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Abstract

In this research, the effects of induced delamination on the variation of the mechanical properties of
composite laminates subjected to bending loads are investigated using a micromechanical model. For this
purpose, the variation of the mechanical properties of delaminated laminates is determined using stress
analysis of damaged ply and classical laminate theory (CLT) relationships. Using the proposed model and
CLT, the fracture toughness due to induced delamination formation is presented in cross-ply laminates.
Subsequently, the variation of strain energy release rate (SERR) is calculated in terms of crack density
using analytical and finite element models to detect dominant failure modes in different crack densities.
The results are compared with those of matrix cracking propagation. The results obtained by the proposed
analytical  model  are  in good agreement  with those obtained by existing numerical  and experimental
approaches. The proposed model can be utilized to predict induced delamination formation in composite
laminates subjected to bending loads.  
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: Rotation

: Curvature

: Poison ratio

: Crack density

: Shear to longitudinal tension mutual coefficient

: Shear to transverse tension mutual coefficient is given by

: Damage parameter

:Flexural stiffness

: SERR in the presence of a matrix crack

: SERR in the presence of delamination

: Fracture toughness corresponding to delamination initiation  

: Fracture toughness due to matrix cracking formation

: Delamination length

: Bending moment



1. Introduction

In recent years, the application of composite laminates has considerably been increased in

numerous industries. This is due to the unique properties of these materials, including the high

strength-to-weight  ratio  compared  to  other  materials,  such  as  metal  alloys.1 However,  it  is

necessary to consider the impact of diverse damage modes in these materials in the initial design

phases because these damages mechanisms result in a reduction in the structure's load-carrying

capacity  and,  ultimately,  they  accelerate  the  final  failure.2 Delamination  is  one  of  the  most

important  damage  modes  that  threaten  composite  laminates.3 The  low  interlaminar  fracture

toughness and out-of-plane strength of the composite laminates causes the matrix cracks to grow

along  the  ply  thickness  direction  and  reach  the  ply  boundary  and  finally  the  induced

delamination is formed.4 Subsequently, by increasing loading, the induced delamination grows,

leading  to  the  failure  of  the  composite  laminate.  In  recent  years,  many  studies  have  been

conducted  to  achieve  a  deeper  understanding of  the nature  of  induced delamination  and the

factors affecting it to be applied for predicting this dangerous phenomenon, hence preventing a

reduction in the performance of composite structures and increasing their lifetime under different

operating conditions. By employing an approximate stress function Nairn and Hu5 analyzed the

induced delamination in composite laminates using the Variational method. In another study,

Armanios  et al.6 investigated the formation of matrix cracking and induced delamination using

an analytical model by considering the effects of hygrothermal stresses. Comparing their results

with  the  experimental  results  showed  that  this  model  could  predict  the  critical  load  and

delamination growth.  Fukunaga et al.7 used a one-dimensional shear-lag model to examine the

response of cross-ply laminates containing delamination. The results indicated that the strain of

matrix crack initiation only depends on the thickness of 90º lamina, however it was observed the

ultimate  failure  strain is  independent  of  this  parameter.  Dharani  and Tang8 used a  shear-lag

micromechanical model in their  research. According to the results, samples in which the 90º

lamina had a larger thickness exhibited a larger tendency for delamination formation. Kashtalyan

and Soutis9-11 employed the shear-lag and ECM methods to study the stiffness degradation in

delaminated cross-ply laminates. In another study, Pupurs et al.12 used the effective stiffness of

the damaged layer in the form of CLT to calculate  bending stiffness of cross-ply composite

laminates containing matrix cracks in 90º plies and delamination at the interface of 0º/90º. They

compared the results of this method with those obtained by FE model of the four-point bending



test. Miami  et al.13 investigated the relationship between the force exerted on the composite

laminate with increase in the matrix crack density and delamination length using the analytical

method  and  compared  their  results  with  experimental  outcomes.  Using  fracture  mechanics

concept, Zubillaga et al.14 presented a criterion to evaluate the formation of induced delamination

in composite  laminates.  This  criterion  was developed based on calculating  the strain energy

release rate (SERR) required for delamination propagation which was compared with fracture

toughness  at  the  0º/90º  interface.  In  another  study,  Zubillaga  et  al.15 confirmed  the  failure

criterion presented in Ref. 14 via experimental tests.  París  et al.16 used the Boundary Element

