a first attemp-
t. 2) Two kinds of noises, i.e, multiplicative fBm noise and additive fBm noise,
are both taken in to consideration, pth moment exponentially stability criteria
and bounded analysis results are presented correspondingly. 3) as application,
some new criteria for practical synchronization are derived when the response
systems are perturbed by additive fBm noises.

This paper is organized as follows. In Sect. 2, basic definitions and nota-
tions needed in this paper are introduced. In Sect. 3, the sufficient conditions
of exponential stability and mean square ultimate boundedness for delayed im-
pulsive SDEs with multiplicative fBm noise and additive fBm noise are derived,
respectively. In Sect. 4, the criteria of practical synchronization are derived,
and the corresponding impulsive controllers are designed. Moreover, a Chua
chaotic oscillator is presented to verify the validity of the theoretical results. In

Sect. 5, conclusions are drawn.



2. Preliminaries

The common notations and their descriptions in this paper are listed in the

following table.

Table 1: Common notations and their descriptions

Notation Description

N the set of natural numbers

Zy the set of positive integer numbers

R the set of real numbers

R4 the set of positive real numbers

R"™ the n-dimensional real space
Rmxm the n x m-dimensional real space

E the unit matrix with proper dimensions

* the symmetric block in the symmetric matrix

E mathematical expectation

Let (Q, F,P) be a complete probability space with a filtration (F = F;)i>0
satisfying usual conditions. For p > 0, let S, = {# € R" : |z| < p}. Let
BH(t),(H € (0,1),t > 0) be a fBm, which satisfies:

E(BH(t)) =0, VteR,,

and
E(BH ()BY (s)) = %(m?H L IsPH —Jt— sPH), Vst e Ry

There are different types of definitions of stochastic integral w.r.t. fB-
m. For instance, Wiener type integration was defined in [30], Stratonovich
type integration was introduced in [31, 32]. However, the stochastic integral
fg f(5)0BH (s) defined above, in general, dose not satisfy the following proper-
ty: ]Ef(;t f(5)6BH(s) = 0, which is important when dealing with SDEs driven

by fBm. In order to overcome this deficiency, Duncan et al. [16] introduced a



new type of stochastic integral w.r.t. fBm by using the Wick product, now we

recall this definition.

Definition 1. [16] Let f(¢),t € [0,T] be a stochastic process such that f €
L(0,T). For any time interval [0,T], denote w : 0 = tg < t; < ... < t, =T,
denote || := max;(t;+1 — t;), let f7(t) = f(t;) if t; <t < t;41. The stochastic
integral of f(t) w.r.t. fBm is defined by

/f )dB! (s) = Jlim Zf” Htivr) - B (),

\—>0

where H € (%, 1) and o denotes the Wick product, this integral satisfies the

T
H(y _
E/O f(s)dB"(s) =0.

Moreover, if V. € CY2([tg, +o0) x S,;R.), then it follows from fractional It6
formula [16] that

following property:

AV (t,z(t)) = [Va(t, z(t)) + Vi (t, x()) f(t, 2(t))
+me(t,x(t))g(t,w(t))/ qS(v,s)g(v,x(v))dv]dt
0

+ Vi (t,x(t))g(t, 2(1))dB" (t)
= LEV (t, x(t))dt + Vi (t,z(t))g(t, =(t))dB (1),

where ¢(s,t) = H(2H — 1)|s — t|>H 2.

We end this section by recalling some other fundamental definitions and

lemmas.

Definition 2. [33] The equilibrium solution of system (1) is said to be pth

moment exponentially stable if there exist positive constants cy and A
E[[l2(t; to, 20)|IP] < colaro|Pe 7).t > to,

for all zo € R".



Definition 3. [34] The equilibrium solution of system is said to be uniformly
ultimately bounded (UUB) in mean square if there exists a positive constant b
such that
i 21 <.
Jim E[la(0)]") <

Definition 4. Define x(t) to be a state of the drive system, y(t) to be a state of
the response system, e(t) = y(t) — x(t) to be an error function. We say the drive
system and the response system are practically synchronized if there exists a

positive constant € such that
lim E I <e.
Jim E[fle(0)]?] < e
where ¢ is the synchronization error.

