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Abstract

In this paper, we construct the Riemann-Liouville fractional integral and differential op-
erator of bicomplex order and illustrate some examples to calculate the fractional integration
and differentiation of bicomplex order of some elementary functions. Also, we discuss some
properties of these operators by proving analogues of the Leibniz and chain rules for these
operators.
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1 Introduction

In the last few years, there has been a remarkable development in subject of bicomplex numbers
and fractional calculus. The bicomplex number system has reached different results in complex
number systems and also, the fractional calculus has given many multidimensional and radical
changes in the field of calculus.

Bicomplex number system is a special kind of generalization of complex number system as
they are complex numbers appearing with another imaginary unit whose coefficients are also
complex numbers. Bicomplex numbers were firstly defined by Segre [12] in 1892. Segre described
an infinite set whose elements were later called bicomplex number, tri-complex number, ---, n-
complex numbers. The bicomplex numbers extend the complex numbers into a four-dimensional
space and can be recognized as four-dimensional vectors, in the similar way that complex numbers
are recognized as two-dimensional vectors. Also, bicomplex numbers can be conceptualized as
ordered pairs of two complex numbers.

The initial development of bicomplex numbers basically rests on the pairs of complex numbers.
The theory of bicomplex numbers has many applications in various branches of science [1, 2, 3,

. Goyal et al. [23], extended gamma and beta functions to bicomplex variables. Luna et al.
[10] presented algebra, geometry, and analysis of bicomplex holomorphic functions. Efforts have
been made to define generalized bicomplex Riemann zeta function [31], bicomplex Dirichlet series
[33] and its integral representation [32], some properties of bicomplex numbers [31]. Topological
modules over the ring of bicomplex numbers were developed in [35]. Agarwal et al. [1] generalized
Mellin transform in bicomplex space with application and discussed solution of Maxwell’s equation
in bicomplex space [5]. Fibonacci sequence with coefficients from bicomplex numbers [25] and
bicomplex Fibonacci numbers and their generalization were presented in [24]. Common fixed
point theorems in the frame work of bicomplex valued metric space (X,d) and max function for
the partial order in bicomplex valued metric d were obtained [29].

Recently, the bicomplex version of Enstrom-Kakeya theorem and some of its consequences was
introduced [11]. The concept of triple Laplace transform in bicomplex space was given in [22].
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Some fractal-type sets in the four dimensional space were constructed [14]. The bicomplex finite
element method that can be applied for wave propagation problems in various environments was
presented [39]. A necessary and sufficient condition for the general principle of convergence of
infinite product of bicomplex number, some of its consequences and validity of the theorems were
given in [13]. Work has been done on some new fixed point theorems for contractive maps that
satisfied Mizoguchi-Takahashi’s condition in the setting of bicomplex-valued metric spaces with
existence and uniqueness of the solution of a non-linear integral equation [20].

With this, if we talk about fractional calculus, then we can say that fractional calculus is
not a new topic. Its history is almost as old as that of classical calculus. Fractional operators
were viewed in their early life by various mathematicians with an inferior view and we can even
say that pure mathematicians have contributed more than applied mathematicians in its early
stages. Applied scientists, mathematicians, and engineers over the last few decades have realized
that differential equations with fractional operators provide a simple framework for discussing the
problems associated with various real life problems, under which the fractional operators exists
such as viscoelastic systems, signal processing, diffusion processes, control processing, fractional
stochastic systems, allometry in biology and ecology and many more [30]. With non-local and non-
singular kernel [7] and without non-singular kernel [13], new fractional derivatives were defined.
Series representations for models of fractional calculus [19] and mean value theorem and Taylor’s
theorem for fractional derivatives [13] and properties of fractional derivatives [17] involving Mittag-
Leffler kernel were given. Many concepts have been proposed via generalized fractional operators
[10, 28].

Some of useful applications of fractional calculus were given in [12]. Incomplete Riemann-
Liouville fractional integral operators and hypergeometric functions were described in [38]. In
[20], A fundamental connection with classical fractional calculus was given. Some applications
of differential equations equipped with fractional operators [(], special functions and solution of
differential equations in frame of fractional calculus [15] were established . Many researcher have
done work in the direction of generalization of a solution for a class of integro-differential equations
with non-separated integral boundary conditions [11]. A new fractional derivative, which is based
on Caputo-type derivative with a smooth kernel was proposed in [10].