Method (BEM) to study the initiation and growth of delamination in cross-ply laminates in the

presence  of  thermal  stresses.  Sosa  and Karapurath17 presented  a  novel  method based on the

extended  FE  method  (XFEM)  to  model  delamination  in  cross-ply  laminates.  Their  results

indicated that an increase in stress at 0º/90º interface, which is usually the main causes of the

delamination,  entails  reducing  SERR.  Abdullah  et  al.18 used  XFEM  to  investigate  matrix

cracking and induced delamination in Carbon Epoxy composite laminates. The basis of their

method of study was the use of volume element to predict stress-inducing delamination. Tay et

al.19 used XFEM and cohesive elements to examine matrix cracking and induced delamination in

composite laminates and validated their results with the experimental results.  Farrokhabadi  et

al.20,21used  a  micromechanical  method  to  calculate  the  SERR  required  for  matrix  cracking

propagation and induced delamination in composite laminates and compared their results with

numerical results. In another research, Farrokhabadi et al.22 used an analytical model to examine

the variation of mechanical properties of composite laminates containing matrix cracks under

bending  loads.  Moreover,  they  determined  the  fracture  toughness  in  composite  laminates

containing matrix cracks. Bahrami and Farrokhabadi23 proposed a micromechanical model which

was capable of providing the bending moment required for matrix cracking propagation in cross-

ply composite  laminates.  Moreover,  the variation of SERR in cross-ply laminates containing

matrix  cracks  was presented  in  terms  of  the  crack  density.  Hajikazemi  et  al.24 introduced  a

Variational  model  capable  of  predicting  displacement/stress  fields  and  the  effective  thermo

mechanical  properties  of  composite  laminates  with  matrix  cracks  at  non-uniform  distances

subjected  to  bending  loads. Mortell  et  al.25 combined  micromechanical  testing  and  acoustic

emission  to  study  the  delamination  length  in  cross-ply  composite  laminates.  Their  results

indicated a linear relationship between delamination length and the applied force imposed to the



samples. By employing the CZM method and experimental tests, Turon  al.26 investigated the

effects of various parameters, such as the interfacial strength and mixed-mode interaction on the

maximum  load  inducing  delamination  in  composite  laminates.  Hallett  et  al.27 proposed  a

numerical  modeling  for  the  accurate  prediction  of  matrix  crack  and  delamination  damage

mechanisms and compared the obtained results with experimental tests. Turon et al.28 examined

the  delamination  propagation  in  composite  laminates  using  a  thermomechanical  model  and

experimental tests. Fotouhi et al.29 investigated the critical load leading to delamination initiation

and  growth  using  the  sentry  function.  The  results  showed  that  this  function  is  capable  of

predicting  delamination  formation  with  high  accuracy.  Furthermore,  Saeedifar  et  al.30 used

acoustic  emission  (AE)  to  calculate  the  critical  fracture  toughness  leading  to  the  onset  of

delamination in various lay-ups of Glass/Epoxy composite laminates. The results obtained by

this method were in good agreement with the fracture toughness obtained from experimental

tests. 

Reviewing the before mentioned studies indicates that the variation of mechanical properties

of general composite laminates containing delamination subjected to bending loads has not been

studied so far. Therefore, developing an analytical micromechanical model capable of predicting

the variation of mechanical properties, including flexural modulus, Poisson’s ratio, longitudinal

shear to tension mutual coefficient, and transverse shear to tension mutual coefficient for any

stacking sequence, is among the aims of this research. Subsequently, using CLT, the fracture

toughness  required  to  formation  of  induced  delamination  in  composite  laminates  has  been

estimated,  which  has  not  been performed in previous  research  works.  Finally,  using the  FE

method, numerical model have been introduced to predict SERR in terms of the crack density in

cross-ply laminates subjected to bending loads containing matrix cracks and delamination. 