Definition 5. [35] The number of impulsive times N (t,T') in the interval (t,T')

has the following upper bound and lower bound:
Tt Tt
—— —No < N(t,T) < —— + No,
T T
where Ny € R is the chatter bound and 7* is the average dwell time (ADT).

Lemma 1. [36] Let X € R", Y € R", and a scalar ¢ > 0, then it holds that

XTY +YTX <eXTX +e YTy,

3. Main results

In this section, two kinds of fractional noise in SDEs with delayed impulses
are considered, i.e., the multiplicative fBm noise and the additive fBm noise.
For the multiplicative fBm noise case, the exponential stability in pth moment
criteria are established. For the additive fBm case, the UUB in mean square

criteria are presented.



3.1. Delayed impulsive SDEs with multiplicative fBm noise.
In this subsection, we study a class of delayed impulsive SDEs with multi-
plicative fBm noise in the form
da(t) = f(t,x(t))dt + g(t, x(t))dBY (t), ¢ # i,

() =1zt —7)),t =tp, 7 =1,

(1)

where z(t) € R" is the system state, B (¢) is the n-dimensional fBm, z(¢;,)
and z(t}) are left and right limit of z(¢) at time ¢, respectively. We assume
that the state of system (1) is left continuous, i.e., z(t) = x(¢t~). We assume
that function f, g and I is smooth enough such that system (1) exists a unique
solution on (tg,+00). Let 7, = (1 — &) (¢x — tx—1), (6 € (0,1],k € Z,) denote
delays of impulses, note that the delay 74 is depend on both impulsive sequence
{tx} and the delayed impulse parameter § € (0, 1], in particular, if § = 1, then
Tr = 0. If tx = k, then 7 changes into a constant delay 7 = 1 — §. The time

sequences {t;, k € N} satisfy 0 =tg <t; < ... <t =T.

Remark 1. We note that in system (1), function g(¢,z(t)) is depend on the
system state x(t), thus system (1) perturbed by a multiplicative noise. Multi-
plicative noise [37] frequently appeared in microscope images, synthetic aperture

radar images and laser images etc.

In the following, the exponential stability criteria are established by Lya-

punov technique.

Theorem 1. Let the Lyapunov fucntion V (t,x(t)) of system (1) satisfying:
(i) V (¢, z(t)) is continuously once differentiable in t and twice in x(t) on each of
the intervals (tg—1,tx] x R", k € Z,

(ii) there exist positive constants p, ¢; and ¢ > 0 satisfying

allz|[P < V(t,x(t) < eoll]”, (2)

(iii) there exists a positive constant cs satisfying

LRV (t,x) < —c3V(t, ), (3)



(iv) there exists a constant d satisfying
V(th,z(th)) <exp(d)V(ty — iy x(ty — k), (4)

where V (t; ,z(t;,)), V(t5, x(t])) are left limit and right limit of V (t, z(tx)),
respectively, let V (t, ,x(t;, ) = V(tg, z(tx)),
(v) the ADT 7* of impulses satisfies

"> —. (5)
Then the equilibrium solution of system (1) is pth moment exponentially stable.

Proof. Let x(t) = x(¢,tp,20) be the solution of system (1) through (tg,z).
We will use induction to show that V¢ € (tx,tx4+1], k € N,

k

EV (t,x(t)) < Voexp(—cs(t — Y 75 — to) + kd), (6)
=0

where Vo = V (to,2(t0)), 70 = 0.
For t € [to, t1], utilizing fractional It6 formula to exp(cs(t —to))V (¢, z(t)), it
follows that

exp(cz(t — o))V (t,x(t))

