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Abstract

In the current paper, we present the most generalized variant of the Hilfer deriva-
tive so-called (k, ¥)-Hilfer fractional derivative operator. The (k, ¥)-Riemann-Liouville
and (k, U)-Caputo fractional derivatives are obtained as special case of (k, ¥)-Hilfer
fractional derivative. We demonstrate a few properties of (k, ¥)-Riemann-Liouville
fractional integral and derivative that expected to build up the calculus of (k, ¥)-Hilfer
fractional derivative operator. We present some significant outcomes about (k, ¥)-Hilfer
fractional derivative operator that require to derive the equivalent fractional integral
equation to nonlinear (k, U)-Hilfer fractional differential equation. We prove the exis-
tence and uniqueness for the solution of nonlinear (k, ¥)-Hilfer fractional differential
equation. In the conclusion section, we list the various k-fractional derivatives that are
specific cases of (k, U)-Hilfer fractional derivative.
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1 Introduction

Fractional calculus (FC) is the intensive developing area of mathematical analysis and has
extensive applications to real-world problems. Therefore, the field of FC offers enormous
features for research. With the aim to preserve different properties of the classical integer-
order derivative, different definitions of fractional derivative can be found in the literature
[1, 2, 3, 4] which do not coincides in general. In this way, it is expected to define the
generalized fractional derivative that consolidates the well-known fractional derivatives as its
particular cases. In this sense, we can develop the calculus of all these fractional derivatives
under one roof. This work is very well handled by Sousa and Oliveira [4]. They have
presented a new definition of the fractional derivative with respect to another function called
U-Hilfer fractional derivative. The analysis of nonlinear fractional differential equations
(FDEs) involving W-Hilfer fractional derivative concerning various qualitative properties of
solutions can be found in the work [5, 6, 7, 8, 9, 10, 11, 12, 13, 14].

In 2007, Diaz and Pariguan [15] introduced k-gamma function ' (2) = [;° s eiTSk ds, z €
C, Re(z) > 0, k > 0 (k € R), which is the generalization of the Euler gamma function I'(-),
and for & — 1, we obtain I'y(z) — I'(z). Several definitions of fractional derivatives and
integrals depend on the Euler gamma function. Since the k-gamma function I'y(-) is the



natural generalization of the Euler gamma function I'(+), it is natural to expect the concept
of fractional derivatives and integrals with the additional parameter k.

Using the definition of k-gamma function, Mubeen and Habibullah [16] introduced the
extended version of the Riemann-Liouville (RL) fractional integral operator called k-RL
fractional integral operator. Roused by this new idea, Romero et al. [17] presented a gener-
alized version of RL fractional derivative called k-RL fractional derivative and its properties.
In 2015, Dorrego [18] demonstrated that the definition of k-RL fractional derivative defined
in [17] is not a left inverse of the corresponding k-RL fractional integral operator. To conquer
this trouble, Dorrego [18] presented an alternative definition of k-RL fractional derivative
and explored some of its significant properties. Note that the k-Hilfer fractional derivative
defined in [19] does not include the k-RL fractional derivative defined in [18]. Therefore,
there is a need to give an alternative definition to it. A few researchers have considered
the investigation of different types of k-fractional derivatives and analyzed nonlinear FDEs
involving it, a few of them are [20, 21, 22, 23, 24, 25, 26, 27].

The work referenced above inspired us to propose a most generalized version of the
Hilfer derivative so-called (k, W)-Hilfer fractional derivative. We acquire the (k, ¥)-RL and
(k, U)-Caputo fractional derivatives as a special case of (k, ¥)-Hilfer fractional derivative.
Some properties of (k, U)-RL fractional integral and derivative are demonstrated and used
to develop the calculus of (k, V)-Hilfer fractional derivative operator. In the conclusion
section, we listed the various fractional derivatives that are specific cases of (k, ¥)-Hilfer
fractional derivative.

Further, we consider the nonlinear FDEs involving (k, ¥)-Hilfer derivative of the form

RHDLY Yy () = f(ty(1), te(ab], 0<n<k 0<v<I, (1.1)
B Y ya) =y €R,  Ge=n+v(k—n), (1.2)

where B D?"3 Y (.) is the (k, ¥)-Hilfer derivative of order 7 and type v, ¥75%¥(.) is the
(k, ¥)-RL fractional integral of order k—(j and f : (a,b] xR — R is an appropriate function
specified latter.

We determine the equivalent fractional integral equation to the nonlinear (k, ¥)-Hilfer
FDEs (1.1)-(1.2) and prove the existence and uniqueness for the solution through it. Finally,
in the conclusion section, we list the different k-fractional derivatives that are specific cases
of (k, ¥)-Hilfer fractional derivative.

The structure of the paper is as follows: In Section 2, we present some preliminaries
about k-RL fractional integral and derivative operators, and W-Hilfer fractional derivative.
In Section 3, we define (k, V)-Hilfer fractional derivative operators. Section 4 deals with
the properties of (k, U)-RL fractional integral. Properties of (k, V)-RL fractional derivative
operators are studied in Section 5. Section 6 deals with calculus of (k, ¥)-Hilfer fractional
derivative. In Section 7, we investigate existence and uniqueness of solution through equiva-
lent fractional integral equation to the nonlinear (k, ¥)-Hilfer FDEs (1.1)-(1.2). Concluding
remarks provided in Section 8.



2 Preliminaries

2.1 k-Riemann-Liouville fractional derivative

Definition 2.1 ([15]) For z € C with Re(z) > 0 and k > 0(k € R), the k-gamma function
T'x(+) is defined by

00 .k
Tk(z) = / s Le Tk ds.
0

Theorem 2.1 ([15]) The k-gamma function Tk () satisfies the following properties:
(i) Ti(z+ k) = 2Tk(2)
1

(i1) Ti(k) =1
(iii) Ti(z) = kx 'I(Z).