Many interesting properties of the incomplete I-functions associated with the Marichev-Saigo-
Maeda fractional operators were investigated [27]. Several other ways have been proposed to define
fractional integral and differential operators. There are many operators among them which are
conform to the definition of Riemann-Liouville fractional operators, while many such operators
have also been defined which do not conform to the definition of Riemann-Liouville fractional
operators. For example, the Griinwald-Letnikov fractional differintegral is defined by the limit of
a convergent series which is equivalent to the definition of Riemann-Liouville fractional operators
[37]; meanwhile, the Caputo fractional derivative is defined by switching the order of the operations
on the right-hand side of (2.19), and it is not equivalent to Riemann-Liouville definition [3, 9].

(Classification of the paper as follows:

In Section 2, we summarize basic facts on bicomplex numbers and fractional calculus according to
our purpose. In Section 3, we define the Riemann-Liouville fractional operators of bicomplex order
and illustrate some examples. In Section 4, we prove an analogue of properties of these operators
including Leibniz and chain rules. In last Section, we conclude the paper.
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2 Preliminaries

2.1 Bicomplex Numbers

The bicomplex number (see, e.g. [10]) defined as
W=z + jzo; 21,29 € C. (2.1)
Let z; = x1 +iy; and 23 = x5 + iy, then (2.1) becomes
w =Ty + 1y + Jr2 + Y25 T1,Y1, T2, Y2 ER (2.2)

equipped with the multiplication defined by j? = -1, ij=ji=Fk, i%j%>=1.
Using (2.1) and (2.2), the set of bicomplex numbers C, can be given as
(CQ = {’LU = Z1 +]2’2 121,22 € C}, (23)
Co = {w =z +iy1 + jwo +ijya - T1,y1, T2, Y2 € R}, (2.4)

By manipulating ¢ and j we may have other representations also. Let us consider following sets
C@i)={z=z+1iy : z,y e R} 5)

2.
Cli)={s=z+jy : z,yeR} (2.6)
D={w=ux+1ijys : x1,y2 € R}. 2.7)

Both C(i) and C(j) are isomorphic fields of complex numbers and D is set of hyperbolic numbers.
The algebraic operations for bicomplex numbers are exactly the same as the operations for complex
numbers.

2.1.1 Zero Divisors

w = 21+ jz2 # 0 be a zero divisor if both 2; and 2z, are non-zero but the sum 22 + 22 = 0. In fact,

all zero divisors w = 21 + jz» in C, are characterized by the equations 27 = —22, i.e. 2 = Fizy.

Thus all zero divisors are of the form
w = A\1=£1j) (2.8)

for any A € C(i) \ {0}. The set of all zero divisors in C, is said to be null-cone Oy and defined as

Oy ={w=12+7j2€Cy:2 =Fizy; 2} +25 =0} (2.9)
By applying simple calculations we can prove that e; and e; are two linearly independent zero
divisors, rest are some complex multiple of either e; or ey [15], where
1+ 1—1j
e = €y = . 2.10
1 2 y €2 2 ( )

2.1.2 Idempotent Representation

An element w is said to be an idempotent element if w? = w. As we all know that in real and
complex number field there are only two idempotent elements 0 and 1. In bicomplex number
system, rather than these two, e; and ey (defined in (2.10)) are also idempotent elements i.e.

el =e;, e€3=e,, (2.11)
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using these two idempotent elements we have a unique representation for every bicomplex number,
known as tdempotent representation, and given as

W =21+ jzo = (21 —iz2)er + (21 + i22)en (2.12)
= wie; + waes.
Infact, for every w € Cy (2.12) can be written as
w = Pr(w)ey + Pa(w)ea, (2.13)
where the projections Py, Py : Cy — C(i) are defined as Py (214 jz2) = 21 —i2e and Pa(z1+j22) =
21 + 12.
2.1.3 Bicomplex Differentiation

The definition of differentiability of a bicomplex differentiable function can be seen as similar as
in complex field. But the approaches may different. Let f be a function defined on a set S C C,,
then the derivative of the function f at a point wg € S is the limit, if it exists,

o F@) = fw) Lk s w) — f(w)

W= or Aw—0 A
w—w()gEOQ w = w[) A&)U%_(Bz w
and we write
— A —
w—wo — w
w—wo¢O2 w Wo AAw§§_(>92 AW

for w in the domain of f such that w — wy is an invertible bicomplex number.

