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ABSTRACT. The stability for magnetic field to the solution of the Riemann problem for the
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tions of the Riemann problem for the polytropic fluid in a duct obtained by the entropy rate
admissibility criterion.
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1. INTRODUCTION

The non-conservative hyperbolic system plays an important role in many areas, such as the
laminar flow in compliant tubes [2], the shallow water [9] and the multiphase flows [13]. The
main difficulties of the Riemann problem for it are the existence and the uniqueness of the
solution. In a recent paper [16], the Riemann problem for the isentropic, inviscid, simple flow
of ideal gas, subjected to transverse magnetic field, in a duct with cross-sectional area a(x) > 0
in magnetogasdynamics, has been studied. It is governed by the hyperbolic system

(ap)i + (apu)z =0,

(apu)e + (alpu? + p+ £2))e = (p+ £)aa, (1.1)

a; = 0,
with the Riemann initial data

U (u_,p_,a_),z <0,

(u“07a> - { U+EU+,£+,CL+;,ZE > 07 (12)
where ay > a_ > 0,p_ > 0,p. > 0,u_ and u, are arbitrary constants. Symbols p,p,u, B
and p are the specific density, the pressure, the velocity, the transverse magnetic field and
the magnetic permeability, resp., see [15]. The pressure function and the transverse magnetic
field function are given by p = kp? and B = kp, resp., where v € (1,2),k,k are positive
constants. The existence has been obtained for any given initial data. However, for some initial
data, there exist multi solutions. By introducing the entropy rate admissibility criterion [5],
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2 SHENG AND XIAO

the uniqueness can be guaranteed. In this article, we will select a proper solution mainly by
the vanishing magnetic field method, motivated by the vanishing viscosity method [3] and the
vanishing pressure method [4].

We call a solution of (1.1) is stable in a vanishing magnetic field, provided that the limit of
it, as k — 0, equals to the solution of

(ap): + (apu), =0,

(apu)s + (a(pu® +p)), = pas, (1.3)

a; =0,
with the initial data (1.2). System (1.3) describes a compressible polytropic fluid flow in a nozzle
and has been studied in [12, 17]. The nonisentropic case has been investigated in [1, 7, 18].
Putting a, = 0, (1.1) can be written in conservation form as

{ pe+ (pu)s =0,

1.4
(pu)s + (pu? + p+ 52). = 0, (14)

which describes an unsteady one-dimensional isentropic flow in magnetogasdynamic. The sys-
tem was studied in [14]. In [6, 11, 19], the authors were concerned with the nonisentropic
cases.

This paper is organised as follow. In section 2, the elementary waves and some properties of
them are collected. In section 3, we present all the solutions of (1.1) and (1.3), for any given
initial data (1.2). In section 4, the unique solution is determined by choosing the stable solution
in a vanishing magnetic field, which satisfies the entropy rate admissibility criterion, as it will
be seen.

2. ELEMENTARY WAVES
System (1.1) has three real eigenvalues
M=u—w, =0, MN=u+w,
where w(p) = \/??—ﬁ ;and f(p) =p+ %QL. It is strictly hyperbolic in the following three regions

I={(u,p,a)|u < -w}, T={(u,p,a)|lul <w}, MW={(u,p,a)lu>w}

The characteristic fields A\; and A3 are genuinely nonlinear, and the characteristic field of \; is
linearly degenerate. For convenience, we set ¥ = {u = —w}, I = {fu = w}, I" =T N {u < 0},
and I" =T N {u > 0}. There exist three different elementary waves.

2.1. Rarefaction waves. Centered rarefaction waves R1(Uy, U) and R3(Uy,U)(abb. Ri(Uy)
and R3(Uy), resp.) are

P w
Rl(UO)ZUZUO—/ —dp, p < po,
PO
P w 2.1
Rs(U0)1U=U0+/ —dp, p > po, 21)
po P
a = ao,
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for any given left hand state Uy(uo, po, ag). Ri(Up) is convex and monotonic decreasing while
R3(Up) is concave and monotonic increasing.

2.2. Shock waves. The Rankine-Hugoniot jump condition of the third equation in (1.1) is
ola] =0, (2.2)

where o is the speed of the discontinuity, and [a] = a, — ;. The cross-section area a remains
constant across shock waves S1(Up, U) and S3(Uy, U)(abb. S;(Up) and S5(Up), resp.) satisfying
the Rankine-Hugoniot jump condition

—o [p] + [pu] =0,
—o [pu] + [g(u, p)] = 0, (2.3)
[a] =0,

for any given left hand state Up(uq, po, ag), where

2
g(u, p) = pu® + kp" + S—p*.