Definition 2.2 ([15]) Let z,w € C with Re(z) > 0 and Re(w) > 0. Then, the k-beta
function By(z,w) is defined by

1t w
By(z,w) = k/ sk (1 —s)k ds.
0

Note that beta function and k-beta function have the following relation

e =18(5.3)

Further, k-beta function and k-gamma function have the following relation

Bi(z,w) = F{f’iz E_kg;) )

Definition 2.3 ([16]) Let b be an integrable function defined on [a,b] and k > 0. Then,
the k-Riemann-Liouville fractional integral of order n > 0 (n € R) of the function b is given

by
L0 = s [ = 0F ) s

Definition 2.4 ([20]) Let k,n € Ry = (0,00) and m € N such that m = []] and b be an
integrable function defined on [a,b]. Then, the k-Riemann-Liouville fractional derivative of
order n of the function b is given by

AN™
Lty o = (k5 ) M.
2.2 W-Hilfer fractional derivative

We review a few definitions, notations and results of W-Hilfer fractional derivative from [4].



Let A = [a,b] (0 < a < b < o0) be a finite interval and ¥ : A — R is an increasing
function with W'(t) # 0, for all ¢ € A. Consider the space Cy. ¢ (A, R) of weighted functions
b defined on A given by

Copu(A,R)={b:(a,b] >R | (¥()=¥(a)’h()€C(AR)}, 0<0<1
endowed with the norm

1 2.0 = mmasx (¥ (6) = @ (@)7 (1)

Definition 2.5 ([1]) Let b be an integrable function defined on [a,b]. Then, the ¥-Riemann-
Liowville fractional integral of order n > 0 (n € R) of the function b is given by

: [, _
() = / W (5) (¥ (1) — W ()" b (5) ds.

Definition 2.6 ([1]) Letm—1<n<m, ¥ € C™[a,b],V'(t) #0,t € [a,b] and b € C|a,b].
Then, the V-Riemann-Liouville fractional derivative of a function by of order n is defined by

o0 = (g O,

Definition 2.7 ([28]) Let m — 1 < n < m,¥ € C™[a,b],V'(t) # 0,t € [a,b] and b €
C™[a,b]. Then, the ¥-Caputo fractional derivative of a function by of order n is defined by

C Y _ qgm—n; ¥ 1 i "
DZ-{- h(t) _ja-i-n <\I//(t) dt> h(t)

Definition 2.8 ([4]) Letm —1<n <m, v € [0,1], ¥ € C™[a,b],V'(t) # 0,t € [a,bland
h € C™[a,b]. The V-Hilfer fractional derivative of a function b of order n and type v is
defined by

v; v(m—n); ¥ 1 d " —v)(m—m); ¥
mop o) =1 (i) T, (21)

3 (k,V)-Hilfer fractional derivative

Motivated by the definitions of k-RL derivative [16] and W-Hilfer derivative [4], in this section
we define the most generalized version of Hilfer derivative namely (k, ¥)-Hilfer derivative.

To define the (k, ¥)-Hilfer fractional derivative operator, we first introduce the (k, ¥)-
RL fractional integral defined in [29)].

Definition 3.1 ([29]) Let h € L'[a,b] and k > 0(k € R). Then, the (k, ¥)-Riemann-
Liouwille fractional integral of order n > 0 (n € R) of the function b is given by

bV (1) = / W (s) (U (1) — ¥ (5))F b (5) ds. (3.1)

kT (n)



Definition 3.2 Let n,k € Ry = (0,00)), v € [0,1], ¥ € C™[a,b],¥'(t) # 0,t € [a,bland
h € C™[a,b]. Then, the (k,V)-Hilfer fractional derivative of a function b of order n and
type v is defined by

v; v(mk—n); ¥ ko d\™ —v)(mk—n); ¥ n
k,HADZ,_i_ ,\I/b(t) — kjag_ n) <\Il/(t) dt) kjgl-i- )( n) h(t)) m = "7—‘ . (32)

e For U(t) = ¢t and v = 0, (k,¥)-Hilfer fractional derivative reduces to (k,V)-RL
fractional derivative operator

. Eod\™ g
kvRLﬂagf’h(t):(qﬂ Wt) KT (1) (3:3)

If we take U(¢) = t in equation (3.3), we obatin the definition of k-RL fractional
derivative [20].

e For U(t) =t and v = 1, (k, ¥)-Hilfer fractional derivative reduces to (k, ¥)-Caputo
fractional derivative operator

: : ko d\™
k,C ;¥ _ kaqmk—n;VU
~D = - . A4
a+ h(t) ja+ <\Iﬂ (t) dt> h(t) (3 )
If we take ¥(t) =t in equation (3.4), we obatin the definition of k-Caputo fractional
derivative N
mk—
O b(t) = Rl (%) b(t). (3.5)

e For (; =n+v (mk —mn), we have v(mk —n) = (;, —n and (1 —v)(mk —n) = mk — (x,
and hence (k, ¥)-Hilfer fractional derivative can be defined in the form of (k, ¥)-RL
fractional derivative as follows

. - ko d\™ -
k,H 77»1’,‘1’ k Ck 777l11 kqmk Cknlll
D t)y="J — J t 3.6
a+ h( ) a+ (q}/(t) dt) a+ h( ) ( )
= RGY RRLDGS Yy ) (3.7)

Note that for v € [0,1] andm—l<%<m,wehavem—1<%§m.