2.1.4 Bicomplex Integration

Let w = z1 + jzo &= (z1,22) be a bicomplex number, where z; and z; are complex numbers.
Consider a bicomplex function

fw) = f(21, 22) = fi(z1, 22) + jfa(21, 22) = (f1(21, 22), fa(21, 22))

and let T be a four dimensional piecewise continuously differentiable curve in a set S C C,. Then
the bicomplex integration of bicomplex function f is defined as a line integral, that is evaluated
with respect to some four-dimensional curve T in C,. More specifically, the bicomplex integration
is defined as

/Tf(w) cdw;  dw = (dzy, dz). (2.15)

If we represents T in parametric form w(t) = (z1(t), 22(t)), where r < ¢ < s. Then (2.15) can be
rewritten as

/ f(w) - dw = /5 fw(t)) - w'(t)dt. (2.16)
T r

Here w'(t) may discontinuous at some points. Y can be taken as a curve made up of two component
curves 1 and 7, in C i.e.

T = (m,7). (2.17)
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2.2 Fractional Calculus

Origin of fractional calculus was from a question under which it was asked that can n be any
number: fractional, irrational, or complex in < o—¢. The question was answered affirmatively latter.
Leibniz, Euler, Laplace, Lacroiz, and Fourier made mention of derivatives of arbitrary order, but
the first use of fractional operations was made by Abel in 1823 [36]. By the time of the 21%
century many different fractional operators have been defined. For example, Riemann-Liouville
operators, Caputo operators, Atangana-Baleanu operators, Prabhakar operators etc. The origin
of the Riemann-Liouville operator is primarily Abel equation based. Defining the operator on the
basis of Abel equation is mentioned in [11] [p. 28-37].

Riemann-Liouville operators are the most common way of defining fractional calculus. Now, we
discuss Riemann-liouville operators firstly for complex order and then define for bicomplex order.

2.2.1 Riemann-Liouville Fractional Integral and Derivative of Complex Order

Definition 2.1 ([36]). “Let a = a+ib € C(i) with Re(a) > 0 and let f(z) be piecewise continuous
on J' = (0,00) and integrable on any finite subinterval of J = [0,00). Then for t >0 we call

oD; () / f(x)(t —2)* dx (2.18)
the Riemann-Liouville fractional integral of f of order «, where I' denotes complex gamma func-
tion.

Let us denote C as the class of functions defined in above definition.

Definition 2.2. Let f be a function of class C and 5 =c+1id € C. Let m = | Re(8)] + 1, where
|| denote the greatest integer less or equal to x. Then the fractional derivative of f of order (B
18 quven as

DPf(t) = Dm{D‘”f( )}, Re(B) >0, t>0 (2.19)
DPf(t) = dtm/ Fx)(t — z)"'da, (2.20)

(if exists) where v=m —f s.t. 0 < Re( ) <

In particular, if Re(8) = ¢ = 0 then (2.19) converted into fractional differentiation of purely
imaginary order. In the case of purely imaginary order the fractional derivatives defined similarly
to (2.20) by the formula

D f(t) = ﬁ%/ﬂ f2)(t — x)""dx. (2.21)

It is worth noting here that fractional integration cannot be defined as in (2.18) in the way that we
have introduced fractional derivative in (2.21) because of the divergence of the integral for o = id.
So the fractional integration is defined as follows

—zdf — D—l zdf
Therefore,

, 1 d [* ,
D7f(t) = ——— t — x)dzx. 2.22
10 = s |, f@e =y (2.22)
Now in order to complete the definition for all complex order we have identity operator as follows

Df =D f=f" (2.23)
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3 Riemann-Liouville Fractional Integration and Differen-
tiation of Bicomplex Order

In this section, we introduce a new concept of integration and differentiation in which we discuss

Riemann-Liouville fractional operators of bicomplex order.

Let w = z; + jzo € Co ; 21,20 € C(i), where 2z = 21 +iy; and 2y = x5 + iys. Then using
idempotent representation of w, we have

w = (21 —iz9)e1 + (21 +i29)e9
or W = wiey + Woes, (3.1)
where
Wy = 21 — 129 and we = 21 + 129 (3.2)
= W = (l’l + Zy1> — Z(IQ + Zyg) and Wo = (l’l + Zy1> + Z(xg + Zy2>
= wy = (21 +y2) + i(y1 — x2) and wy = (21 — y2) + i(y1 + 22),

where e; and ey have the same meaning as we introduced in (2.10).
We introduce Riemann-Liouville fractional integration of bicomplex order as

oDV f(t) /f — )" dz, (3.3)

where w = z; + jzo € Cy with Re(z;) > |Im(22)| and I" is bicomplex gamma function [23]. The
definition of Riemann-Liouville fractional integration of bicomplex order is well justified by the
following theorem:

Theorem 3.1. Let w = 21+ jzo € Cy with Re(z1) > |Im(z2)| and let f be a function of class C.
Then for t > 0,

oDV f(t) / f(z ) tdx. (3.4)

Proof. Consider the Riemann-Liouville fractional integral of f of order o € C(i) as we defined in
(2.18)

oD f(t) / f(z)(t —2)* 'dx. (3.5)
Now replacing a by w € Cy in the LHS of (3.5) and using representation (3.1), we have

oDV f(t) = oDy T (1)
= {OD_wlf Yer +{oDy 2 f(t) }ea (3.6)

{ T'(w:) /f —et ldm}eﬁ{ T(1g) /f - )“’Q‘Idaz}ez. (3.7)

Both integrals exist and well define by the hypothesis, because

Re(z1) > |Im(z2)|
= 11 > |ys|

= x1 >y and 1 > —Yo
= a1 —1ys>0and z1+y, >0
= Re(w;) > 0 and Re(ws) > 0.
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Hence, integrals defined in (3.7) are meaningful. Now, using the concept of bicomplex gamma
function [23] in (3.7), we have

D—w _ w161+w262—1d
0 f( ) F ’w1€1 + w262 / f ) v

w/f — 2)" .

Remark 3.2. Since the condition Re(z1) > |Im(z2)| can be seen as x; > |ys|. Hence, for such
w € Cy defined in above theorem let us introduce the set S = {w : H,(w) represents a right half

plane z1 > |y»|}, where H,(w) := Hyperbolic projection of w. Geometric interpretation is shown
in figure 1.

]

| |Yz|

Figure: 1

For simplicity let ¢D; " = D™ in our further discussion.
Let us consider different cases :

1. w=2z 4750 = 2,
in this case (3.4) coincides with the case of complex order (2.18).

2. w=0+ jzo = jzo with Im(zy) # 0,
in this case inegration cannot be defined because of the divergence of either integral described
n (3.7) (particularly for ys € Z.)

3. w=0+jzg = jzo with Im(29) =0,
this case will be define further by help of differential operator.

4. w=z1+1jys € D,
for such w integration (3.4) exists if w € D,,, where the new set D,, can be define as :
w = {T1 +ijys : &1 > 0,27 — y3 > 0} shown in figure 2.



RIEMANN-LIOUVILLE FRACTIONAL OPERATORS OF BICOMPLEX ORDER AND ITS PROPERTIES

Dw

i) | 1

U

- (i) f (1111
L /
(]
|
|
|

Figure: 2

A bicomplex number defined as w = z; + jz» admits several other forms of representations and
based on these representations, we can also demonstrate the condition proposed above in different

ways shown in table 1.

S.n. Bicomplex Number Transformed Condition
1 | w=(r14+ i)+ j(xe +iys) = 21 + j2o Re;i(21) > [Im;(z2)]
2 | w= (214 jz2) + i(yr + Jy2) = G+ 1G Re;(¢1) > [Tm;(Go)|
3 | w= (214 ky) +i(y1 — ko) = p1 +ip2 Rex(p1) > |Tmy(p1)|
4 | w= (21 +ky2) + j(z2 — ky1) = 01 + joo Rey(o1) > [Img(o1)]
5 | w=(x1+iyr) + k(ys — ixs) = wy + kws Re;(w1) > |Re;(ws)|
6 w =Ty + 1y + jr2 + 1jY2 Re;(w) > |Imy;(w)]

Table 1:  Conditions for Riemann-Liouville fractional integration according to different way of

writing a bicomplex number.

[ and Im,(g) represents imaginary part of

In table 1, Re;(g) represents real part of g w.r.t.
etc. Now we introduce Riemann-Liouville

g w.r.t. [, where [ = 1,7,k and g = z1,29,(1,(o- -~
fractional differentiation of bicomplex order as

DY f(t) = Tm = wdtm/f Yt — )™ N,

where f is a function of class C, w = z; + jzo = wie; + waes € Cy with Re(z) > 0, my
|Re(wy)| + 1, my = |Re(ws)| + 1, and m = mye; + maoey. The definition of Riemann-Liouville
fractional differentiation of bicomplex order is well justified by the following theorem:
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Theorem 3.3. Let [ be a function of class C and let w = 21 + jzo = wie; + weey € Cy with
Re(z1) > 0. Let my = | Re(wy)|+1, ma = | Re(ws) | +1 and m = mye; +maes. Then the fractional
derivative of f of order w define as