24
By Lax entropy conditions [8], S;(Uj) can be expressed as
1 [u]
S1(Uo) = u = up — [f1lp], o =uo+ pr5, p> po, u <y,
PPo (]
1 u (2.4)
S3(Un) =0 — [~ [11[p) o = o+ . p < po, u < o,
PPo (]

a = agp.

S1(Up) is convex and monotonic decreasing while S3(Up) is concave and monotonic increasing.
We obtain the following lemma by direct calculations to (2.4).

Lemma 2.1. On the shock waves S1(Uy) (resp., S3(Uyp)), it holds that
(i) ‘(11—‘; < O(resp., 3—; > 0);
(i) v’ < =% (resp., ' > 2 );
(iii) There exists a unique state U € T (resp., U € 1), denoted by SY(Up) (resp., Sa(Uy)), such
that o(Uy, U) = 0 if and only if Uy € W(resp., Uy € I™).
For any given left hand states Uy, we define
R (Uo) = Ri(Up) N{Ni(U) < 0}, S; (Uo) = Si(Uo) N{a(Up,U) < 0},
R (Uy) = Ri(Uo) N {N(U) = 0}, S (Uo) = Si(Uo) N {o(Uo,U) = 0},
WE(Uy) = RE(Up) U SE(Uy), Wi(Up) = Ri(Up) U Ss(Up),i = 1,3.
2.3. Stationary waves. The jump condition (2.2) also holds when the gas across the discon-
tinuity, which we call stationary waves,

Wy 2 ¢ [h(u, p)] =0, (2:5)
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4 SHENG AND XIAO

where
u? Ky k2
h = — 4+ Lty Zp 2.6
(us p) R A (2.6)
For any given state Uy(uo, po, ag), once we assume that a > ag, there exist two different solutions
of (2.5), denoted by Uo(To, pg, a) and Uy(ug, po, a), with

|uo| > [Tol, po < Py, [uo| < |ual, po > po. (2.7)

In particular, when a = ag, the two solutions U, = Up, Up € IUIILif Uy € I, while Uy € LU, =
Up if Uy € TUTL. The fact that there exists no stationary wave solution for (1.4) motivates us
to suggest the Stability Stationary Wave Condition to remove the unreasonable solution.
STABILITY STATIONARY WAVE CONDITION. The state U(u, p, a) is called a stable stationary
solution of (2.5), if u and p are continuous functions of a, and the two states U and Uy satisfy
the Rankine-Hugoniot jump condition (2.3) when a = ao.

The Stability Stationary Wave Condition leads to the following lemma.

Lemma 2.2. For any given Uy(ug, po,ao) and a > ag, the two solutions Uy(To, py,a) and
Us(ug, po, a) of (2.5) satisfy (2.7) and

(i) U € II* is the unique stable stationary solution, if Uy € T*;

(ii) Uy € I(resp., ) is the unique stable stationary solution, if Uy € I(resp., );

(iii) Both Uy € I(resp., I) and Uy € 1 are the stable stationary solutions, if Uy € X (resp., I1).

For any given left hand state Uy and right hand state U, Wy (U, U) denotes the stationary
wave satisfying U = Uy, while Ws(Uy, U) denotes the stationary wave satisfying U = Up.

It is clear that a changes only when the gas passes across the stationary wave. When there
exists no confusion, symbols denote the projections of themselves on (u, p) plane, either. For
example, U_ denotes both U_(u_,p_,a_) and U_(u_, p_).

3. THE RIEMANN SOLUTIONS FOR k£ > 0

For any given k& > 0, Riemann problem (1.1) with (1.2) can be solved constructively by the
two cases U_ € A, which are separated by

mw.0):u=- [ 2

o P
see Figure 1 (a).

Case 1. U_ € A_. It follows u_ < — Op_ #dp. The curves are defined by

S ={U|U="U, Uy €}, E={UU =U,, Uy € £}, . = {U|U = 55(Up), Uy € T}.
It can be proved that ¥ is on the right of ¥,. Thus the solid curves ¥, and X in Figure 1 (a)
separate the upper half (u, p) plan into three regions, A', A% and A? (including X, and X).

The Riemann solutions of (1.1) with (1.2) are illustrated as follows.
Subcase 1.1. U_ € A_,U, € Al the solution is unique and structured in

QL : W oWy oW,
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A Ay 1
) 3. x oz .=
Al A3 A?
Ry (U,0)".
O u

(a) U- € A_. (b) U- € AL

FiGure 1. Different regions separated by the solid curves.