Remark 3.1
1. For k =1, (k,V)-Hilfer fractional derivative reduces to V-Hilfer fractional derivative
[4]. For ¥(t) =t and k = 1, (k,¥)-Hilfer fractional derivative reduces to Hilfer
fractional derivative [30].
2. For V(t) =t, (k,V)-Hilfer fractional derivative reduces to k-Hilfer fractional deriva-
tive

@ dt
3. It is observed that the k-Hilfer fractional derivative defined in [19] does not includes the

k-RL fractional derivative. But the formula which we have defined in (3.8) includes
the k-RL fractional derivative as a particular case of it for v = 0.

v v(mk— d\" )\ (mk—
(e = H D () R, (33



4 Properties of (k, ¥)-Riemann-Liouville fractional integral

In this section, we prove few properties of (k, U)-RL fractional integral that are needed to
investigate the properties of (k, V)-Hilfer fractional derivative.

Theorem 4.1 Let p;,k € Ry = (0,00)(i = 1,2). Then,

R g = kg,

Proof: The proof of the theorem one can obtain easily using the definition of (k, ¥)-RL
fractional integral, Dirichlet’s formula, the substitution ¥(s) = ¥(a) 4 z (¥(t) — ¥(a)) and
the properties of k-gamma function given in the Theorem 2.1. Thus, we omit the details.
O

Theorem 4.2 Let o,k € R with 0 < 0 < k, d € (a,b), g € C%;\p[a,d] and g € Cld,b].
Then, g € C%;\p[a, b].

Proof: Since g € Ce, y[a,d], we have (¥ (t) — ¥ (a))¥ g(t) is continuous on [a,d]. Further,
g € Cld,b], ¥ € Cla,b] and § > 0, the function (V¥ () — ¥ (a))¥ g(t) is continuous on [d, b).
From above discussion, it follows that (¥ (¢) — ¥ (a))* g(t) is continuous on [a,b]. This
implies g € C’%;\I,[a, b]. O

Theorem 4.3 Let p, k € Ry = (0,00) and let £ € R such that % > —1. Then,

¢ Th(E+k) w(gn
STkt (L)

;U
Y (W(0) - ()
Proof: One can obtain the proof easily, using the substitution ¥(s) = ¥(a)+z (V(t) — ¥(a))
and the definition of k-beta function given in the Definition 2.2. O

Remark 4.4 Taking k = 1 and ¥(t) =t in the Theorem 4.3, we obtain the following result

B o) — I'(§) Y
ja-!—(t ) 7P(£+M) (t )+#'

which is proved in [31].

Theorem 4.5 Let p,0,k € Ry = (0,00) with 0 < u < k. Then, the (k,¥)-Riemann-
Liouwille fractional integral operator kjgfj is bounded from C%;\p[a, b] to Cla,b] and for any
h € C%;\Il[a? b];

: Ii(k—o0) n—o
kaw, ¥ < k .
[Fa < Wlleg, oint Frogh —g 3 (L O L@ F

N



Proof: Let any b € C%;\p[a, b] and t1,te € [a,b] with t9 > t;. Then, using the definition of
(k, ¥)-RL fractional integral and the Theorem 4.3, we obtain

‘kjﬁf b(ta) — *4" h(tl)‘

B 1 to /s B s £ s) ds
_ mm)/a W (s) (U (1) — ¥ ()1 (s)d

1 " ! 51 S)ds
_kMOOL W (s) (U (1) — W ()5 p(s)d

1 L
<t [ YO @E-ve)

1 t1 , %_1 s) — aNF
_kMUOL W (s) (U (1) — U (5) 6~ (U (s) — W (a))

FIEY (W (t2) — W (a)) F — FIEY (W (1) — W (a)

Ik —o0)
< blles vlot Tk =5+ )

S Hh”c%;thm

pn—o p—o

(W (t2) = W (@) T = (¥ (t2) = W (@) 5

Since 0 < p < k, using the continuity of ¥, we have
‘kjgli_‘y h(tg) — kf]gj'_qj f)(tl) — 0 as ’tg — t1| — 0.

This implies kf]f;f’b € Cla, b]. Following similar type of steps as above, one can verify that

. Tw(k — o
19258y < Wl ot s (0 ) = W (@) F°

Theorem 4.6 Let p,0,k € Ry = (0,00) with o < k. Then, the (k, ¥)-Riemann-Liouville
fractional integral operator kJZJ:D is bounded from C%;\p[a, b] to C%;\p[a, b] and for any b €
Co.y [CL, b] ’

k7

kqu; ¥
ot

Tk —o)
< [blleg, s T

Ca. ylad] k(k—o+p)

Proof: Let any b € C%;q,[a, b] and t1,te € [a,b] with to > t1. Then, using the definition of
(k, ¥)-RL fractional integral operator and the Theorem 4.3, we have

(0 () — (@) 97 b(t2) — (¥ (1) — W (a)F 97 (e
(W) W @)E e (o) ds
- | [ @ )~ v )F (9

(U () — ¥ (a)F

" / 51 s)ds
- =t /aws)(q;(tl)—w(s)) b(s)d




< (W (t2) = W (a)) % FIEY (W (1) — W (a))F — (U (1) — ¥ (a)* FI4Y (U (1) — ¥ (a) F | x

H[]HC%;\I,[a,b]
Ti(k—o0)

< blley, gt Tolk—o £ 1) (¥ (t2) — ¥ (a))

Using the continuity of ¥, we have

(W (t2) = @ (@))F #9457 (1) — (¥ (02) = @ (@))F 97 B(t)| > 0 as ft2 — ta] 0.
This proves, for any p > 0 and h € Ce gla,b], we have kﬂ’;f’b € Co.yla,b]. Further,
following the similar types of steps as above, one can easily check that

Ly(k— o)

ijgf f)‘ < ”hHC’%;\I,[a,b] Tolk— o+ 1) (¥ (b) — ¥ (a))

C%;‘I’[avb]

Theorem 4.7 Let p > 0(p € R), kjgf’ maps Cla,b] into Ca,b].