2. Methodology

2.1. Delamination due to transverse matrix cracking

In composite laminates containing 90° lamina subjected to bending loads, the matrix cracking

in the 90° lamina grows and reaches the interface of adjacent plies. Increasing the load causes the

formation  of  induced delamination  at  the  ply  interface.  Fig.  1  depicts  a  composite  laminate

containing a matrix crack with a crack density of ρ1and a delamination with a length of2 Ld.



After the formation of delamination in the composite laminate, in 90° lamina, due to creation

of the dead zone, area region with the zero stresses and length of will be made. As a result,

this zone can be skipped, and a unit cell with the length of ( ) can be considered in 90° ply.

2.2.  Calculation  of  the  strain  energy  release  rate  due  to  matrix  cracking  and  induced
delamination

The strain energy release rate in a laminate subjected to bending moment can be expressed as

follows:20 

(1)

Where CB=
θ
M

and dA  represents the cracked region. The rotation θ in terms of the curvature

κ is as:

(2)
Where L is the ply length. Eq. (1) can be expressed as follows:

(3)

Where  . 
 According to Fig. 2. it is assumed that composite laminate which is subjected to a bending

moment  contains  matrix  cracks  with  a  crack  density  of  ρ1 . This  unit  cell  is  prone  for  the

formation of next matrix crack with the density of ρ2.

In this  case,  assuming a constant  bending moment M exerted on composite  laminate,  the

SERR in the presence of a matrix crack that its density increases from the first state (1) to the

second state (2) is obtained as 

(4)

Where, L is the unit cell length, E(ρ) is the flexural modulus of laminate in the presence of

matrix cracking, I is the moment of inertia, and t 90and w are the thickness and width of the 90°

ply,  respectively.  Moreover,  according  to  Fig.  3.  for  the  considered  composite  laminates



subjected  to  bending loads  containing  a  matrix  crack  with  a  crack  density  ρ1,   one  another

probable scenario is the formation of delamination with a length2 Ldwhich is originated from the

matrix crack tip. In this case, the SERR in the presence of delamination is determined as 

(5)

Where 2 Lddenotes the delamination length. 

Assuming that a composite laminate is subjected to a four-point bending loading which is

prone for the formation of matrix cracking and induced delamination. In continue, a relationship

is  introduced  to  determine  the  fracture toughness  due  to  induced  delamination  formation.

According to Fig. 4. the bending moment M can be written in terms of the applied transverse

force for the four-point bending test as

  
(6)

Where L1is the arm length. According to Eqs. (4) and (5), it can be concluded that

(7)

By  substituting  the  moment  M  in  Eq.  (7)  and  using  the  energy  criterion  for  the  crack

initiation, it can be concluded 

(8)

Where  represents the fracture toughness corresponding to delamination initiation in

the  four-point  bending  test.  In  the  four-point  bending  test,  by  recording  the  occurrence  of

delamination at different forces, one can determine the left-hand side of Eq. (8) using which one

can calculate the interlaminar fracture toughness induced by delamination. It should be note that,

to calculate  or , the relationships  developed by Farrokhabadi  et al.20 are used,

where the reduced material properties are calculated as

(9)



Where  k ,  k
'
 are ply constants dependent of the damage parameter ρ  20. Besides,  is

macroscopic damage parameter. Having the properties of the damaged lamina, one can calculate

the variation of properties of the composite laminates due to induced delamination as

(10)

(11)

Where H is the total thickness of laminates. Additionally, shear to longitudinal tension mutual

coefficient is given by:

(12)

And the shear to transverse tension mutual coefficient is given by: 

(13)

The  analytical  model  is  capable  to  determine  the  SERR  required  for  matrix  cracking

propagation and delamination initiation using Eqs (4) and (5). Given the limitation of previous

study, in the following, a finite element model is presented, which compares the variation of

SERR due to matrix cracking propagation and delamination with the proposed analytical model

to verify the analytical results. 

