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Abstract

The large time behavior is considered for the solutions of the Navier-Stokes
equations for one-dimensional viscous polytropic ideal gas in unbounded domains.
Using the local anti-derivatives functions technique, we obtain the power type decay
estimates for the generalized solutions as time goes to infinity.

Keywords: Compressible Navier-Stokes; Decay rates; Unbounded domains;
Generalized solutions; Large initial data.

1 Introduction

The compressible Navier-Stokes system describing the one-dimensional motion of
a viscous heat-conducting perfect polytropic gas is governed by the equations in the
Lagrange variables(cf.[2])

vt = ux, (1.1)

ut +

(
Rθ

v

)
x

=
(
µ
ux
v

)
x
, (1.2)(

cvθ +
1

2
u2

)
t

+

(
Rθ

v
u

)
x

=

(
κ
θx
v

+ µ
uux
v

)
x

. (1.3)

Here, t > 0 is time, x ∈ R = (−∞,+∞) denotes the Lagrange mass coordinate; the
unknown functions v > 0, u, θ > 0 are, respectively, the specific volume of the gas, fluid
velocity, absolute temperature; the positive constants µ and κ are the viscosity and
heat conductivity coefficients; the heat capacity cv = R

γ−1 is constant with γ > 1 being
the adiabatic exponent and R > 0 being the given constant.

Since the first work of Kazhikhov-Shelukhin [14] on the global existence of large
solutions for the equations (1.1)-(1.3) in bounded intervals, significant progress has
been achieved on the mathematical aspect. See, for example, [1, 6, 19, 22, 20]. For
the Cauchy problem of equations (1.1)-(1.3), the global existence of large solutions
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is originally due to Kazhikhov-Shelukhin [13]. Jiang [10, 11] proved that the specific
volume is point-wise bounded for all x, t and studied some partial results on the large-
time behavior of solutions. Later on, Li-Liang[12] obtained the uniform in x, t estimate
on the temperature, and prove that the global solution is asymptotically stable as time
tends to infinity. We also refer readers to the papers [1, 9, 8, 18] and the references
cited therein.

We study the equations (1.1)-(1.3) with the initial conditions

(v(x, 0), u(x, 0), θ(x, 0)) = (v0(x), u0(x), θ0(x)), x ∈ R (1.4)

and the far-field behaviors

lim
|x|→∞

(v(x, t), u(x, t), θ(x, t)) = (1, 0, 1), t > 0. (1.5)

For the sake of convenience, we first collect some known existence results.

Proposition 1.1 ([1, 13, 10, 11, 12]) Assume that the initial functions (v0, u0, θ0)
satisfy

v0 − 1, u0, θ0 − 1 ∈ H1(R), inf
x∈R

v0(x) > 0, inf
x∈R

θ0(x) > 0. (1.6)

Then, there exists a unique global (large) generalized solution (v, u, θ) to the problem
(1.1)-(1.5), satisfying the following properties:

C−1
0 ≤ v, θ ≤ C0 ∀ (x, t) ∈ R× [0,+∞), (1.7)

v − 1, u, θ − 1 ∈ L∞(0,∞;H1(R)) ∩ C
(
R× [0,+∞)

)
, (1.8)

vt, vx, vxt, ut, θt, uxx, θxx ∈ L2(0,∞;L2(R)), (1.9)

lim
t→+∞

(
‖(v − 1, u, θ − 1)(·, t)‖Lp(R) + ‖(vx, ux, θx)‖L2(R)

)
= 0, p ∈ (2,∞], (1.10)

where the constant C0 is positive and depends only on µ, κ,R, cv, ‖(v0 − 1, u0, θ0 −
1)‖H1(R), infx∈R v0(x) and infx∈R θ0(x).

1.1 Main results

In this paper, we establish the decay rates for the generalized solution (v, u, θ) of the
problem (1.1)-(1.5) as time goes to infinity.

Theorem 1.1 Let the initial functions (v0, u0, θ0) satisfy (1.6), and (v, u, θ) be the
solution to the problem (1.1)-(1.5) stated in Proposition 1.1. Then, for all t ≥ 0,

‖(v − 1, u, θ − 1)(·, t)‖L2(R) ≤ C(1 + t)−
1
2 ,

‖(v − 1, u, θ − 1)(·, t)‖L∞(R) ≤ C(1 + t)−
1
2 ,

‖(vx, ux, θx)(·, t)‖L2(R) ≤ C(1 + t)−
1
2 .