Proof: Proof can be completed following similar types of steps as in the proof of Theorem
4.5 and Theorem 4.6. a

Theorem 4.8 Let p,0,k € Ry = (0,00) witho < u <k and b € C’%;\p[a, b|. Then,

“95h(a) = lim FIETR(0) = 0. (4.1)

Proof: Let any h € Ce, y[a,b]. Then, by Theorem 4.5, kjgff) € Cla,b]. Further,

1

00| = | [ V@O0 v s
< Mi(u) / W' (s) (W (t2) = W ()£ (¥ () = W (0)) T |(¥(s) = W (a))F b (s)|ds
< bllcy yan T (20— (@)
Ik —o0) b=
< HhHC%;\I,[a,b] Tk — o+ 1) (U (t) =¥ (a) * . (4.2)

Since o < u, by continuity of ¥, from inequality (4.2), we obtain

lim |*g/Y h(t)’ —0.

a

t—a+
This gives the desired equation (4.1). O
: —u K
Theorem 4.9 Let ju.k € Ry = (0,00). Then, *37h(t) = k% 95 b(t), b € Cla, b].



Proof: Using the Theorem 2.1 (iii), we obtain

iR (1) = kr:(m RACKICE IO
1 t "( 1 (s)ds
) /q, W (s)E 1 (s)d
e Y ()% (s) ds
k a
=k a%—l- h(?).

Lemma 4.10 Let m € N, k > 0(k € R) and h € Cla,b]. Then,

(@) (waa) 30 = ()

) (Fd)" ot v = ).

Proof: (a) Using the Lemma 2.4 [1], for m — 1 < pn <m € N and § € CJa, b], we have
h(t) = FEDEY ().
In particular for u = m, we have
h(t) = "D 9 Vb (1)

_ (%i)mm%@).

(b) Using the definition for (k, ¥)-RL fractional integral operator, Theorem 2.1(iii) and (a),
we obtain
mk 1

m m t
(quk(t);t) I (t) = k" \p/l(t)c(lit> /-chl(mk)/a@(s)(\I'(t)—\lf(s))k b (s)ds

(
_ <\P/1(t) ;)m W /at W () (T (£) — U (s))™ "y (s) ds
1
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5 Properties of (k, V)-Riemann-Liouville fractional derivative

In this section, we prove few properties of (k, V)-RL fractional derivative that are needed
to investigate the properties of (k, ¥)-Hilfer fractional derivative.

. i,
Theorem 5.1 Let u,k € Ry = (0,00). Then, k’RLDZfb(t) = k% RLD(’;_’F\PE)(t), h €
Cla,b].

Proof: Using the Theorem 4.9, we obtain

Od
Theorem 5.2 Let u, k € Ry = (0,00) and let £ € R such that % > —1. Then,
k,RLqyu; ¥ ¢ Tp(€+k) o
RLpEY (G (t) — W(a))F = —2> " ((t) — U(a)) F .
v (U(t) — ¥(a)) Fk(£+k—u)(() (a))
Proof: Proof follows by using the definition of (k, ¥)-RL fractional derivative and the The-
orem 4.3. O

Theorem 5.3 Let n,k € Ry = (0,00) withn <k, v € [0,1] and {, =n+ v (k—n). Then,
forheClt g, fa.bl,

k’RLpgliqj kjnipb@) _ k,RL@ZSf_”])% lI!h(t)

a

Proof: Since n < k, we have m = (%w = 1, hence [%1 = 1 . Thus, using the definition of

(k, ¥)-RL fractional derivative and the semigroup property of (k, ¥)-RL fractional integral,
we have

. . kK d —C .
kE,RLqyCk; ¥ kaqn; ¥ kqk—Cr ;¥ kqn ;¥
D J t) = J J t

a+ a+ h( ) <\I’/ (t) dt> a+ a+ b( )

_ k i kqk—Cr+n;¥

_ k i kqk—v(k—n);¥
N (\Iﬂ (t) dt) Jat h(t)

_ k,RLDZEf*W); qlf)(t)-
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Theorem 5.4 Let i,k € Ry = (0,00), m = [{]. Then, forh€C ¢ [a,b], we have
mes
k’RL@ﬁ:f’ kjgfb@) = h(t).

Proof: Using the Theorem 4.1 and Theorem 4.10 (b), we have

Kk d
U (1) dt

Eood\™
<\If’(t)dt> FIE Y p(t)
h(t).

k’RLDZ;_\Il kqu_\llh(t) _ < > kj;n_i’_f*#;q’ kj;all"_‘l’h(t)

Theorem 5.5 Let p,k,0 € Ry = (0,00) with 0 < k and m = [£]. Assume that b €
Cz.y(a,b] and kalf_“;‘ljh € C%l;q,[a,b]. Then,

k‘j/(.lt#\lf <k7RL‘DZiF\IJh(t)) _ h(t) - i (\II(t) — \I/(a))f_]
k

(ema) ”(t)]

= Tk (u— gk + k) —a
Proof: Using the Theorem 4.10 (b) for m = 1, we obtain
k d kak; ¥ _

Using the equation (5.1) with h(t) replaced by *3%5.¥ BRLDE Yh(1) we obtain

a

kjg+\ll <k,RL®Zi‘r\Ifh(t)) _ (\Iﬂk‘(t)i> kjl;+\lf [kjg+\lf (k,RLDgff (t))] . (5.2)

Using the relation (5.2), the semigroup property of (k, ¥)-RL fractional integrals and the
Theorem 2.1 (iii), we obtain

kgt ¥ (k,RL Df{f’b(t)) _ <\Iﬂk( 5t> [kjigi#;@ (k,RLDer\IIh(t))}

)
r [m G ) (0~ w ) Ry o ds]
_ 1 i 1 t / s . s % k,RLqyu; ¥ s) ds
(1) di [k:r(gﬂ)/a‘”)(q’(t) () %h()d].