— Vot / exp(ca(s — 10)) (esV (s, 2(s)) + LM (s,2(s))ds (7)

to

+/ exp(cs(s —0))Va(s, x(s))g(s, z(s))ds,

to
taking expectation on both sides of (7), it can be get that
Eexp(cs(t —t0))V (¢, 2(t))
t (8)
Vo E [ expleals — t0) eV (s.2(5) + L (s,2(5))) s,

to

combing with condition(iii) yields that

E[V (¢, z(t))] < Voexp(=e3(t —to)), ¢ € [to, 1],



thus inequality (6) holds for k = 0. For k = m, assuming that ineq. (6) holds,

namely,
m

BV (t,2(t)) < Voexp(—cs(t — > 7; — to) + md), (9)
=0

now we show it holds for k = m + 1, noting that t,, 11 — Trmt1 = 6(tmy1 —tm) €

(tm, tm+1], thus from (9) we have

m—+1
Ev(tm—i-l - 7—m+17$(t1n+1 - Tm+1)) < VO eXP m+1 Z Ty — tO + md)

Applying condition (iv), it follows that

m—+1
EV(tj;Hrh (thrl)) < Vb exp ( - C3 m+1 Z T — tO m + 1)d)

Similarly, Vt € (41, tm+2] , by utilizing fractional It6 formula to exp(c3(t —
tm+1))V (t,2(t)), taking expectation and combining with condition (iii) yields
that

EV(t,x(t)) < EV(ty,41, 2ty 1)) exp(—cs(t = tms1))
m+1 (]_0)

< Voexp (= eslt— 37— to) + (m+ 1)d).
i=0

Hence by induction, inequality (6) holds for any k& € N.
Noting that

k k
S om=> (=8t —tii1) = (1= 6)(tx — to),
i=0 i=1
and
k
fcg(t — Z” — to) = 703(15 —to — (1 - 5)(tk - to))
i=0
= —c30(t —to) —c3(1 —0)(t — tr)
S —035(t — to).
Thus

]E[V(t, l’(t))] S Vz) exp(—03(5(t — t(]) + N(t, t())d),



where N (t,to) denotes the number of impulse times in interval (¢g,t], in terms

of Definition 5, we have
d
—C3(5(t — t()) + N(t, to)d S N()d + (7'7* — 635) (t — t()),

thus
[V (1, (1) < Voexp(Nod + (-5 — exd)(t — to)),

it then follows from condition (i) that

Elllz|["] < collzol|” exp(=A(t — t0)),

ﬁeNod

where ¢y = & JA = —% + c30, where A > 0 is guaranteed by inequality

(15), this completes the proof of Theorem 1.

3.2. Delayed impulsive SDEs with additve fBm noise.
In this subsection, the following delayed impulsive SDEs with additve fBm

noise is considered.

dz(t) = f(t,z(t))dt + o(t)dB (t),t # ty, .

z(tT) =1zt —7)),t =ty, T = Tk, -
where o(t) is independent of system state x(t), thus system (11) perturbed by
an additive noise. Additive noises are used to represent external noises such as
environment disturbances.

In what follows, the sufficient conditions for UUB in mean square are estab-

lished by Lyapunov technique.

Theorem 2. Let the Lyapunov function V (t,z(t)) of system (1) satistying:
(i) V(t,z(t)) is continuously once differentiable in t and twice in x(t) on each of
the intervals (tx—1,tx] X R", k € Z,

(ii') there exist positive constants ci, co such that

allzl* < V(t,2(t) < colz]?, (12)

(iif’ ) there exist positive constants cg, ¢4 such that

LAV (t,2) < =3V (t, x) + ca, (13)

10



(iv) there exists a positive constant d such that

V(o)) < exp(d)V(ty — 7, 2ty — 7)), (14)

(v) the ADT 7* of impulses satisfies
T > —. (15)
Then the equilibrium solution of system (11) is mean square UUB .