2.3. Numerical modeling 

2.3.1. Numerical simulation of the four-point bending test for cross-ply laminates 

In this section, the aim of presenting the finite element model is to extract SERR in cross-ply

composite laminates[90/0]sand [902/02]s . Fig.  5. represents the geometry of the finite element

model. This model is composed of three plies with a length of L=30 mm. The distance between

the loading points is 10 mm, and the sample’s width is 0.8 mm. This laminate is subjected to

four-point bending load with an exerted force of 20 N. The region containing the matrix crack

and delamination is between loading points. The simply supported boundary conditions are used

for  numerical  simulation.  In  detail,  the  nodes  at  the  lower  edge  of  the  sample  at  x=0,



displacement in x and y direction are constrained whereas nodes at the lower edge of the sample

at x=L are constrained only in y-directions. Since only the900 ply subjected to tension contains

matrix  cracking  and  delamination,  symmetrical  modeling  along  the  thickness  direction  is

impossible. The element used to model the plies is the reduced-order, three-dimensional, 8-node

element (C3D8R). Moreover, to increase the accuracy of output results, the mesh size in the

middle section (damaged area) of the sample is smaller than those in its other sections.

The first  step in finding the SERR is to calculate  the bending stiffness. Having the force

exerted on the sample and calculating the bending moment  M x using Eq. (6) this parameter is

given by:

(14)
In this relationship, w and  k x are the width and curvature of the beam, respectively. After

computing the laminate’s bending stiffness in the presence of matrix crack and delamination

states  for  various  damage  densities,  the  SERR  can  be  calculated.  To  calculate  SERR

corresponding to the matrix crack, it is sufficient to substitute the bending stiffness at every crack

density (second state) and the previous crack density (first state) in Eq. (4). Moreover, Eq. (5)

has been used to calculate the strain energy release rate due to delamination. For this purpose,

one must substitute the bending stiffness corresponding to delamination and matrix cracking in

the first and second states, respectively, for each damage density. In these relationships, L is the

length of the middle section of the beam and is equal to 10mm.  

3. Results and discussion

3.1. Model validation

First, the micromechanical model in Fig. 6. is validated based on the research conducted by

Pupurs  et al.12 As seen in Fig. 6. The obtained analytical results has good agreement with the

finite element results.12 This indicates that the proposed model can be used for the variation of

other properties of delaminated composite laminates subjected to bending loads. The mechanical

properties were listed in Table 1.



3.2. Variation of properties of delaminated composite laminates subjected to bending loads

Figs.  7-9. display the variation  of flexural  properties  of composite  laminates  subjected to

bending load as a function of different crack density as well as delamination length. It should be

noted that, for the analysis, the length of induced delamination is considered equal to 0.1 and 0.5

times the thickness i.e., ld=0.1 and 0.5. 

According to Fig.  7a and c, the longitudinal flexural modulus decreases by increasing the

crack  density  in  the  two  considered  composite  laminates.  The  bending  modulus  reduction

induced  by  delamination  is  higher  than  those  induced  by  the  matrix  cracking  propagation,

indicating that delamination has a more damaging impact on the laminate subjected to bending

loads. Moreover, the longitudinal flexural modulus suffers a larger reduction by increasing the

delamination length, indicating that an increase in delamination length leads to serious damage in

composite laminates. Comparison of Fig.  7a and c show that longitudinal flexural modulus in

laminate [902/02]s is much larger than laminate [02/902]s due to the presence of two 90° plies at

the tensile side of the former laminate. In addition, according to Fig. 7b and d, the Poisson's ratio

undergoes a quasilinear reduction. The reduction in Poisson's ratio due to delamination is larger

than  those  induced  by  matrix  cracking  propagation,  which  is  compatible  with  the  problem

physics. An increase in delamination length leads to a larger reduction in Poisson's ratio, which

is more tangible in laminate [902/02]s.  The longitudinal flexural modulus reduction in laminate

[90/302]s can be seen in Fig. 8a. By increasing the delamination length, the longitudinal flexural

modulus reduction with respect to crack density increases.  The bending modulus reduces by

8.12% for matrix cracking, 8.4% for delamination with ld= 0.1, and 8.7% for ld= 0.5. Fig. 8b.

displays a reduction in Poisson’s ratio in terms of crack density. The smallest reduction, equal to

33%, corresponds to matrix cracking, and the largest reduction, equal to 38.1%, corresponds to

delamination  with  ld=0.5.  According  to  Fig.  8c.  with  increasing  the  crack  density,  the

longitudinal  coupling  coefficient  exhibits  an  enhancing  trend.  In  addition  the  formation  of

induced delamination intensifies the rising trend of mutual coefficient.  According to the figure,

the smallest rise in the longitudinal coefficient, equal to 15%, corresponds to matrix cracking,

and the largest rise, equal to 21%, corresponds to delamination with ld= 0.5. According to Fig.