Subcase 1.2. U_ € A_,U, € A?, the solution is unique and structured in
Q>: W, @Ry oW, WS .
Subcase 1.3. U_ € A_,U, € A3, The solution is not unique. Besides Q1 ,Q?, the other
solution with two stable stationary waves can be constructed as
Q: Wy @Ry ®Wy(U,Uz) @ S3(Us, Us) & Wa(Us, Us).
The states Uy (ug, p1,a_), Us(ug, p2,a) and Us(ug, p3, a) satisfy that
o(Us,U3) =0, uy,ug,u3 <0, a€la_,ay].

a = a_ holds if and only if U, € ¥, and then @ = Q'. a = a,. holds if and only if U, € %,
and then Q> = Q%. When U, € A%\(X,UY), Q? is unstable, refer to [10]. Because it contains
a standing shock wave S3(Us, Us)(o(Us, Us) = 0), which occurs in contracting duct.

Case 2. U_ € A,. It follows u_ > — fo_ %dp. The solid curves i:, r,, s, I, Ws5(Y) and
W3(Z) in Figure 1 (b) separate the upper half (u, p) plan into Al A2 (including W3(Y)), A2,
A? (including W3(Z)) and A® (including the boundaries). T is the part of the curve Wy (U-),
the ends of which are D_ € ¥ and the one on p axis, resp.. Define

I ={UlU=U,, Ugel}, T.={UIU=255U),Us€eT},
I.={UlU=5U), UpeT}, I,={UU="U, Uy€eT.}.

Obviously, D_ is an end of T, and S§(D_) is an end of .. For convenience, let

_J’_ —_ —_—
5. =S.n{pzp(S3(D-))}, ' =En{p=pD)},
where p(D_) denotes the p coordinate at D_, etc. It can be proved that T, is at the left of I,

and W3(Y) is at the left of W3(Z). Here,
v =), Z=SAU),
if U_ € I, otherwise,
Y =D, Z=S)D,),
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6 SHENG AND XIAO

where D, is the intersection point of II with W, (U-).
Subcase 2.1. U_ € A;,U; € Al. The solution is unique and structured in

QL: Wy oWy oW,
Subcase 2.2. U_ € A, U; € A%. The solution is unique and structured in
Q%: Wi (®R;)eW,a W,

where Ry appears if and only if U, is located on the left of W, (D_).
Subcase 2.3. U_ € A,,U; € A3. The solution is unique and structured in

Q2 (RiO)Wa @ S Wy d Wi,

where the speeds of both sides of the standing shock wave S; are positive, so S; occurs in a
compacting duct, and R; appears if and only if uy < w(p,).
Subcase 2.4. U_ € A,,U; € A%. The solution is unique and structured in

QL : (Rio)Wyo W) oW,

where R; appears if and only if uy < w(p;).
Subcase 2.5. U_ € A, ,U; € A%. In this case, solution loses uniqueness. Besides Q1 and
%, the other solution can be structured in

Q%1 Wi (®R;y) @ Wa(Ur,Us) @ S3(Us, Us) & Wo(Us, Us),

where, R; appears if and only if U, is located on the left of W, (D_). The states Uy (uy, p1,a_),
Us(ug, p2, a) and Us(us, p3, a) satisfy that

o(Us,Us) =0, uy,uz,u3 <0, a€la_,ay].

a = a_ holds if and only if U, € i: UT., and then Q> = Q.. a = a; holds if and only if
U, € 7 UL, and then Q5 = Q2. Otherwise, similar to @*, the solution Q% will not be
considered, either.

The entropy rate admissibility criterion leads to that the unique admissible solutions for (1.1)
with (1.2) are Q2 in subcase 1.3 and 2.5 respectively, in which there are multi solutions.

4. THE BEHAVIOUR OF THE SOLUTION AS k£ — 0

It has been declaimed that in subcase 1.3 and 2.5, both QL and Q3 are the solutions of
(1.1) for k > 0, respectively. By the entropy rate admissibility criterion, we can construct
the solution uniquely for any given initial data (1.2). In this section, we will study with any
initial data (1.2), the limit solutions of (1.1) as k — 0, and compare the limit solutions with
the solutions of (1.3). We want to check whether the limit solution is the one selected by the
entropy rate admissibility criterion. The variation of k leads to the changes of the solid curves
in Figure 1. Thus, the structure of the solution may change if k& vanishes for the fixed initial
data. To study the limit solution for (1.1) with (1.2), we need only to concentrate the case
where U, is located on the solid curves when k£ = 0 in Figure 1. Then our goal is to investigate



10
11

12

13
14

15

LIMITS OF RIEMANN SOLUTIONS FOR ISENTROPIC MHD 7

the behaviour of the solid curves as k — 0. For simplify calculations, we replace % with k.
Then w, f, g and h are rewritten as

w(p) = VEyp "+ kp,  f(p) =807 + 507,
g(u, p) = pu? + kpY + Ep%, W, p) =5 + 27 + kp,
respectively, from now on. To be more exactly, w(p) is the abbreviation of w(p, k), etc. We
define X(0) = {U(u, p)|lu = —w(p,0) = —\/Kkyp’~1}, etc.