Proof. We will use induction to show that for all ¢t € (¢, txr1],k = 2,3, ...,

the following estimation holds,

k
EV(t,z(t)) < (Vo — %) exp ( —c3(t — ZTZ' —to) + k:d)
i=1
o, Bl k
4 .
—l—gZexp(—c;),(t—tj - Z Ti)—l—(k—l—l—j)d)
=1 i=j+1 (16)
k—1 k
c .
_£Zexp<—03(t—tj — Z Ti)—F(k—])d)
Jj=1 i=j+1

C C C
+ Lexp(—es(t —t,) +d) — = exp(—cs(t — t3,)) + —.
Cc3 C3 C3

For t € (to, t1], using fractional Itd formula to exp(cs(t—to)V (¢, 2(t)), taking

expectation and combining with condition (iii’) yields that
E {exp ((es(t —t))V (¢, x(t))]

=EV, +E t exp (c3(s — to)) [e3V (s, 2(s)) + LHV(S,x(s))]ds
0 {/zo 3 0))c3 } )
<EVy+ 04/ exp (03(5 - to))ds

=EV, + %(GXP(C?’(t —t)) — 1),
or
EV(t, z(t)) < (EVp — Z*:)exp(*as(t — 1)) + %v (18)

11



where Vy = V(to, z(to)), noting that t; — 71 € (o, 1], together with condition

(iv), we arrive at

c
EV(t],z(t])) < (EVp — c—4)exp(—03(t1 -7 —ty)+d)+ C—exp(d) (19)
3 3
For t € (t1, 2], using fractional Itd formula to exp(cs(t — 1)V (¢, z(t)), similarly,

we get

EV(t,2(1) < (BV (i, 2(t])) = T exp(—es(t —t)) + T1 (20)
combining with inequality (19), we obtain
EV(t,(t)) < (Vo - %) exp (= eslt =1 — to) +d) o
+ Z—:exp ( —c3(t —1t1) + d) - éexp( cs(t—t1)) + 2—2.

Similarly, for all ¢ € (2, t3], it can be get that

EV (t,2(t) < (Vo — ) exp ( st —To — Ty —to) + 2d)

c3

—|—C—4exp(—63(t—7'2—t1)+2d>

c3

04 (22)
— ; exp(—03(t — T2 — tl) + d)

3

Cq Cq
+— (- C3(t—t2)+d)——( c3(t —t2)) + —,

C3 C3 C3

thus ineq. (16) holds for kK = 2. For k = m, assuming that ineq. (16) holds,
now we show it holds for k =m + 1.

Noting that tm+1 — Tm+1 € (b, tmt1), thus from inequality (16) we have
Ev(tm—i-l — Tm+1, x(tm-i-l - Tm-‘rl))

< (Vo — Ci)eXP ( c3(tmt1 — Tmt1 — ZTZ —to) + md)

Q
w

=1
C m—1 m
Zexp(—c;g m+1—7'm+1—t—Zn)—&-(m—l—l—j)d)
Jj= =541
m— m
4 )
- = Zexp(—c;g(tm“ — Tmg1 — b — Z Ti)-‘r(m—j)d)
R i=j+1
Cq Cy Cy4
+ - exp(—c3(tma1 — Tma1l — tm) +d) — - exp(—c3(tme1 — Tma1 — tm)) + e
3 3 3

12



taking condition (iv) into consideration, we arrive at

EV(th 2ttt 1) < exp(d)EV (tms1 — Tms1, T(tma1 — Tma1))

m—+1
c
< (Vo — é)exp ( —c3(tmi1 — Z Ti —to) + (m + 1)d)
i=1
m m—+1
Cq .
+ o Zexp ( —c3(tmer — tj — Z i)+ (m+2— J)d) (24)
j=1 i=j+1
m m—+1
c .
- fZeXp(—c:;(th —tj = Z i)+ (m+1 —J)d)
3 =1 i=j+1
+ Ciexp(d).
cs

For all t € (tm+1,tmt2) , by utilizing fractional Ité6 formula to exp(cs(t —

tm+1))V (¢, 2(t)), taking expectation and combining with condition (iii’) yields

that
+ + C4 Cy
EV(t,2(t)) < (BV(th i1 2(ti1)) — g) exp(—c3(t — tmi1)) + o
m—41
< (Vo — %)exp(—c;),(t— Z Ti — to) —I—(m—l-l)d)
i=1
m m—+1
Cyq .
+;ZeXp(—Cg(t—tj— Z Tz)+(m+2—])d) (25)
3 =1 i=j+1
m m+1
c .
,CfZexp(fc?,(t—tjf ZTi)Jr(erlf])d)
j=1 i=j+1