D" f(t )" . 3.8
10 = e [ 1) : (39
Proof. Replacing § in LHS of (2.19) by w € C, and using (3.1), we have

D" f(t) = {Dmre f(t)}
= {D" f(t)}yer +{D"* f (1) }ea. (3.9)

We suppose (i) m; = [Re(wy)| +1 and ma = [Re(ws) | + 1
. (i) v1 = my —w; and vy = My — wy to obtain

DYf(t) ={D™{D™" f(t)} yer + {D™{ D" f(t)} }ea

1 dm™ 1 dm™
{ tml/ f . 1)1 ld.T}el—F{ th/ f _ 1)2 1d$}€2,

(3.10)

which is meaningful since Re(v;) > 0 and Re(vy) > 0 by the definition of v; and wve. Using
properties of idempotent representation, we can write (3.10) as follows.

1 m181+m262) N -
D¥f(t) = (viertvzea) =1 g,
f< ) F(U1€1 + U262 dt mie1+maez) / f T

Putting values of v; and vy and let m = mje; + moes, we have

1 d(miei+maez)

I'((my — wy)ey + (Mg — wy)ey) dtlmertmaes)

DY f(t) = / flx)(t — :c)((ml wi)er+(ma—wz)ez) =1 1.

1 d(m161 +maez)

= t _ ((m1e1+maes)—(wier+waez))— 1d
I'((myeg + maes) — (wreg + woey)) di(miertmaes) / fla z) Z

— mw—ld'
mwdtm/f v

Let us consider different cases :

1. U}:Zl+j0221,
in this case (3.8) coincides with the case of complex order (2.20).

2. w=0+jzg = jzo with Im(29) # 0,
in this case one component represents integration while other component represents differ-
entiation of complex order in (3.9) and can be solve easily using (2.18) and (2.20).

3. w=0+jzg = jzo with Im(29) =0,
in this case from (3.8), we obtain

1 d

D™ f(t) = ma/o f(z)(t — z)7*2dw, (3.11)
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which is conform to (2.21). In this situation we can define integration as follows

) d )
piv2p — Y p-1-jaz
f== f
Therefore,
D772 f(t) = _t 4 /t f(z)(t — x)™dx (3.12)
- I(1+ jz) dt Jy ‘ ‘

4. w=u1z1 +1ijy, € D,
in this case result can be derived in the similar way as we did for (3.8).

Now, we will state some examples to calculate the fractional integration and differetiation of
bicomplex order.

Example 3.4. Find the Riemann-Liouville fractional integration and differentiation of bicomplex
order of f(t) =t", where u > —1.

Solution. Integration: Let w = 2, + jzo = wie; + wqey € Cy with Re(z;) > [Im(2q)|. On putting
f(t) =t* in (3.6), we have

D™Yth = {Diwltu}el -+ {Dintu}eg. (313)
Firstly, we deal with D~"¢t",
t
DY = / ot — ) tdx, w, € C(i 3.14
o |, =) € C() (3.14)
B(U’ + 1a wl) +
= .36] .
T [36, p.36]
I'(u+1)

= 7 _qutwn, 1) >0 3.15

where B is complex beta function. Similarly, we can find D~"2t" as

F(u+1)

g = )
D(u+wy + 1)

"t (u+1) > 0. (3.16)
On substituting values from (3.15) and (3.16) into (3.13) we get

_ Iu+1) I'u+1)
D wtu — —tquwl e + —tquwg e
{F(u+w1+1) } ! {F(u+w2+1) 2

I'u+1)

=", 3.17

I'u+w+1) (3:17)

Where we used concept of bicomplex gamma function given in [23]. In particular, for u = 0 we
have from (3.17)

r'()
D™ "
(1) I'(w+1)
1

S (3.18)
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Similar to the results obtained for real and complex [30, p.47], here we are also getting the
same kind of surprising results under which the bicomplex fractional integral of a constant is not
a multiple of .