4.1. The behaviour of the solution as £ — 0 when U_ € A_(0). We have the following
lemma when we investigate the behaviour of £, and ¥ as k — 0.

Lemma 4.1. There exists a sufficient small constant kg > 0 such that, for any k € (0, ko),
(i) X is at the left of X(0); (ii) . is at the left of X.(0).

b p
5. z» =%
: o\ faqpu = a—pouo
Tol0)/\ |
,UO ¢ \UO
X Uo \ :
pu=po(0)uo(0) Uz g
\ -
O

FIGURE 2. Curves, Y., ¥, ¥ and X, move to the dotted lines %, (0), X(0), 3(0)
and X(0), resp., from their left as k& — 0.

Proof. (i) Assume Uy(0) = (up(0),p0(0),a—) € X(0) is an arbitrary state. Define Uy =
(uo, po,a-) € B, Uy = (ug, po,as) € 8, Ug = (U, py,a4) € ¥ and U, = (U, p,,a:) € 5.
satisfying that
ug = wg = rypy "+ kpo, (4.1)
h(uo, po) = h(ug, po) = h(to, py), (4.2)
9(u=,p.) = g(uo, py), (4.3)
a—po(0)uo(0) = a—poug = apouo = a+pylio = a4 p,Us. (4.4)
See Figure 2. Followed by Lemma 2.2, the following inequalities hold,
P < po < po < Py, W > W2, ug® > wo’, Wy < W,
where W, = w(p,), etc.
Differentiating (4.4) with respect to k, resp., one gets

0 = phtio + potty = po'tio + potie’ = PoTio + Polly = P10 + P, (4.5)
here and from now on, ' = 4. From (4.1), (4.2) and (4.5), we get
wa — ud wy® — up” Wy — Uy, |
po=———"pp+ po==—=—po + po==——"0) + Do, (4.6)

Po Po
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which follows py" < 0. Because the intersection point of ¥ with pu = const. is unique if £ is
fixed. We say X is at the left of 3(0).
(ii) Differentiating (4.3) with respect to k and from (4.6), we obtain
—9 —92 —2 —2 — —2 —2
oy Po— P _ o Po—P:_ 2poPo — Py~ P
@ =)ol = @ — W)y + == = popo — Dyt =
We are about to prove that 2py > p, + p, holds at k£ = 0 for any given state Up(ug, po,a_)
with 0 < —ug < wp. For a > a_, we define Uy(%y, py, a) and U (u., p,,a) = SI(U,) satisfying

ho=ho Gy=0. a_pouog= apyllp = ap,us. (4.7)
It is clear that U and U, are functions of a, followed by the stable stationary wave condition.
The following inequalities hold when a > a_,

_ = — 2 —2 2 2 2 2
0, <po <Py Uy<ug<u <0, u,>w,, uj<wy Uy> W

We have Uy = Uy and pg > p,, thus 2p0 > p, + B, if @ = a_. From (4.7), it holds that

d(po+7.) _ Pl 25;2 Dot
T oq(02 A7 + —2 _ 2
da a(wo —w3)  a(@?—u?)
_ pOuO @ 1y (=2 2
- (@ ate 02 - @ uo>)
_ OUO < pO f(] fZ ( ro 1)<R7ﬁg—1 pz f(] fZ))
a(Wy — ug) (@2 — a2 P2 Po — P- ﬁz Po Po — P
_ pOU’OKﬁzy ' Oﬂ_ (20&—1)(70&771_1@7_1)
a(@i —ud)(@? —u? aa—1")"
for £k = 0, where
T — Poyy _
fo— 12 _ Kpy — Kp) . H_A,,l(ﬁz)7 1 _K_,y,loﬂ— 1
- = T = = - pz ﬁ_() . - pz o — 1 ’
Po Pz Po Pz 1

and o = 22 > 1 for a > a_. Therefore, % has the different sign with the auxiliary function

Mi(a) = ~va(a—1)—a*(a” —1)+ (2a —1)(ya"(a — 1) —a” + 1)
a2y 1) =M By +2) + (v D)+ (Y + D) +a(—y +2) - 1.
It is easy to check that Mj(a) > M;(1) =0 by 94 (a) > 0. In fact,

d;gl (@) =v(y +1)a"? (P(2y = D)(7 +2) —aBy +2)(y = 1) + (y = 2)(y = 1)) >0,

and

d2M,

do?
Then we obtain
dM;
da

(@) =+ (@2y=1)(y+2) —a" "By +2)y+ " *y(y — 1) +2) > 0.