(5.3)

Now, consider using the definition of (k, V)-RL fractional derivative and integration by
parts, we obtain
1

7t,8 _ W () E BRI Y (&) dg
e A IUICR TR LR AL OL
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i o-ver () me e
Repeating the process of integration by parts at n” step, we obtain
FTGTT [ ¥ - w et oy ) ds
> g rn-ver (G h) T (S)] -

Using the definition of (k, U)-RL fractional integral, its semigroup property and the Theo-
rem 2.1, we obtain

1 - _ W (s))E BRLpH
T YOOt S ) a
Ui —kjii L_j k d e mk—p; ¥
Sl gy OO (om) h(s)La

k
+I<:Fk.(,u+k:—mk:

) / W (s) (W (1) — W ()0 L Ry () s

— S i _ a %—j-i-l k i " kamk—p; ¥ s
_Zr(%—jjtz)(qj(t) ¥ (a)) <\I/’(s)ds> Jor 770 (8)

j=1 L 4 s=a

+k kle-k—mk;\I’ kjmk—u;‘lfh (t)

—Z —kﬁ—* ¥ (1) - ¥ (@) E ! <\Pk‘()j> gy (o)

7 o J + 2) L <4 sS=a
+ k kja+ h( )
e —kI % s [k AN U ]
e R D _(m,(s)@) |
+/ W' (s)h(s)ds. (5.4)

Using the equation (5.4) in the equation (5.3) and the Theorem 2.1 (iii), we obtain

kj}h‘I’kRL :D.“,+ h( )
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- g L[ vems

|
o
||M3 =
I
_
—
= o~
| <.
| o
+
[\
SN—
—~
~
S—
|
<]
—~
s
=
[
|
o
+
—

- k= b ko d\™ K
— (1) - v -v @i | (ghgn) )
jZ:; El-(5—i+1) Ty (1 — jk + k) U (s)ds —
() T @) [k AN e
= h(t) — — J s t
O
Remark 5.6
1. For W(t) =t, the above result reduces to
L (t—a) kI d\™
k M k,RL u kamk—p
J5 Dy, k— Jar
-3 e () ]

which improves the result of [18].

2. For U(t) =t and k = 1, the result obtained in the above theorem reduces to the result
obtained in [1, 31],
d\"’
— To Mo (¢ .
(5) e )] i

6 Calculus of (k, V)-Hilfer fractional derivative

m NJ
#RLD# _
N0 =00 -3

. n .
Theorem 6.1 Letn,k € R, = (0,00) andv € [0,1]. Then, BHDTVp(t) = ki HDF:" (1),
h e C™a,b].

Proof: Using the Theorem 4.9, we have

; v(mk—n); ko d\™ —v)(mk—n);
() = RO ()

U'(t) dt
_<V(mk7'q)) v(mk—n) . o 1 d m _<(17u)(mk7n)> (1—=v)(mk—n) . o
— k oY m ad & k i "
jaJr <\I// (t) dt) Ja+ b( )

a+
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Theorem 6.2 Let n,k € Ry = (0,00) and let £ € R such that % > —1. Then,

fo D) )

RHODVY (G (1) — U (a)) Tu(€+k—1n)

Proof: Proof follows by using the definition of (k, ¥)-Hilfer fractional derivative and an
application of Theorem 4.3 and Theorem 5.2. O

Theorem 6.3 Let n,k € Ry = (0,00) withn <k, v € [0,1] and { =n+v (k—n). Then,

k )
Proof: Using the semigroup property of (k, ¥)-RL fractional integral and the definition of
(k, ¥)-Hilfer fractional derivative, we have

;U ;U +v(k—m); ¥ ;U
Fgghs Y MG Y (1) = R RRED G g ()

kaqm ¥ kqv(k—n); ¥ k,RL ;U
SN jggr " DK b (t)
kan; ¥ kaCe—m; ¥ k,RL ;W
= JZ+ jgli ! ﬂgll h(t)

kam ¥ k,Hqynv; ¥
= R RHDIE )

Theorem 6.4 Let h € L'[a,b]. Assume that k’RLDZf_n);\Pb exists and it lies in L'[a,b].
Then,

KD RV (1) = R RRLD g )

Proof: Using the definition of (k, ¥)-Hilfer fractional derivative and an application of The-
orem 5.3, we obtain

kHaynv; U kan; O _ kqu(k—m); ¥ kRL sV kqn; ¥
DRy RIEY (1) = RO R RLDGY kg P ¢)

_ kagc—n); 4 k,RLDZSf:—n); \I’b(t)-
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7 (k,¥)-Hilfer FDEs

In this section, we investigate the existence and uniqueness of solution for the (k, ¥)-Hilfer
FDEs (1.1)-(1.2).

First we define the weighted space as follows. Let [a,b] (0 < a < b < o0) be a finite
interval and ¥ € C([a, b], R) be an increasing function such that W/(¢) # 0, for all ¢ € [a, b].
Let 0 <n<k(nkeR),vel01] and ¢t =n+ v (k—mn). On the line of [4], we define the
following weighted space.