Differentiation : Let f(¢) = t*, where u > —1 and w = 21 + jzo = wie; + woey € Cy with
Re(z1) < [Im(22)|. Then using (3.9), we have

D¥t" = {D“’lt“}el —+ {D“’?t“}eg (319)
= {Dml{Divltu}}el -+ {Dm2{D7U2tu}}€2,

where m; = |Re(wy)| + 1, my = |Re(ws)| + 1, vy = my — wy, and vy = my — wy. Now,

(i) D¥'t* = D™{D~""t"}
m [Pt l) o,
=D {F(u+vl+1)t+ } (By (3.15))
Fu+1) dm™
C T(u+v +1)dam
I(u+1) D(u+v 4+ 1)

T Tlu+uvi+1) Tlu+uv —m+1)
I'(u+1)
F(u—w; +1)
I'u+1)
I'u—w +1)

u+v1

t(u—l—vl —ma1)

u—wi

= Dvith = o (3.20)

Similarly,

I'u+1)

o D _
(i7) T(u—ws + 1)

e, (3.21)

Putting values from (3.20) and (3.21) into (3.19), we have

F(u+1) _ [(u+1) -
Dwtu — tu w1 tu wo
{F(u—w1+l) }61+{F(u—w2+1) “

I'u+1)
— 7T pumw 22
I'u—w+1) (322)
In particular, for u = 0 we have
(1)
D¥(1) = v
(1) I'—w+1)
1
- - yw 2

'l —w) (3.23)

which is of course not zero. Again, we get very different results in which bicomplex fractional
differentiation of a constant is not zero.

Example 3.5. Find the Riemann-Liouville fractional integration and differentiation of f(t) = logt
of bicomplex order.

Solution. Let us start with integration,
Integration: Let w = 21 + jzo = wie; + weeg € Co with Re(z1) > |Im(z)].

D™ logt ={D ™ logt}te; + {D " logt}es (3.24)
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Consider D" logt,

t
D " logt = / log y(t —y)“*dy.
0

1
['(wy)

If we make the change of variable y = tx, then

. _ w1 tor 1 oy
D™ "'logt = Tl 1) logt + m/o (1 — ) log xda. (3.25)
Since
1
| v 0= g pin = Bla. ) [b(e) —vla+ B): Relo).Re(h) >0, (326)

where 1 is the complex digamma function. Thus if we let a = 1 in (3.26),

/0 (1 - p) " log pdp = B(1, B) [¢:(1) — (1 + B)]
= B(1L.B) [~y — v(1 1 ). (3.27)

where v is Euler’s constant. Using (3.27) into (3.25), we have

w1

D " ogt = —— [logt — v — +1)]. 3.28
Similarly, we can find D2 logt as
D "2 logt = —— [logt — v — +1)]. 2
og F(wg 0 [og y w(wg )] (3 9)

Substituting (3.28) and (3.29) into (3.24), we have

D™ logt = {F(%ll) logt — v — (w1 + 1)]}61 + {ﬁ logt —~ —(ws + 1)]}62
— —F(uf—i— 0 logt — vy — W(w+1)], (3.30)

where ¥ is bicomplex digamma function.

Differentiation :

In the similar manner for w = 2z + jzo = wie; + woey € Cy with Re(z1) < 1 — |Im(z)|, we can
obtain

—w

DUlogt= —
LT T —w)

logt —~v— ¥(1 —w)]. (3.31)

Riemann-Liouville integration and differentiation of appropriate bicomplex order of some elemen-
tary functions are given in table 2.

Remark 3.6. For Ey(w,a), Ci(w,a), and Sy(w,a) see e.g. [36, p.314-320].
Remark 3.7. For Ey(—w,a), Ciy(—w,a), and Si(—w,a) see e.g. [306, p.48-49].
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S.N. | Function | D" Integration D" Differentiation
T(u+1)twFe I(utl) ju—w
1 t"logt I(utw+1) [log ¢ T wiD! [log
+U(u+1) — V(u+w+1)] +U(u+1) — ¥(u—w+1)]
D—weat — tweat,y* (w at)
at ’ w,at _
2 e, aeR ~ By(w,a) D¥e" = Ey(—w,a)
D cos at Ci(w, a
3 | cosat,a €R w,a) D" cosat = Cy(—w, a)
= F(w fo ) cos a(t — x)dx
D smat Si(w, a)

DY sinat = Sy(—w, a).

4 sinat, a € R fo sma t — x)d$

Table 2: Riemann-Liouville integration and differentiation of bicomplex order of some elementary
functions.

4 Some Properties of Riemann-Liouville Fractional Oper-
ators of Bicomplex Order:

In this section, we discuss some useful properties viz. the law of exponent and Leibniz rule for
Riemann-Liouville integral and differential operators.