(@) =2y =Dy +2) =By +2) (v + 1) +2a(y + )+’ (v + 1)y +2— 7
dM,

> H(l) = 0.
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As a result, we have 2py > p, + p, holds for any @ > a_. Thus
2p0P0 — Po — P2 > (Bo + 1) — Py — P2 = p.(Po — P.) > 0,
which implies 7,(0) < 0. We complete the proof. O

Corollary 4.1. When the solution loses uniqueness, we choose QX (resp., Q3.) as the unique
solution of (1.1) with (1.2) for any k > 0. There exists a ky > 0, such that, for any k € (0, ko),
we have:

) U_-e€eA_and Uy € A2, if U_ € A_(0)\Ry(U,O)|x=0 and U, € ,(0). Then for (1.2), the
unique solution of (1.1) is Q! (resp., Q* ), while the unique solution of (1.3) is Q' (0)(resp.,
Q2(0)).

(i) U- € A_ and Uy € A?, if U- € A_(0)\R1(U, O)|x=0 and Uy € X(0). Then for (1.2), the
unique solution of (1.1) is Q*, while the unique solution of (1.3) is Q*(0) (resp., Q*(0)).

(iii) U- € Ay and Uy € A% s located on the left of W3 (D_), if U- € Ry(U,O)|j=0 and U, €
2.(0). Then for (1.2), the unique solution of (1.1) is Q} (resp., Q% : Wi & Ry & Wa & W),
while the unique solution of (1.3) is QX (0)(resp., Q*(0)).

(iv) U- € Ay and Uy € A2 is located on the left of Wi (D_), if U- € Ry(U,O)|j=0 and
U € X(0). Then for (1.2), the unique solution of (1.1) is Q% : Wi @& Ry & Wy & Wy, while
the unique solution of (1.3) is Q (0)(resp., Q*(0)).

4.2. The behaviour of the solution as £ — 0 when U_ € A, (0). We have the following
lemma when we investigate the behaviour of I', and I, as k — 0.

Lemma 4.2. There exists a sufficient small constant ko > 0 such that, for any k € (0, k),
(i) T, is at the left of T.(0); (ii) T, is at the left of T,(0).

Proof. (i) Assume Up(0)(uo(0), p(0),a-) € T'(0

be the intersection point of pu = po(0)u(0) with ', U, (us, pz,ar) € I, Uo(to, By, a4) € 1,
and U, (U, p,, ay) € 1 satisty that o(Up, U,) =

equations hold,

) is an arbitrary state. Let Up(ug, po,a_) € I

0,0(Uy,U,) = 0. More precisely, the following

a_po(0)ug(0) = a_pouog = a_p.u. = ayp.u, = aypylio = a4 P, Uy, (4.8)
9o = Gz, he = hyy ho = ho, Gy = G, (4.9)

with
uy < wi, u > w uy < W, W >Wa, ui > wl, P, < pa < pa < po < Dy (4.10)

see Figure 3. Differentiating (4.9) with respect to k, resp., one obtains

2 2 W2 — 2 w2 — >

(wp — ug)po + % = (W2 —u)p, + %, === s (1D)
w2 — 2 T —2 o —2

000+ po = D +pe @+ R =@ -w)p,+ 2 (412
Po Po 2 2
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p
A

f4pU = a—pouo

pu = po(0)uo(0)

FIGURE 3. T, and I', move to the dotted lines I',(0) and I',(0), resp., from their
left as k — 0.

The sign of p.’ can be determined by pj, and the value of p, can be obtained by the following
two cases. When Uy € R;(U-), it holds

Associating it with the first equation of (4.8), we have

, Ug PO 1 , 00 /Po 1
= —d = —dp. 4.13
Therefore pj > 0. When Uy € S;(U_), setting wj = Zg:ﬁ:, we achieve p_ < py and
(po — p—)ws , f(/)(p%_pio)"‘(fo—f—)%
U — Uy = ————, Uy = : (4.14)
VP—Po 2(up — u-)
from (2.3). The speed of the shock wave can be rewritten as
o = —pOUO — P =ug + p,uo — U = Uy — p—_wg
Po — pP— Po — pP— Po
Applying (4.14), we have
P
(- o* — i)y = 20, (4.15)

From (4.11), determined by

wzz - uz2 / w2 - u2 / 1
———p. = F—p + p. = p. = 5— (2(] — ud)ph + (5 + P2 — 2p2p2))
p: = P = 2 (e = o) + (oo pp-)
p-' < 0 holds when Uy € Ri(U_). Since py > p, and py > 0. When Uy € S1(U-), it holds that
wzz - uz2 / 1 Wg — ug 2 2 2
0, — — J v _2 0z
Pz Pz 2)Oz< w%—u%+02p0+p0+pz P_P)

57 (—(wg —ug)pg + wips + wipl — 2wGp2p2)
PzWo

52(p: — p2)paw > 0.