C. C C.
+ = exp(—es(t — tmp1) +d) — — exp(—cs(t — tmi1)) + —,
C3 C3 C3

thus by induction, inequality (16) holds for all ¢ € (¢, txt1], k = 2,3, .... Noting

that
& k
—es(t—t;— Y ) =—calt—t; = Y (1=08)(t: —ti-))
i=j+1 =i+l
= —c3(t — t; — (1—0)(tx — tj)) (26)
= —c3(6(t —t;) + (1 =) (t —t))
S —635(t — tj).

Moreover, by Definition 5, we have N(t,to) =k, N(t,t;) = k—j, and N(¢,) <

13



=lo 4 Ny, N(t,t;) < t;—tj + Nj, we have

d
EV(ta(t) < (Vo — ) exp (= (es0 = 2)(t — to) + Nod)
C3 T*
N(t tl) d
Z exp( Cgé—f)(t—tj)-i-(Nj—l-l)d)
N(t tl) d (27)
Z exp (= (ead = )t — 1) + (N,)d)
+ 2 exp(—cs(t — t) +d) — = exp(—cs(t — 1)) + =,
C3 C3 Cc3
thus lim¢, 1o EV/(¢, (1)) < £, using condition (ii), we get
lim E 2o A 2
Jm Ele@ < (28)

in terms of Definition 3, system (11) is UUB in mean square with ultimate

4. Applications

New criteria for practical synchronization are derived in this section, the re-
sponse systems are perturbed by additive fBm noises. We consider the following

chaotic system:
dx(t) = Ax(t)dt + Bf(t, x(t))dt, t # tg, (29)

where A, B € R™*™ | the map f : R™ — R” satisfies Lipschitz condition, i.e.,
|f(x(t) = fly®)] < Llz(t) —y(t)], Va(t), y(t) € R", where L = diag{l1, 2, ..., In}

is a nonnegative constant matrix.

The corresponding response systems are considered in the form

dy(t) = Ay(t)dt + Bf(t,y(t))dt + o(t)dB™ (t),t = ty,
Ay(t) = ult™),t = ty,
where Ay(t) = y(t+) —y(t™) and o(t) < 0.
Remark 2. We can find some possible applications in real world in which the

response system is perturbed by delayed impulses and additive fBm noises. For

14



example, in the missile tracking system, the disturbance may be caused due to
abrupt strong turbulent airflow and propagation delay, this part of disturbance
can be modeled by delayed impulses. Meanwhile, the response system can be

perturbed by environmental noise, this part of noise can be modeled by fBm.

Let e(t) = y(t) — x(t), consider the impulsive controller with delay in the
form

ut ) =Ke(t™ —71)—e(t™), t=tg, 7=k, (31)

where the constant matrix K is the control gain.

Then the error system is given by:

de(t) = Ae(t)dt + Bf(t,e(t))dt + odBH (t),t # ty, -
e(t™) = Ke(t™ —7),t = tg, 7 = Tp,

where f(t,e(t)) = f(t,y(t))— f(t,z(t)). In what follows, the sufficient conditions

to assure the error system UUB in mean square is established.

Theorem 3. Assume that there exist constants € > 0,c4 > 0,d > 0, § > 0 and

A > ¢4 such that

A+ AT +eIL—c4,I B

<0, (33)
* —el
and
—exp(d) KT
p(d) <0, (34)
* -1
and
. d

Then system (32) is UUB in mean square.