(1.11)

The decay rates in (1.11) require no restriction other than Proposition 1.1. In the
second Theorem 1.2, we shall improve the decay rate of the ‖(vx, ux, θx)(·, t)‖L2(R).
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Theorem 1.2 Under the same assumptions listed in Theorem 1.1, the decay rates in
(1.11) can be improved as

‖(v − 1, u, θ − 1)(·, t)‖L2(R) ≤ C(1 + t)−
1
2 ,

‖(v − 1, u, θ − 1)(·, t)‖L∞(R) ≤ C(1 + t)−
3
4 ,

‖(vx, ux, θx)(·, t)‖L2(R) ≤ C(1 + t)−1,

(1.12)

provided that the functions

(Φ0,Ψ0,W0)(x) =

∫ x

−∞

(
v0 − 1, u0, θ0 − 1 +

1

2
u2

0

)
(y)dy (1.13)

belong to L2(R).

Some remarks are in order:

Remark 1.1 Our results apply to the equations (1.1)-(1.3) in half-line R+ = (0,+∞),
equipped with one type of the following boundary conditions

u(0, t) = 0, θx(0, t) = 0 and lim
x→+∞

(v, u, θ) = (1, 0, 1),

or

u(0, t) = 0, θ(0, t) = 1 and lim
x→+∞

(v, u, θ) = (1, 0, 1).

Remark 1.2 In analogy to the linearized system of equations, we obtained in Theorem
1.2 the optimal decay estimates for the solutions to nonlinear problem (1.1)-(1.5).

Remark 1.3 For bounded intervals in dimension one, the solutions of equations (1.1)-
(1.3) are shown to be nonlinearly exponentially stable as time tends to infinity, see, e.g.,
[20].

Remark 1.4 We refer to the papers, e.g., [3, 4, 21, 16, 17], for related results in high
dimensions, in the case when the initial functions are smooth enough and have small
oscillation around an equilibrium state.

1.2 Methodology.

We comment on the analysis of the proof of Theorem 1.1 and Theorem 1.2.

First, the standard energy estimates on equations (1.1)-(1.3) provide that

t‖(v − 1, u, θ − 1)‖2H1(R) ≤ C + C

∫ t

0
‖(v − 1, u, θ − 1)‖2L2(R). (1.14)

To proceed, a crucial step is to get the uniform boundedness of
∫ t

0 ‖(v−1, u, θ−1)‖2L2(R).

In the light of the papers [7, 15], we come up with the local anti-derivatives functions:

(Φ,Ψ,W )(x, t) =

∫ x

−∞
1(y)

(
v − 1, u, cv(θ − 1) +

1

2
u2

)
(y, t)dy,
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where 1(x) = 1[kd,(k+1)d](x) is the characteristic in interval [kd, (k + 1)d] with integer
k and the given small constant d > 0. We remark that the main function of 1(x) is to
localize the whole space R, such that the Poincaré inequality could be applied, that is,

‖(Φ,Ψ,W )(·, t)‖L2([kd,(k+1)d]) + ‖(Φ,Ψ,W )(·, t)‖L∞([kd,(k+1)d])

≤ C
√
d ‖(Φx,Ψx,Wx)(·, t)‖L2([kd,(k+1)d]), ∀ t ≥ 0.

Thereafter, we formulate (by approximation) the system of equations in (Φ,Ψ,W ), and
control the local (in space) integral quantity∫ t

0
‖(v − 1, u, cv(θ − 1) +

1

2
u2)‖2L2([kd,(k+1)d])

by good terms; see inequality (2.44). In this regards, we are able to derive the uniform
upper bound of

∫ t
0 ‖(v − 1, u, θ − 1)‖2L2(R) by repeating the argument for every integer

k = 1,±1,±2, ....

In Theorem 1.2, we use the Fourier transform and give the Lp-Lq estimates on the
linearized equations in terms of anti-derivatives functions. This allows us to derive
the optimal decay rates for the solutions, as long as the additional restriction (1.13) is
made.

1.3 Notation:

Let p ∈ [1,+∞] and integer m ≥ 0. We denote by Wm,p(Ω) the usual Sobolev space
defined in Ω ⊆ R with norm ‖ · ‖Wm,p(Ω). For convenience, we use the abbreviated
conventions Wm,2(Ω) = Hm(Ω), W 0,p(Ω) = Lp(Ω). During this paper, the capital
letter C > 0 symbols a generic constant which depends only on µ, κ,R, cv, ‖(v0 −
1, u0, θ0−1)‖H1(R), infx∈R v0(x) and infx∈R θ0(x), additionally, Cα is used to emphasize
the dependence of C on α.

The rest Section 2 and Section 3 are devoted to proving Theorem 1.1 and Theorem
1.2 respectively.

2 Proof of Theorem 1.1

2.1 Standard energy estimates

Lemma 2.1 There exists a constant C such that for all t ≥ 0

t‖(v − 1, u, θ − 1)‖2H1(R) +

∫ t

0
s
(
‖(vx, ux, θx)‖2L2(R) + ‖(uxx, θxx)‖2L2(R)

)
≤ C + C

∫ t

0
‖(v − 1, u, θ − 1)‖2L2(R).