Cl_%;\y [a,b] = {f)|b : (a,b] = R, bh(a+) exists and (U (-) — T (a))l_% h()eC [a,b]} ,  (7.1)
0< % < 1 endowed with the norm

V() =W ()" F h(D)].

= Imax
||h”ol_%;w[avb] te[a,b](

Further, we consider the weighted space

Ck —
Cl_%;\p[a,b]—{heC

gy 0] BRLDSY e O g, [a,b]} (7.2)

and for m € N, we consider the weighted space

m—1 m
Cr_%;w[a,b]:{b: (%i) b(t) € Cfa,b] and (lp,k(t)i) h(t)eCl_%;\p[a,b]}.

7.1 Equivalent fractional integral equation

Theorem 7.1 Let n,k € R with n < k,v € [0,1] and ¢ = n+v(k—mn). Assume that
f:(a,b]xR = R be a function such that f(-,y(-)) € C|_¢, ,la,b] for eachy € C| ¢, [a,b].
k> %

Then, y € Cf’“ %.\p[a, b satisfies (k,¥)-Hilfer FDEs (1.1)-(1.2) if and only if y satisfies the

)

following fractional integral equation

Sk
L@@ W@ E L
o) = Dyt s [V w0 - v () f<,y<>>d,te<(7,lj).

Proof: Assume that y € ka_%;q][a,b] is a solution of (k,V)-Hilfer FDEs (1.1)-(1.2). We

prove that y satisfy the fractional integral equation (7.4). Since y € ka ¢, - la,b], we have

yel [a,b] and .

Sk
1- Sk

k d —ty .
( ) kjl;+ck,\lfy _ k,RLDCﬁJ‘I’y cC -

or [, b]. (7.5)

Further, by applying Theorem 4.5 with ¢ = y = k — (i, we obtain
ke My € Cla,b). (7.6)
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Using the equations (7.5) and (7.6), and the definition of weighted space given in equa-

: kgk—Cr; ¥ 1 : kgk—Ce; ¥
tion (7.3), we have "J, °" "y € Cy%;\p[a’ b]. Since y € Cl_%;\y[a,b] and "J, " Ty €
C’lli%;q][a,b] by applying the Theorem 5.5 with 0 = k — (§, 4 = (, and m = [%1 =1, we
obtain
(W (1) — W () !
kqCk; ¥ k,RLqyCr; ¥ — kqgk—Ci; ¥
9ok ¥ RRLGE Yy 4y = (1) — {Ja t}
R )
(W (1)~ W (a))
=y(t) — - 7.7
Since y € C’f’“ " \p[a, b], by Theorem 6.3 and the equation (1.1), we obtain
%
RIS BREDE Y y (1) = FOEY R DRy (1)
= "I (1)), (7.8)

From equations (7.7) and (7.8), we have

(@ () — U (a) £
I (Cr)
Sk
(@ (t) — W () £ ! .
et e [ YO @O -v)

a

Yo + "I £t y(1))

y(t) =

)

L f(s,y(s))ds, t € (a,b)],

which is desired fractional integral equation (7.4).

Conversely, suppose that y € Cf’“ ¢, . [a,b] satisfy equation (7.4). Then,

-3

(U (t) — W (a)+
L (Cr)

on both sides of above equation, we obtain

y(t) = va + ILY f(ty(D)), t € (a,b].

Operating kvRLDg’j; v

KRLOG Yy () — A BRLDIY (B (1) — @ (a)) * '+ BEEDI Y RITY f (1 y(L)).

Using the Theorem 5.1 and Theorem 5.3, the above equation reduces to

; Ya Sk C*’“;‘I’ Sk_ v(k—n); ¥
RRLDSE Yy (1) = B RLD Y (W (1) — W (a) 1 4 BREDUETY £y (1))

- T(G)
v(k—n); ¥
= BREDIETY £ty (). (7.9)
Since y € C’f’ii [a, b], we get k’RLDg’iqjy € Cl_%;‘y[a, b]. Therefore, from (7.9) it follows
k bl
that R
SRR (L y () € €y gy lab) (7.10)

Since n < k, v € [0,1] and 0 < 1 — < 1, we have @ =v (1—}) < 1. Therefore,

{y (1 - %ﬂ ~1. (7.11)
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In this case the definition of (k, ¥)-RL derivative reduces to

RRLDUEIY £, y(1)) = (J(t) i) Rk v b= gy g (1)), (7.12)

Using equations (7.10) and (7.12), we have

[ AN
(\I],(t)dJ Y P y(0) € g ylabl (7.13)

Since ¢, = n+v(k—n) > v(k—mn), we have k — (, < k —v(k—mn). Since f(-,y(:)) €

Cl,ik.q,{av b, applying Theorem 4.5 with 0 = k — (3, p = k — v (k — 1), we obtain
k: b

Ege T (L () € Clas bl (7.14)

Using the definition of weighted space given in the equation (7.3), from equations (7.13)
and (7.14), it follows that

k—v(k—n); ¥
Ega TGy e €y, lanb),
k7

By applying on both sided of equation (7.9) and using Theorem 5.5 with o =
k — (i, p=v(k —n) and m = 1, we obtain

kjgf*n); v

v(k—1); ¥ : vik=n); ¥ vlb=n) ¥
g R REDG Yy (1) = BT KLU £(4,y (1))

a+
(¥ (1) = @ (a) "
_ _ — kqk—v(k—n); ¥
= JeyO) =~y LT s
(7.15)
Using the Theorem 4.8 with 0 = k — (; and u = k — v(k — n), we obtain
b Y peye)] = (7.16)

Using the definition of (k, ¥)-Hilfer fractional derivative and equation (7.16), from equation
(7.15), we have

RHDLVY () = f(t,y(t)), t € (a,b].