Proof. Chose the Lyapunov candidate V (¢, e(t)) = exp(—At)el (t)e(t), where
A > ¢4. Denote by c5 = sup exp(—t)t*2 =1, Tt is obvious that V (¢, e(t)) satisfy

condition (i) and condition (ii’) in Theorem 2. Moreover, in terms of Lemma 1

15



and LMI (33), we have
LAV (t,e(t)) = —Xexp(=At)eT (t)e(t) + 2exp(—At)eT (t)[Ae(t)
+ Bf(t,e(t)] + 20% exp(—At) / o(t, s)ds
0

< —Xexp(=At)eT (t)e(t) + exp(—At)[e (t)(A + AT)e(t)
+ et () BB e(t) + eFT (e(t))F(e(t)))]
+ 202 exp(—\t)t> 11

< —Xexp(=At)el (t)e(t) + exp(=At)[eT (t)(A + AT

+ e 'BBT 4+ LT L)e(t)] + 20% exp(—At)t?H7 1

IN

— (X — cq) exp(=At)eT (t)e(t) 4+ 202 exp(—At)t*H 1

< —(\—c)V(t,e(t)) + 20%¢cs.

On the other hand, by virtue of LMI (34), we have KT K — exp(d) < 0, which

implies that

V(T etT)) = exp(=At)el (t— —7)KTKe(t™ —7)

xp(
xp(d) exp(=At)e” (t~ — 7)e(t™ — 1) (37)
xp(d) exp(=A(t — 7))l (t7 = T)e(t™ — 1)

=exp(d)V(t~ —T,e(t” — 1)),

<e
<e

it then follows from inequality (35) Theorem 2 that the error system (32) is

UUB in mean square, this completes the proof.

Example 1. Consider the following Chua chaotic oscillator.
day (t) = [u(z2(t) — 21 () + f(21(t))]dt,
dxo(t) = [21(t) — z2(t) + 3(t)]dt, (38)
dxs(t) = [—vza(t)]dt,

where nonlinear function f(z1(t)) = myx1(t)+0.5(mg—mq) (|z1 (¢)+1|— |21 (t) -
1|) and u, v, mg,my are given constants.

Rewrite system (38) of the form

da(t) = [Az(t) + Bf (z(t))]dt, (39)
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where © = (11,22, 23)7,

—u+um; u 0

A= 1 -1 1 |, B=wu(mg—mi)E,
0 —v 0
Ji(za(t))
fa(t) = 0 ,
0

in which fi(z1(¢)) = 0.5(Jx1 () + 1| — |z1(t) — 1]).

Chose the parameters with (cf.[38]) u = 10, v = 18.432, mg = —1.4554,
m; = —0.7853, the initial condition is given by z(0) = (0.11,0.2,-0.3)T, with
the above parameters, system (39) is chaotic with double scroll attractor as
shown in Fig. 1.

Consider system (39) as the drive system, consider system (30) (in which
ty = k,o = 1,H = 0.85) as the response system, consider system (32) as
the error system. We will show that system (39) and system (30) achieving
synchronization with the control gain K. Firstly, choose the Lipschitz matrix
L = diag{1, 0,0}, chose ¢4 = 0.02 such that LMI (33) holds, let d = 0.01, then
the control gain can be chosen as K = v/dI = 0.1E, by simple calculation, we
can choose suitable A > ¢4 such that inequality (35) holds for all § € (0, 1], then
system (30) and system (39) achieve synchronization. Fig.2 shows the evolution
of each variable of system (39) and system (30). Fig.3 depicts the trajectory of
synchronization error ||e(t)]|? = |e1(t)|? + |e2(t)|? + |es()|? under the conditions

K =0.1F and 7 =0.1.

5. Conclusion

In this paper, the stability, boundedness and synchronization for delayed
impulsive SDEs with fBm have been investigated. Two kinds of noises, i.e,
additive fBm noise and multiplicative fBm noise are both taken in to consider-

ation. Sufficient criteria for pth moment exponential stability and mean square
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0.5

Fig. 1: Chaotic attractor of system(39).

ultimate boundedness have been derived, for two kinds of fBm driven stochastic
differential equations with delayed impulses, respectively. As application, the
obtained results are used to do practical synchronization with respect to a class
of chaotic systems, in which the response systems are perturbed by additive {B-
m noises. The corresponding impulsive controllers are also designed. Examples

have been given to illustrate the validity of the derived results at length.
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Fig. 2: The evolution of each variable of drive system (39) and response system (30)

19



4
12 X207

10 -

el

Fig. 3: Trajectory of synchronization error ||e(t)||?> when K = 0.11,7 = 0.1

References

1]

B. B. Mandelbrot, J. W. Van Ness, Fractional Brownian motions, fractional

noises and applications, STAM review 10 (1968) 422-437.