8d. changes in the transverse coupling coefficient increase pseudo-linearly with respect to the

crack density.  An increase  in  this  mechanical  parameter  becomes stronger by increasing the

delamination length. As can be seen, this parameter has increased by 24.8% for delamination



with ld= 0.5. The variation of properties of a laminate lay-up [60/-60] s is also shown in Fig. 9.

According to Fig. 9a. the longitudinal flexural modulus reduction for the matrix cracking and

delamination with a length of ld=0.5 is 22% and 26%, respectively. The reason for the increased

reduction in the modulus can be due to the presence of both 60° and -60° plies containing matrix

cracks on the tensile side of the laminate subjected to bending. In addition, Fig. 9b. shows that

Poisson’s ratio decreases up to a crack density of 0.2, after which it exhibits ascending behavior.

According to the figure, the larger the delamination length is, the more the slope of Poisson’s

ratio will increase, which is a sign of instability of the laminate.

3.3. Fracture toughness required to delamination initiation

Using Eq. (5) and the experimental results in Ref. 25, which presents the force required for

delamination initiation and propagation in cross-ply composite laminates, the fracture toughness

corresponding to delamination initiation in cross-ply laminates subjected to bending loads has

been calculated to be Gmc =60030
J

m2
. It must be noted that the Farrokhabadi et al.22 have used a

similar method to extract the fracture toughness due to matrix cracking formation in cross-ply

laminates, the value of which is Gmc =23130
J

m2
. Subsequently, the validity of the calculations to

determine the fracture toughness corresponding to delamination initiation is evaluated using the

existing relationships. Now, in this section, the required force for delamination initiation at every

crack density is calculated and compared with the presented experimental results in Ref. 25.

According to Table 2, the force required for matrix cracking propagation is less than that for

delamination  initiation  up  to  the  12th,  7th,  and  6th in  lay-ups  [902/07/902],  [903/07/903],  and

[904/07/904], respectively. Therefore, until the mentioned crack numbers, matrix cracking occurs

which is followed by induced delamination in the next loading steps. Table 2 shows that the

force  required  for  matrix  cracking  propagation  in  the  13th,  8th,  and  7th crack  in  [902/07/902],

[903/07/903], and [904/07/904], respectively, which is calculated using Eq. (8) and compared with

the force required for delamination propagation. The results indicate that at this number of crack,

delamination is dominant and occurs after the mentioned crack numbers. Comparing the results



of the presented micromechanical model with experimental results25 indicates the accuracy of the

analytical model in calculating the fracture toughness required to initiate delamination.

3.4. Finite element model

3.4.1. Variation SERR in bending load

After  calculating  the  stiffness  reduction  due  to  matrix  cracking  and delamination,  in  this

section, the variation of SERR as a function of crack density and induced delamination length,

obtained  using  analytical  and  numerical  model  is  represented  for  the  cross-ply  composite

laminates, in Fig. 10. According to the obtained results, SERR has a descending behavior in the

matrix cracking mode, whereas, in the delamination mode, it has an increasing trend. This is due

to the instability of the laminate in the delamination mode. According to Fig. 10a. in  [90/0]s,

laminate, the SERR due to matrix cracking is more than that due to delamination up to a crack

density between 0.4 and 0.6 and less. Therefore, matrix cracking occurs in this range, and from a

crack density of 0.6 onward, the value of SERR due to delamination becomes dominant, and this

damage mode appears in the composite laminate. Moreover, it can be seen in Fig. 10b. that in

[902/02]s, laminate the SERR due to matrix cracking is higher than that due to delamination up to

a crack density between 0.2 and 0.4. Hence, matrix cracking is expected to occur in this range,

and delamination occurs after the crack density of 0.4. Comparing the numerical model results

with the analytical model shows that the presented analytical model can provide the variation of

the  SERR at  different  track  densities.  It  must  be  noted  that  the  disagreement  between  the

numerical and analytical results at some crack densities is mainly due to differences between the

stiffness values obtained in the numerical and analytical results. 