Hence, equation (1.1) is verified. Now, it remains to verify initial condition (1.2). Taking
kJS;C’“; ¥ on both sides of equation (7.4), using semigroup property for (k, ¥)-RL fractional

integral and Theorem 4.3, we have

. a —Ck; - N .
FIar S y(t) = r,ick) EIR LY (W (1) — W (a) % R f (2, y (1)

— Ya kak—v(k—n); ¥
- Fk(k}) + Ja—‘r f(tay(t))

Using the fact I'y(k) = 1, from above equation, we obtain

[F9529 (1) = o+ [ it ()

t=a t=a
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Using the equation (7.16) in above equation, we obtain

{kjlilc“ \I’y(t)} = Ya-

t=a

This proves the initial condition (1.2) is verified. O

Remark 7.2

1. For k =1, the above theorem include the result of [32].

2. For U(t) =t and k =1, the Theorem 7.1 includes the result of [3].

7.2 Existence and uniqueness of solution
Theorem 7.3 Let f: (a,b] x R — R be a function such that f(-,y(-)) € Cly(kg_kn\)lj[a, b], for
oy

anyy € C [a,b]. Further, f satisfies Lipschitz condition in second argument as

17%;\11
[f(t,z) = f(t,y)| < Llz —y|, for allt € (a,b], (7.17)

where L > 0 and x,y € R. Then, there exists a unique solution y € Cf’“ o qj[a, b] for the
Tk
(k, W)-Hilfer FDEs (1.1)-(1.2).

Proof: We prove the existence and uniqueness of solution for the (k, ¥)-Hilfer FDEs (1.1)-
(1.2) through its equivalent fractional integral equation (7.4). Consider the operator A
defined by

Ay(t) = yo(t) + *T17 f(t,y(t), t € (a,b],

where

yolt) = =22 (W () = @ (@) F .
0 T(Cr)

Then, the fractional integral equation (7.4) can be written as an operator equation
y(t) = Ay(t), t € (a,b].

Firstly, it is proved that the (k,V)-Hilfer FDEs (1.1)-(1.2) has unique solution in the
weighted space C [a,b]. We prove that the operator A is contraction on the spaces

k.
1- kv
which depends on the subinterval that obtained from partitioning the interval [a, b].

Let any c1,c2 € [a,b] with ¢; < ¢3. Then, Cl_gik.\lj[ChCQ] is complete normed linear
k I’
space with norm

_ _ 1-Sk
IIyHCI_%;W[Q,CQ] = dhax (U(t) =W (c1)) * y(t)].

Since W is continuous on [a,b] and # > 0 it is possible to select ¢; € (a, b] such that

wr — LT%(Ck)

el (W (t) — U (a)* <1, (7.18)
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where, L > 0 is the Lipschitz constant of the function f : (a,b] x R — R. Since for any
te [a7 tl]:

— Sk Ya
U (t) — W ()% t) = € Cla, t1],

we have

Yo € C)_g glasta]. (7.19)
Since f(-,y(-)) € C**." [a,b], for any y € C,_¢, [a,b], we have (-, y() € C""." [a,t1],

1—-=2w ko 1-220
for any y € Cl,&k.\p[aa t1]. Therefore, by Theorem 4.6, we have
k b

Y 1y €C g ylat). (7.20)

From equations (7.19) and (7.20), it follows that Ay € C
mapping from C

17%;\1}[@1&1]7 and hence A is

1S [a,t1] into itself.

Let any y1,42 € C a,t1]. By using definition of an operator A, Theorem 4.3 and

1—%;\11[
Lipschitz condition on f, we obtain

[ Ay — 'AyQHCFLk:q,[“’tl]
() ]
= mae [ Z D [ 6) 0 0) = (6 [£(5(5) = Flom(5)] ds
1_% ¢ n &
< max LI O =7 () / U (s) (U (t) — U (s))F 1 (T (s)— (a))%*l X

T tefarti] kT (n)
¢

k

((s) =W (@) F (y1(s) —2(s))

Sk Sk
2z 1

Sl =elle g D (E 0 =¥ @) I (8 (1)~ v (@) F
4,

“a Ty (Cr)
<y — Z/2Hcl_%;¢[a,t1] L (W (t) =¥ () * m
LTy (Ck)

n
=~ (Y (1) - ¥ k - '
STemrgy @)l =wle o e

(W () = ¥ (a))

Using the inequality (7.18), we have

Ay — Amllcl_gk;@[a,n] < wy flyr - y2||01_%;\1/[a7t1] :

Since 0 < w; < 1, the operator A is contraction on (a,t;]. By Banach fixed point theorem,

there exists a unique solution y; € Cl,gk ) \D[a, t1] to the fractional integral equation (7.4).
k )

If t; # b, then we consider the interval [¢t;,b]. Let y € C|[t1,b] is the solution of the
fractional integral equation

1) = Ay = 0 (4 [ V9 (80 -9 ()

S

L (s, y(s))ds, t € [t1,b], (7.21)
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where

n(t) = s (0 ) = W (@) e [0 (0 (0 () = W () S (e
(7.22)

Note that yo; is known function as it is uniquely defined on (a,t;]. Again, by continuity of
U, it is possible to select to € (¢, b] such that

L (W (ts) — W (t))*
nTk(n)

Since f (-,y(+)) € C[t1,t2], for any y € C[t1,t2]. Therefore, by Theorem 4.7, we have

w9 =

< 1. (7.23)

FIEYF (y() € Clta, tal. (7.24)

Using the equation (7.22) and condition (7.24), it follows that A maps C[t1,t2] into itself.
Let any y1,y2 € C[t1,t2]. Then, using the Lipschitz condition on the function f, we have

ST (B (®) — £ (£ 32(1)]

;U
ij?ﬁ ly1(t) — ya(t)]

Ay (t) — Aya2(t)]

IN

<L Hyl - y2HC[t17t2] kJZ’_‘_\I](l)
L n
= nTx(n) (W (t2) =W (t1))® [jy1 — yQHC[tlh] . (7.25)

Using (7.23) in the inequality (7.25), we have

Ay — Avallop i) < w2 llyr — w2l oy ) -

Since 0 < we < 1, the operator A is contraction on [t1, ¢].