1 2 2 2 2 2
= UGPH + Wy ps — 2w pzpPz) >
2(00 0 0 ) 2002

2p.wy
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In fact, it is clear that

(p3™

y+1 v -1 72
_ o (@) _1_7<@) ﬂ(@) -0,
po—p: \\p. p: p:

for pg > p.. Thus, we also have p.” < 0.
(ii) When Uy € Ry (U-), it is apparent that for k =0
=2 -2 =2 2 2
S NV . B O 0 Y Rl ) — o Dy
A T . S G A I )
Po
followed by (4.12), (4.13) and the proof of Lemma 4.1. Therefore, p/ (0) < 0.

When U, € Sy (U-), from (4.12) and (4.15), we have

— plpo — vp3ps + 1P P2)

— 2 2 —2 —=2
—9 o\ PoPo Wy — Ug —Po — Py
W, —u = —|2- +
( v v)pv 2 ( wg _ U% + O'2> 2
1 _ _ _
> o= ((wh + ud)popo — wipy — wid?) -
0

To declaim p] (0) < 0, we are about to prove that

—2 —2 2
+ W
> Po Py 0

Po — ) (416)
Py Wp+uj
ifaég—gao,and

- 2

— Py “o
> = , 4.17
po_(po+7)w3+u% (4.17)
if @ > a, where ag > 1 is the root of the equation a2 — 2ay — 1 = 0. Inequality (4.17) implies

(4.16) when a > «ay, since v < ap.
For any the given state Up(uo, po,a_), with ug < 0, u2 < w2, we define Ug(To, py, a) and
U,(ty, p,,a) = SS(Up) for a > a_. Tt is clear that when a = a_ and k = 0, it holds that

2 =2 2
+ W
> pO pv 0

Po )
po Wi+ ug
which is equivalence to
2 2 _ Kpy — KDY o y—1
Poto = PoPy - > PuYPy -
v

Since

1 - (Poyr sy Lo - Py

Po Po Po
holds when pg > p,. We have
— — — — —21\ dp — — dp — —2\dp — — dp
4 (pg + pﬁ) _ (200 P8 — PG + 2P0Pqe _ (P6 — Po)qE + 200P0
da X o 7 7
(2P0p, — (5 — P2)) dp, _ —(a® —2a — 1) dp,

— = - <0
7o da pol, da
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for 1 < a < ap. So far, (4.16) has been proved.
When o > ag, for a = a_ and k = 0, it holds that Uy = Uy, U, = U, = U,. Followed by

VY
_ Rp KRpPy  — -
pouy = Py————" > Dip
PO — Py
we have
— 2
— Py wO
> — .
Po = (p0+ ’7)(«08‘1‘“3

Direct calculations lead to

A (G ) oo 1297 — Pl
da \™" " v/ a@i-u) v @ -m)
T A Y1 1aY—1
PotorPy 2 - ~1 -
= - 20— 1 T — —
m@%—%xm—ﬂb(V gy TR bbe aa—lO’

which has different sign with the auxiliary function
My(a) =7*ala—1)—ya?(@” = 1)+ (2a — 1)ya"(a — 1) — 2a — 1)(a? — 1)
=707 = (37 + 27 4 (v + a2 + (7 + 7)o’ + (2 - 7)a — L.
For v € (1,2), the third derivative

ﬁdng (@) =702 (y(y+2)® = (v =13y +2)a+ (v — 1) (v — 2))

>0 (VP 2y =3y Y+ 2492 =37 +2) =727 (4 —9%) > 0

holds for any o > 1. By using the equation o — 2a5 — 1 = 0, we have

1 d*M _ _ 1 d*M
T dar (@) = (2907 = By + 27 e y(y = 1T 2y 2 SR (ag) > 0.
Thus, we get
dM. dM. - _
2 (a) > "2 (ag) = —(9% 47+ 2)al + (27 + Daf " + 207+ Dyag+2— 7 + 0]

It holds that

d M- 5 5 _
L o(00) > (27 + 2y = 5P = 5y =54+ 207+ 29)ag ! > 0
if 42 > 2. Meanwhile
d My

5, 5 1 )
(@) > (277 437 = 57 = 5y =5+ 397 +39)a] " = 5(59" + Ty = 10)af " > 0

holds if 42 < 2. We finally achieve
My(a) > My(ao) =—(v+2)ag" + 2y +1ag + (v* + 27+ 2)ao + (v* +7 - 1)
> (=57 =4+ (P +2y+2)ag+ (P +y—1) £ Ms(7) > 0.
In fact, Ms(7) is concave in (1,2), M3(1) > 0 and M3(2) = 0. We complete the proof.