Conclusions

In this research, the variation of mechanical properties of composite laminates, including the

flexural modulus, Poisson’s ratio, and longitudinal and transverse coupling coefficients induced

by matrix cracking and delamination were presented using a comprehensive micromechanical

model. In addition, the fracture toughness corresponding to delamination initiation in cross-ply

composite  laminates  was calculated  using the proposed model  and CLT. Using the obtained

fracture  toughness,  the force required  for  delamination  formation in  each crack number was

calculated and compared with the available experimental results. Finally, the variation of SERR



due to matrix cracking and delamination was calculated by presenting a finite element model and

compared with the results of the analytical model. The proposed FE model is able to predict the

range  of  crack  densities  in  which  matrix  cracking  or  delamination  occur.  The  acceptable

agreement  between  the  analytical  results  as  well  as  the  experimental  and  numerical  results

indicates  the  high  capability  of  the  proposed  model  in  prediction  of  the  affected  material

properties as well fracture toughness due to induced delamination formation.
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Fig. 1 Composite laminate containing a matrix crack with the density of ρand induced delamination

with length of 2 Ld



Fig. 2 The scenario representing matrix cracking propagation subjected to bending load; a) crack density
of ρ1, and b) crack density of ρ2



Fig. 3 The scenario representing delamination from at the tips of the matrix cracking; a) crack density of

ρ1,  b) induced delamination with length of  2 Ld



Fig. 4 Schematic representation of four-point bending test 



Fig. 5 The FE model used to calculate SERR in cross-ply composite laminates
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Fig. 6 Comparison of the bending stiffness reduction due to delamination formation (ld=0.5) obtained by the analytical
model and numerical model a) [90/02] s, and b) [902/02] s. 
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Fig. 7 Comparison of the variation of the properties due to matrix cracking and delamination with ld= 0.1 and ld=0.5 in cross-ply

laminates subjected to bending loading; a) Longitudinal flexural modulus in cross-ply laminate [902/02]s , b) Poisson’s ratio in

laminate [902/02]s, c) longitudinal flexural modulus in laminate [02/902]s, and d) Poisson’s ratio in laminate [02/902]s
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Fig. 8 Comparison of the variation of the properties due to matrix cracking and delamination with ld= 0.1 and ld=0.5 in the angle-ply

laminate[90/302]s subjected to bending loading; a) Longitudinal flexural modulus, b) Poisson’s ratio, c) longitudinal mutual

coefficient, and d) transverse mutual coefficient
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Fig. 10 A comparison of the variation of the SERR due to matrix cracking and induced delamination with ld= 0.1 and ld=0.5
between the numerical and analytical models a) [90/0]s,  and b) [902/02]s



Table 1. Mechanical properties of the composite ply12 

E1(GPa) E2(GPa) ν12 G12(GPa) ν23

104 6.14 0.4 0.5 0.45



Table 2. Comparison of the force required for the initiation delamination and matrix cracking in cross-ply
laminates between the proposed model and the existing experimental results25 

Laminate
[904 /07/904][903/07/903][902/07/902]

Load (N)Load (N)Load (N)
Delaminatio

n
(P.S)

Matrix
Crack
(EXP)

Delamination
(P.S)

Matrix
Crack
(EXP)

Delamination
(P.S)

Matrix
Crack
(EXP)

Crack
Number

1254.49981452.841012224.431101
668.35145754.431201274.581152
468.02151517.64140779.741213
364.48180405.47151661.971534
303.57215336.93168547.951755
262.9250292.75220465.981806

235.33290.46265.09261419.042087
248.63296.38378.232308

346.982409
334.3524510
318.3628011
305.2429812
284.85315.713