Theorem 4.1. Let f(t) and g(t) be piecewise continuous functions on J' = (0,00) and integrable
on any finite subinterval of J = [0,00) and w = 21 + jzo = wie; + waey € Co with Re(z) > 0.
Then for t > 0,

D (f(t) +g(t)) = D f(t) + Dg(t).
Proof.

D (F#) + (1)) = D ) (£(2) + (1)

= (D™ (1) + gt }er + (D" (F(1) + 9(0) Jes

— (D™D (F(0) + g()}er + (D™ (D~ (F(8) + g(t) Hes

= (D™ (D" F0)}} +{D™ {D " g(t)}} e
D™D F (1) + D™ (D g0} e

= ({D™ D F(O) e + {{D™ (D™ (1)} )
D™ D gl er + ({D™{D (1)} Yea)

= ({D" f(D)}er + (D™ f()}ea} + {{D™ gl1)}er + (D g(0)}er}

= Dl f(g) 4 Dl gy

= D"f(t) + D"g(t).

where mq, mo, v1, and vy are same as taken before. O

Theorem 4.2. Let f(t) and g(t) be piecewise continuous functions on J' = (0,00) and integrable
on any finite subinterval of J = [0,00) and w = z; + jzo € Cy with Re(z1) > |Im(z2)|. Then for
t>0

D™(f(t) +9(t)) = D™ f(t) + D™"g(t).
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Theorem 4.3 (The law of exponents for integration). Let f be a piecewise continuous function
on J. Let w = z1 + jzo = wie; + wseg € Co and £ = z3 + jz4 = &e1 + Eeg € Coy with
Re(w), Re(ws), Re(&1), Re(&2) > 0 and Re(wy + &), Re(ws + &) > 0. Then

TUDTEf()) = DT f(t) = DD F(1)]. (4.1)
Proof. By applying definition of integration :

@) DD = s e g [ @0 ) @
= e [ =t [0 sy
e [t [ e

" {nglfﬁz /ot (t =2y da /Ox (2 — y)&lf(y)dy} e (4.2)

Now,

1 t . z 1 - -
ot J, (e [ = e / [ =0 = g )daay
mm// o) =) S ) dyde

= 1 t wi+§1—1
a lerng(wal)/o (t—y) fy)dy
1 t B
ey O
where B is complex beta function. Similarly,
1 t 1 x fa1 1 t -
_ p\W2— _ 2— — _ o \w2t&2—
Tl /0 (t =) lda /0 (=) Wy = Fr— ey /O (t—y) fly)dy.  (4.4)

Using (4.3) and (4.4) into (4.2), we have

D0 <50) = { g [0 e+ (s [ w0 e

1 ' w+E—1
:m/o(t—y) f(y)dy
= DS [D" f(t)].
Hence,
D™"[D™*f(t) y)* T f(y)dy = DS [D™V f (1) (4.5)
() Dy £+w / W)L Ay (4.6)

(4.5) and (4.6) now implies the truth of (4.1) . O
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The similar property can be proved for differentiation by imposing some additional restrictions
on f. Before this let us define a new class of functions C which contains all the functions f(¢) of
the form

t*n(t) or t*log(t)n(t) (4.7)
where A > —1 and n(t) = >~ a,t™ has a radius of convergence R > 0.

Theorem 4.4 (The law of exponents for differentiation). Consider w = wie; + wqey € Cy and
&= &eg +E&ey € Cy with Re(wl),ﬁe(wg), Re(&1), Re(&) < A+ 1 and Re(wy 4+ &) < A+ 1, Re(wy +
&) < A+ 1. Let f(t) be of class C and X be a positive number less than R. Then

D" [DEF(8)] = D)5 (t) = D (D £ (1) (4.9
for all t € (0, X].
Proof. If f(t) = t*n(t), then from (3.22)

+A+1)
DEF() = €S gy g 4.9
Uy Za 'n+A+1-¢) (4.9)

and if f(t) = t*log(t)n(t), then from table 2,

B n+X+1)
DEf(t) = t*4(logt) Zan CES s
SO a (WA )~ A+ 1] x A ()

Tntr+1-¢)

Since, by hypothesis Re(¢;), Re(&) < A+ 1, DEf(t) €C in both cases.
Thus, from (4.9)

o0

y ; B F(n+)\+1) F(n—l—)\—i—l—f) n+A—{—w
D [Df(t)}_; Tt A+1-8)  |[TntAtl—€&—w) .
n+)\+1) n+A—(§+w)
—Z Fn+>\+1_(£+w))t+ + (4.11)
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which is precisely D¥*¢f(t). From (4.10) and then using table 2, we have

o0

Z n+X+1) I'n+A+1-¢)
I'n+A+1=-T'n+A+1—-&—w)
X [logt +U(n+A+1—8&) —U(n+X+1—(£+w))] A=+