O
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Corollary 4.2. Provided that when the initial data satisfy U_ € A, and Uy € A%, we choose
QY (resp., Q%) as the unique solution of (1.1) with (1.2) for any k > 0. Lemma 4.1 and 4.2
imply that, there ezists a ko > 0, such that, for any k € (0, ky), we have:

1) U- e Ay and Uy € A%, if U- € AL(0),U; € S7(0) UTL(0). Then for (1.2), the unique
solution of (1.1) is Q% (resp., Q% ), while the unique solution of (1.3) is Q% (0)(resp., Q%(0)).
(ii) U- € Ay and Uy € A%, if U_ € AL(0),U; € 7(0) UT,(0). Then for (1.2), the unique
solution of (1.1) is Q7%, while the unique solution of (1.3) is Q1 (0)(resp., Q%(0)).

To discuss the behaviour of W3(Y') as k — 0, we consider the Riemann initial data satisfying
U- € A (ONII(0), Uy € Wa(Y)|r=o C A3(0), (4.18)
see Figure 4(a). Thus, the solution for (1.3) is structured in
Q1(0) : By (U=, Y(0)) & Wa(Y'(0), Y (0)) & W (Y(0), U).

More precisely, the following equations hold,

) =u_ — / ¥ dp»uy(O)Zwy(U)a (4.19)

a_,oy<o> J(0) = a.7,(077,(0).hy 0) = s (0)

Here, we use the fact that Y/(0) = D, (0) = (uy(0), p,(0),a_) and Y(0) = (w,(0),5,(0), a4).
That whether U, is located on A% or not depends on both U_ and Uy for k > 0. Since as we
will see, the value of | k=0 changes in

Uy (w2 — u?
( 00 _%) U (—_y( g _;),—i-oo).
Py py(uy o uy)
By the definitions of Y and Y, we have

Py w o _
Uy = U_ — / ;dp =Wy, a_pyuy = ayp,ly, h,=h,. (4.20)
p

The equations follow that
owy fy sdo—py
Py = kypy (v +1) + 3k’
;_ /@7,0;_1(7 + 3) + 5kp, /p— id B Wy
T e T F ) 3k S, 20 Ry S 1) 43k
Direct calculations to (4.20) and (4.21) yield

/

(4.21)

o o — p o [ 1

(@, — Uf,)p; =p,(py —7,) + UZ (uy — u;)/ 5 dp:
Py

dm, ) [0 Ldp+ 7,0, ~ 0y)

dp, —a,) [ 55dp +2,(py — )
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the value of 3% depends on U_ for the fixed Y. It is no doubt that for £ is sufficient small,

W5(Y') is always at the right of W3(Y)[s—o, if 7}, < 0. However, when 7, > 0, W;(Y)(at least
S3(Y)) may be at the left of W3(Y)|z—o. Since the minimum value of % satisfies that

z2/ B U?QJ) Uy Wy
— 5 a2y < —= < —.
py(uy - uy) Py Py

U, (W

A P A P
U- 11(0) U- 1
R (U-)
Ry (U-)lk=0
Y (0) v
— Y (0 — .
WiV limo Lo () W@ P Yy
_/ Ut .Ul
W3(Uz) A—Pyly = A4 PU
O u o] u
(a) k=0, Q%(0): Ry @ Wy & Wy, (D) k>0, Q3 : Ry ®Wa®S1 & Wod W, .

FIGURE 4. The Riemann solution for (1.1) with (1.2) satisfying (4.18).

Likewise, when the initial data satisfy that
U- €A (0), UpeWs(Z)|k=o C AL(0),

the solution of (1.1) with (1.2) may change from Q% to @7 (0) as k — 0.

4.3. The stability of the limit solution. Even though that U, is located on either A% or
A3 can not be determined, when we discuss the limit solution of (1.1) with (1.2) satisfying
(4.18), we have the following lemma.

Lemma 4.3. As k — 0, the limit solution of (1.1) equals to the solution of (1.3), provided the
initial data (1.2) satisfy the condition (4.18).