Therefore, by Banach fixed point theorem, there exists a unique solution y; € Clt1, t2] to
the fractional integral equation (7.4). Note that at point ¢;, we have two different solutions
yg and yi. But due to unique solution, we must have y§(¢1) = yj(¢t1). Define y* : (a,t2] - R
by

S ) = {ysw, te (o] (7.26)

yf(t), t e (tl,tg].

Then, by Theorem 4.2, we have y* € C a,te]. Hence, y* is the unique solution of

l—%;‘l/[

integral equation (7.4) in C a,to]. If to # b then we repeat the above procedure as

kgl

k b
necessary times, say /N —2 times to obtain unique solution y; € C[ty, tp41),k =2,3,--- ,N—
1, where a =ty < t; <ty < ---ty = b such that

W1 = nrfm) (¥ (thg1) — @ (1)

3

<1

Proceeding in the similar way as discussed above, we obtain a unique solution y* € Cl [a, b]

_%.@
k )
to the fractional integral equation (7.4), given by

y*(t) = yl:(t)ﬂf € (tkvtk+l]7k = 071121"' aN_ 1.
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Now,we prove that the unique solution y* € C| . - la,b]. From equa-

kO

. . C
7%;\?[@, b| lies in Clk—<

tion (7.4), we have

Gy Ve T T Ty (), € (a.b] (727

k, RL Dg’;\y on both sides of equation (7.27) and using the Theorem 5.3, we obtain

Applying

k, RLyCr; ¥ % Ya  k, RL~\Ci; ¥ Sk_q
D t)==—"—<"""D U (t) — W (a))*
ar Y (1) T (Co) ar (¥(t) =¥ (a))

= RRLpYI=IY £ (1)), (7.28)

;W ;W *
+ RBLOGSYRGIY £p 4 (1))

By assumption f(-,y*(:)) € C’Vik%"i [a, b] and hence, we get

RRLpy Y f () € O g ylasbl. (7.29)

k0

From equation (7.28) and condition (7.29), it follows that

BREDITY (1) € O g yla b,

17%;\11
This implies y* € ka_ik.\p[a’ b]. By Theorem 7.1, y* is the unique solution of the (k, ¥)-

k b
Hilfer FDEs (1.1)-(1.2). O

8 Conclusion

e We introduced the most generalized variant of the Hilfer derivative namely (k, ¥)-
Hilfer fractional derivative and proved few its properties. Many other properties of
(k, U)-Hilfer fractional derivative are open for investigation.

e For k =1, (k,V)-Hilfer fractional derivative reduces to WU-Hilfer fractional derivative
[4]. For ¥(t) = t and k = 1, (k, ¥)-Hilfer fractional derivative reduces to Hilfer
fractional derivative [30].

e It is observed that the k-Hilfer fractional derivative defined in [19] does not includes
the k-RL fractional derivative. But the formula which we have defined in (3.8) includes
the k-RL fractional derivative as a particular case of it for v = 0.

e For U(t) = ¢t and v = 0, (k,¥)-Hilfer fractional derivative reduces to (k,¥)-RL
fractional derivative operator. Few properties of (k, ¥)-RL fractional integral and
derivative are obtained.

e For U(t) =t and v = 1, (k, ¥)-Hilfer fractional derivative reduces to (k, ¥)-Caputo
fractional derivative operator. The properties of (k, ¥)-Caputo fractional derivative
are open for investigation.

e For different function ¥ and the different values of the parameter v, the (k, ¥)-Hilfer
fractional derivative D" ¥ produces distinct types of fractional derivative opera-
tors recorded in the Table 1.



vV Special Cases
U@ | v k>0 K=1
vy | o (k, ¥)-RL Derivative 2 TTDFY U-RL Derivative
U (t) 1 (k, ¥)-Caputo Derivative »CDIFY U-Caputo Derivative
t] o k-RL Derivative &7 D] RL Derivative
t 1 k-Caputo Derivative Z’Cﬂf Caputo Derivative
t v k-Hilfer Derivative ]S’HD?’V Hilfer Derivative
tP 0 k-Katugampola Derivative kppe Katugampola Derivative
tP 1 | k-Caputo-Katugampola Derivative ﬁ’CD?’p Caputo-Katugampola Derivative
tP v | k-Hilfer-Katugampola Derivative ’;’HKDQ’” Hilfer-Katugampola Derivative
logt| 0 k-Hadmard Derivative wHo Hadmard Derivative
log t 1 k-Caputo-Hadmard Derivative ’;’CHQZ Caputo-Hadmard Derivative
log t v k-Hilfer-Hadmard Derivative E’HHD?’” Hilfer-Hadmard Derivative

Table 1: List of particular cases of (k, V)-Hilfer fractional derivatives

e We have treated the existence and uniqueness of solution for nonlinear (k, V)-Hilfer
FDEs. Many other qualitative properties of solution for nonlinear (k, ¥)-Hilfer FDEs
are open for investigation
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