I'(n+X+1)
'n+XA+1-9)

D [DEf(t)] =

+ an [T+ A+ 1) = U(n+ A +1-¢)] x

% |: F(?’L +A+1-— 5) tn+)\7(§+w)
Fn+A+1-(£+w))

I(n+A+1)
_Z 'n+A+1—({+w))
[logt+{\11(n+)\+1—§)—\If(n+)\+1—(§+w))} (4.12)
F{Un+A+1) = T(n+A+1—&)} x tmEtw

_ - I(n+A+1) _
(Og)za I'h+A+1-({+w)) +

= n+)\+ 1) "
xZanFn+)\+1_(€+w)) X[Wn4+A+1) —Un+A+1—(E4+w)t

n=

(4.13)

which is again precisely D" f(t). In the similar manner we can prove another equality
DWHE) f(t) = D¢ [D" f(t)] . Thus the proof is complete. O

Theorem 4.5 (Leibniz rule for integration). Let f be continuous on [0, X] and let g be analytic
at a for all a € [0, X]. Then for w = z + jzo = wie; +wqey € Cy with Re(z1) > 1+ [Im(22)| and
0<i<X,

o0

D lsgt]l = 3 () D) [Dt100). (4.14)

k=0

Proof. Firstly, we see that if f is continuous on [0, X| and g is analytic at a for all a € [0, X],
then fg is certainly of class C and for Re(z;) > 1 + |Im(z22)|, the fractional integral

D= [f()g(1)] = % /0 (t— 2)" ' f(z)g(x)dz  exists. (4.15)

Since ¢ is analytic function, we may write its Taylor series as

Z )t—l‘)k

k=0

)+ > (~1) lf!(t) (t — 2)*. (4.16)

k=1

The series (4.16) converges for all z in an interval that properly contains [0, ¢] and hence uniformly



M.P. GoswAMI AND R. KUMAR 17
n [0,#]. Substituting (4.16) into (4.15) we have
D 1090 = 1y [ (¢ =0 ) { EONCIE x)k} s
— o) {% /Ot(t - x)wlf(x)dx} + F—lw /Ot(t ) () i(—nkakg!(t) (t — 2)hda.

[e.e]

= g(t)D~ wf(t)+Fiw /0 (t—2)" " fla) x 3 (1) =Tt — )da. (4.17)

Since f is continuous on [0, X] and Re(z;) > 1 + |[Im(2)|, therefore, (¢t —z)“~!f(z) is bounded
n [0,¢]. Hence we may interchange the order of integration and summation in (4.17) to obtain

D f@glo)] = S0 [ 0w
k=0 ' 0
I'w+k)

NE

(D" iy (D] D7)

i

0

NE

(W)l ose) g

i
(=)

[]

Remark 4.6. The only reason we assumed ¢ analytic for all points a in [0, X] was to guarantee
the uniform convergence of series (4.16) for x € [0, X].
Now we shall attempt to prove analogous results for fractional derivatives.

Theorem 4.7 (Leibniz rule for differentiation). Let f and g be two functions of the class C. Then
for w = z1 + jzy = wieg + woey € Cy with Re(z1) > |Im(z2)]

oo

D [f(t)g(t)]

(Z’) [DFg(t)] [DYF£(1)] . (4.19)

k=0

Proof. If f,qg € C then by replacing —w with w in (4.18) , we obtain the Leibniz rule for
differentiation. N

Apart from these, there are some other properties which we can get from mere observation.
Some of these are as follows :

e Both fractional integral and differential operators are non-local operator (as it is defined on
an interval).

e Calculating time-fractional derivative of a function f(¢) at some ¢ = ¢; requires all the past
history, i.e. all f(t) from t =0 to t =t;.

e Calculating space-fractional derivative of a function f(z) at x = xy requires all non-local
values of f(z).
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5 Conclusion

In this paper, we have performed some detailed analysis of the Riemann-Liouville fractional inte-
gral and differential operators of bicomplex order. We demonstrated these operators by calculating
some examples. We established some important properties of these operators including Leibniz
and chain rules.

Acknowledgement: Authors are thankful to University Grants Commission (UGC) for fi-
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