Proof. As an example, we now prove that the solution of (1.1) with (1.2)
Q2 RU(U-Y)eWa(Y,Uy) & S1(U, U,) & Wo(U,, Us) & Wy (Us, Uy ),
tends to the solution of (1.3) with (1.2)

Q1(0) 1 Ry (U-,Y(0)) ® W,(Y(0),Y(0)) @ S5 (Y (0), Uy).
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as k — 0. The situation is that U_ € A, (0), Uy € S3(Y) k=0, and for some small ko, U; € A%
if k € (0, ko). More precisely, we have (4.19) and

(
Py K 9 + k2 _ K Y _ k2 o
Uy:U——/ gd,OZWy, u+:uQ—\/< P2 T 302 Py — 507)(p2 P+)’
- P P2+
a_pylly = apiuy = ap,u, = aypaua, hy =hy, g1 = g., h, = ha, (4.22)
(rpy(0) — kp1)(p,(0) — py)
u IH(O)— Y — Y ,CLE(CL,,CL )’
S \/ 5,0)p2 +

see Figure 4. Our problem reduces to prove that p, — p,(0), u, — u,(0), p2 = p2(0) = p,(0),
uy — up(0) = u,(0), @ = a_ as k — 0. To this end, we now show that p/(0), u,(0), p5(0) and
u4(0) are finite. Direct calculations to (4.22) yield that

/ / / !/
A4 PoUla + Qg Polly = A— Py Uy + G pyU, = —a_py/

w3 p2—p+ | (ug — U2)P+> n pr—ri 1 1

0= ul —+ pl ( -
20\ 20uy —ua) prp2 2pa(pa — py)

Alup —u2) pr o
where u; and p; are given by (4.21), resp., which are finite at & = 0+ for the given state
U_ e A+. Thus

uy —up) pyp2 2pa(p2 —py) P2

_ 2w g d(uy —ug) pyp2

p,( w3 pr=pr (s —uz)py @)Zpr/”y Ly Py — P p2— Py

2 2( a4 P2 p

which implies that p,(0) is finite, and so is u4(0). Because the coefficient of p,(0) is not
greater than —wzp—*;“? < 0. Hence we have h, — hy(0) and hy — h2(0) as &k — 0. From
h,(0) = h,(0) = hy(0), hy = h,, we notice that hy — h,(0) and h, — hy(0) as k — 0.
Associating with g = g, ones obtain p; — p,, u; — u, and a — a_ as k — 0. For the other
cases, the lemma can be obtained similarly. We complete the proof. U

A similar argument shows that, the limit solution for (1.1) as & — 0 equals to the solution
for (1.3), with (1.2) satisfying neither U, € X(0) when U_ € A_(0) nor Uy € X%(0) UTL,(0)
when U_ € A, (0), by Corollary 4.1 and Corollary 4.2. We achieve the following two theorems.

Theorem 4.3. The solution for (1.1) with (1.2) is stable in a vanishing magnetic field, provided
that, the unique solution is defined as Q2 (resp., Q%), when U_ € A_ and Uy € A® (resp.,
U_ e A+ and U+ € Ai_}

Theorem 4.4. The solution for (1.1) with (1.2) is unstable in a vanishing magnetic field,
provided that, the unique solution is defined as QL (resp., QL ), when U_ € A_ and Uy €
A3 (resp., U_ € Ay and Uy € AY).

Proof. When the initial data satisfty U_ € A_(0) and U, € X(0), the solution for (1.3) is
Qi(O) . Wf(Uf,U2> @Rg(UQ,DQ)@%(DQ,U+),
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1 where Dy(up,, pp,) € 3(0). By Corollary 4.2, we know that U; € Aj. Similar as we have done
2 in Lemma 4.3, as k — 0, the limit solution of (1.1) with (1.2) is

Q%(O) : Wf(Uf, Ul) © R3(U1, Dl) ©® WQ(Dl,El) ©® Sfr(ﬁl, U+),

3 where Dy(up,, pp,) € £(0), D1(up,, pp,,a+) € 5(0). Figure 5 shows the two solutions in (u, p)
plane, and Figure 6 shows them in (x,¢) plane.

pU = a—pp,up,

Wi (U-) O u

FIGURE 5. The Riemann solutions in (u, p) plane. The dotted line is S5 (D1)]x=o.

Uy

a. Solution Q (0). b. The limit solution Q2 (0).

FIGURE 6. The Riemann solutions in (x,¢) plane.

It holds that

P+U+ — Pp,Up,
P+ — PD,

6 In fact, by the definition of ., the unique state S$(D;) is on the curve X, (0), which is located

7 on the left of ¥(0). Thus

4y pily = a_pp,up,, hy =hp,, o(Dy,Uy) = > 0.

A—PDyUDy = Q4P+ U4 < A4 PP, Up, = A—PDUDy,
8 which imply that pp, > pp, since both D; and D, are on the curve 3(0). It is clear that
9 po > pp and A\3(U;) > A3(Uz). As far, we have proved that Q! (0) and Q*(0) are totally
10 different. Likewise, the case where the initial data (1.2) satifying

U- €A (0), UpeX™(0)ul,(0),

11 shows the solution for (1.1) is unstable in a vanishing magnetic field. We complete the proof. [
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