(2.1)
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Proof. By (1.1), integrating (1.2) after multiplied by tvx/v gives

µ

2

d

dt
(t

∫
R

v2
x

v2
)

=
µ

2

∫
R

v2
x

v2
+ t

∫
R

(
Rθ

v
)x
vx
v

+ t

∫
R
ut
vx
v

=
µ

2

∫
R

v2
x

v2
+ t

∫
R

Rθx
v

vx
v
− t
∫
R

Rθv2
x

v3
+
d

dt
(t

∫
R
u
vx
v

)−
∫
R
u
vx
v

+ t

∫
R

u2
x

v
,

(2.2)

which, together with (1.7), (1.9), and the Cauchy inequality, leads to

t‖vx‖2L2(R) +

∫ t

0
s‖vx‖2L2(R)

≤ Ct‖u‖2L2(R) + C

∫ t

0

(
‖u‖2L2(R) + ‖vx‖2L2(R)

)
+ C

∫ t

0
s‖(ux, θx)‖2L2(R)

≤ C + Ct‖u‖2L2(R) + C

∫ t

0
‖u‖2L2(R) + C

∫ t

0
s‖(ux, θx)‖2L2(R).

(2.3)

Integrating (1.2) after multiplied by tuxx yields

1

2

d

dt
(t

∫
R
u2
x) + t

∫
R

µu2
xx

v
=

1

2

∫
R
u2
x + t

∫
R

(
Rθ

v
)xuxx + t

∫
R

µuxvx
v2

uxx. (2.4)

Making use of (1.7) and (1.9), we integrate (2.4) to deduce

t‖ux‖2L2(R) +

∫ t

0
s‖uxx‖2L2(R)

≤ C
∫ t

0
‖ux‖2L2(R) + C

∫ t

0
s
(
‖θx‖2L2(R) + ‖vx‖2L2(R) + ‖uxvx‖2L2(R)

)
≤ C + C

∫ t

0
s
(
‖vx‖2L2(R) + ‖(ux, θx)‖2L2(R)

)
+

1

2

∫ t

0
s‖uxx‖2L2(R).

This combining with (2.3) yields

t‖(vx, ux)‖2L2(R) +

∫ t

0
s
(
‖vx‖2L2(R) + ‖uxx‖2L2(R)

)
≤ C + Ct‖u‖2L2(R) + C

∫ t

0
‖u‖2L2(R) + C

∫ t

0
s‖(ux, θx)‖2L2(R).

(2.5)

It follows from (1.2) and (1.3) that

cvθt +
Rθ

v
ux =

(
κθx
v

)
x

+
µu2

x

v
. (2.6)

Integrating (2.6) after multiplied by tθxx yields

cv
2

d

dt
(t

∫
R
θ2
x) + t

∫
R

κθ2
xx

v

=
cv
2

∫
R
θ2
x + t

∫
R

Rθ

v
uxθxx + t

∫
R

κθxvx
v2

θxx − t
∫
R

µu2
x

v
θxx.

(2.7)
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Utilizing (1.7) and (1.9) once again, we integrate (2.7) to deduce

t‖θx‖2L2(R) +

∫ t

0
s‖θxx‖2L2(R)

≤ C + C

∫ t

0
s
(
‖ux‖2L2(R) + ‖θxvx‖2L2(R) + ‖ux‖4L4(R)

)
≤ C + C

∫ t

0
s
(
‖ux‖2L2(R) + ‖θx‖2L2(R)

)
+

1

2

∫ t

0
s
(
‖uxx‖2L2(R) + ‖θxx‖2L2(R)

)
.

(2.8)

As a result of (2.5) and (2.8), we get

t‖(vx, ux, θx)‖2L2(R) +

∫ t

0
s
(
‖vx‖2L2(R) + ‖(uxx, θxx)‖2L2(R)

)
≤ C + Ct‖u‖2L2(R) + C

∫ t

0
‖u‖2L2(R) + C

∫ t

0
s‖(ux, θx)‖2L2(R).

(2.9)

Next, multiplying (1.1) by R(1− 1
v ), (1.2) by u, (2.6) by (1− 1

θ ), adding the resulting
expression together, we obtain(

R(v − ln v − 1) + cv(θ − ln θ − 1) +
1

2
u2

)
t

+
µu2

x

vθ
+
κθ2

x

vθ2

=

(
µuux −Ruθ

v
+Ru+

κ(θ − 1)θx
vθ

)
x

.

(2.10)

By (1.7), integrating (2.10) after multiplied by t yields

t‖(v − 1, u, θ − 1)‖2L2(R) +

∫ t

0
s‖(ux, θx)‖2L2(R) ≤ C

∫ t

0
‖(v − 1, u, θ − 1)‖2L2(R).

(2.11)
Therefore, the (2.1) follows from (2.9) and (2.11). The proof of Lemma 2.1 is thus
finished.