H. Hurst, Long-term storage capacity in reservoirs, Transactions of the

American Society of Civil Engineers 116 (1951) 400-410.

G. Paolo, N. Zsolt, R. Miklos, Trading fractional Brownian motion, STAM
Journal on Financial Mathematics 10 (3) (2019) 769-789.

B. Tsybakov, N. D. Georganas, Self-similar processes in communication
networks, IEEE Transactions on Information Theory 44 (5) (1998) 1713
1725.

L. Duc, M. Garrido-Atienza, A. Neuenkirch, B. Schmalfuss, Exponential
stability of stochastic evolution equations driven by small fractional brow-
nian motion with hurst parameter in (1/2,1), Journal of Differential Equa-

tions 264 (2) (2018) 1119-1145.

S. Hajji, B. Boufoussi, Functional differential equations driven by a frac-
tional Brownian motion, Computers and Mathematics with Applications

62 (2) (2011) 746-754.

20



[7]

[10]

[13]

[15]

T. Caraballo, M. J. Garrido-Atienza, T. Taniguchi, The existence and expo-
nential behavior of solutions to stochastic delay evolution equations with
a fractional Brownian motion, Nonlinear Analysis Theory Methods and

Applications 74 (11) (2011) 3671-3684.

T. E. Duncan, B. Maslowski, B. Pasik-Duncan, Stochastic equations in
Hilbert space with a multiplicative fractional Gaussian noise, Stochastic

Processes and Their Applications 115 (8) (2005) 1357-1383.

T. N. Dung, Stochastic volterra integro-differential equations driven by
fractional brownian motion in a hilbert space, Stochastics An International

Journal of Probability and Stochastic Processes 87 (1) (2015) 142-159.

M. Ferrante, C. R. Escofet, Stochastic delay differential equations driven
by fractional Brownian motion with Hurst parameter h > 1/2, Bernoulli

12 (1) (2006) 85-100.

D. Nualart, B. Saussereau, Malliavin calculus for stochastic differential
equations driven by a fractional Brownian motion, Stochastic Processes

and their Applications 119 (2) (2009) 391-409.

S. Tindel, C. A. Tudor, F. Viens, Stochastic evolution equations with frac-
tional Brownian motion, Probability Theory and Related Fields 127 (2)
(2003) 186—204.

X. Zhou, X. Liu, S. Zhong, Stability of delayed impulsive stochastic differ-
ential equations driven by a fractional Brownian motion with time-varying

delay, Advances in Difference Equations 2016 (1) (2016) 1-23.

X. Zhou, X. Liu, S. Zhong, Stochastic volterra integro-differential equations
driven by a fractional Brownian motion with delayed impulses, Filomat

31 (19) (2017) 5965-5978.

X. Zhou, D. Zhou, S. Zhong, Existence and exponential stability in the

pth moment for impulsive neutral stochastic integro-differential equations

21



[18]

[19]

[21]

22]

[23]

driven by mixed fractional Brownian motion, Journal of Inequalities and

Applications 2019 (262) (2019) 1-19.

T. E. Duncan, Y. Hu, B. Pasik-Duncan, Stochastic calculus for fractional
Brownian motion I. theory, SIAM Journal on Control and Optimization

38 (2) (2000) 582-612.

V. Lakshmikantham, D. Bainov, D., S. Simeonov, P., Theory of impulsive
differential equations, World Scientific, Singapore, 1989.

M. Benchohra, J. Henderson, S. Ntouyas, Impulsive differential equations

and inclusions, Vol.2, Hindawi Publishing, New York, 2006.

J. Liu, X. Liu, W.-C. Xie, Existence and uniqueness results for impulsive
hybrid stochastic delay systems, Communications on Applied Nonlinear

Analysis 17 (3) (2010) 37-53.

C. Li, J. Shi, J. Sun, Stability of impulsive stochastic differential delay sys-
tems and its application to impulsive stochastic neural networks, Nonlinear

Analysis 74 (10) (2011) 3099-3111.

L. Pan, J. Cao, Exponential stability of impulsive stochastic functional
differential equations, Journal of Mathematical Analysis and Applications

382 (2) (2011) 672-685.

R. Sakthivel, J. Luo, Asymptotic stability of nonlinear impulsive stochastic
differential equations, Statistics and Probability Letters 79 (9) (2009) 1219
1223.

Q. Zhu, B. Song, Exponential stability of impulsive nonlinear stochastic
differential equations with mixed delays, Nonlinear Analysis Real World

Applications 12 (5) (2011) 2851-2860.

T. Blouhi, T. Caraballo, Existence and stability results for semilinear sys-
tems of impulsive stochastic differential equations with fractional Brownian

motion, Stochastic Analysis and Applications 34 (5) (2016) 1-49.

22



[25]

[27]

[28]

[30]

[31]

[32]

[34]

G. Arthi, J. H. Park, H. Y. Jung, Existence and exponential stability for
neutral stochastic integrodifferential equations with impulses driven by a
fractional Brownian motion, Communications in Nonlinear Science and Nu-

merical Simulation 32 (2016) 145-157.

M. Zhang, Q. Zhu, Input-to-state stability for impulsive stochastic non-
linear systems with delayed impulses, International Journal of Control (3)

(2019) 1-19.

R. Khasminskii, Stochastic stability of differential equations, second edi-

tion, Springer, Heidelberg, 2012.

X. Mao, Stochastic differential equations and applications, second edition,

Horwood publishing, 2007.

C. Zeng, Q. Yang, Y. Q. Chen, Lyapunov techniques for stochastic differen-
tial equations driven by fractional Brownian motion, Abstract and Applied

Analysis 2014 (2014) 1-9.

L. Decreusefond, A. stnel, Stochastic analysis of the fractional Brownian

motion, Potential Analysis 10 (2) (1999) 177-214.

S. J. Lin, Stochastic analysis of fractional Brownian motion, Stochastics

and Stochastics Reports 55 (1) (1995) 121-140.

W. Dai, C. C. Heyde, Ité’s formula with respect to fractional Brownian
motion and its application, Journal of Applied Mathematics and Stochastic

Analysis 9 (4) (1996) 439-448.

J. Randjelovi, S. Jankovi, On the pth moment exponential stability criteria
of neutral stochastic functional differential equations, Journal of Mathe-

matical Analysis and Applications 326 (1) (2007) 266—280.

J. Huang, Z. Han, X. Cai, L. Liu, Uniformly ultimately bounded tracking
control of linear differential inclusions with stochastic disturbance, Mathe-

matics and Computers in Simulation 81 (12) (2011) 2662-2672.

23



[35] B. Jiang, J. Lu, Y. Liu, Exponential stability of delayed systems with
average-delay impulses, STAM Journal on Control and Optimization 58 (6)
(2020) 3763-3784.

[36] L. Xu, W. Liu, H. Hu, W. Zhou, Exponential ultimate boundedness of
fractional-order differential systems via periodically intermittent control,

Nonlinear Dynamicsdoi:10.1007/s11071-019-04877~y.

[37] G. Aubert, J. F. Aujol, A variational approach to removing multiplicative
noise, Siam Journal on Applied Mathematics 68 (4) (2008) 925-946.

[38] M. Lakshmanan, S. Rajasekar, Nonlinear dynamics. Integrability, chaos
and patterns, Springer, 2003.

24


http://dx.doi.org/10.1007/s11071-019-04877-y

	Introduction
	Preliminaries
	Main results
	Delayed impulsive SDEs with multiplicative fBm noise.
	Delayed impulsive SDEs with additve fBm noise.

	Applications
	Conclusion