2.2 The local anti-derivatives technique

In view of Lemma 2.1, it remains need to control the last term
∫ t

0 ‖(v−1, u, θ−1)‖2L2(R)

in (2.11).

We have the following

Claim 2.1 Under the assumptions made in Theorem 1.1, there is a constant C such
that ∫ t

0
‖(v − 1, u, θ − 1)‖2L2(R) ≤ C. (2.12)

Substituting (2.12) into (2.1) yields directly the desired (1.11). So, to complete the
proof of Theorem 1.1, the only left task is to verify Claim 2.1.

Proof of Claim 2.1. We divide the process into several steps.
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Step 1. In the light of [7, 15], we introduce the local anti-derivative functions:

(Φ,Ψ,W )(x, t) =

∫ x

−∞
1(y)

(
v − 1, u, cv(θ − 1) +

1

2
u2

)
(y, t)dy, (2.13)

where 1(x) = 1[kd, (k+1)d](x) is the characteristic function in [kd, (k+ 1)d] with integer
k ∈ Z and d > 0 is a given small constant.

By (2.13), it is clear that Φ(x, t) is continuous, and moreover,

Φ(x, t) ≤
∫ (k+1)d

kd
|Φx|, ∀ x ∈ [kd, (k + 1)d].

This implies
‖Φ(·, t)‖L2([kd, (k+1)d]) + ‖Φ(·, t)‖L∞([kd, (k+1)d])

≤ C
√
d‖Φx(·, t)‖L2([kd, (k+1)d])

= C
√
d‖1Φx(·, t)‖L2(R), t ≥ 0.

(2.14)

Similarly,
‖(Ψ,W )(·, t)‖L2([kd, (k+1)d]) + ‖(Ψ,W )(·, t)‖L∞([kd, (k+1)d])

≤ C
√
d‖(Ψx,Wx)(·, t)‖L2([kd, (k+1)d])

= C
√
d‖1(Ψx,Wx)(·, t)‖L2(R), t ≥ 0.

(2.15)

Step 2. For small constant ε > 0, we define the approximating function

1ε(x) = 1ε[kd, (k+1)d](x) =



x− kd
ε

, x ∈ [kd, kd+ ε],

1, x ∈ [kd+ ε, (k + 1)d− ε],
(k + 1)d− x

ε
, x ∈ [(k + 1)d− ε, (k + 1)d],

0, others.

(2.16)

Multiply (1.1)-(1.3) against 1ε, to find

∂t(1
ε(v − 1))− (1εu)x = −∂x1εu, (2.17)

∂t(1
εu) +

(
1ε(

Rθ

v
− 1)

)
x

=
(
1ε
µux
v

)
x
− ∂x1ε

(
µux
v
− (

Rθ

v
− 1)

)
, (2.18)

∂t

(
1ε(cv(θ − 1) +

1

2
u2)

)
+

(
1ε
Rθ

v
u

)
x

=

(
1ε
κθx + µuux

v

)
x

− ∂x1ε
(
κθx + µuux

v
− Rθ

v
u

)
.

(2.19)

Set

(Φε,Ψε,W ε)(x, t) =

∫ x

−∞
1ε(y)

(
v − 1, u, cv(θ − 1) +

1

2
u2

)
(y, t)dy. (2.20)

Integrating (2.17)-(2.19) over (−∞, x), we compute

∂tΦ
ε −Ψε

x = −
∫ x

−∞
∂x1

εudy, (2.21)
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∂tΨ
ε −RΦε

x +
R

cv
W ε
x = µΨε

xx +Qε1 −
∫ x

−∞
∂x1

ε

(
µux
v
− (

Rθ

v
− 1)

)
, (2.22)

∂tW
ε +RΨε

x =
κ

cv
W ε
xx +Qε2 −

∫ x

−∞
∂x1

ε

(
κθx + µuux

v
− Rθ

v
u

)
, (2.23)

where

Qε1 =

(
−µ(v − 1)ux

v
+

R

2cv
u2 +

R(θ − 1)(v − 1)

v
− R(v − 1)2

v

)
1ε − µ∂x1εu

and

Qε2 =

(
−κ(v − 1)θx

v
− κ

cv
uux +

µuux
v
− R(θ − 1)u

v
+
R(v − 1)u

v

)
1ε

− κ

cv
∂x1

ε(cv(θ − 1) +
1

2
u2).

Step 3. Multiply (2.21) by Φε, (2.22) by 1
RΨε, (2.23) by 1

cvR
W ε, respectively, to

discover

∂t

(
1

2
(Φε)2 +

1

2R
(Ψε)2 +

1

2cvR
(W ε)2

)
+
µ

R
(Ψε

x)2 +
κ

c2
vR

(W ε
x)2

=

(
ΦεΨε − 1

cv
ΨεW ε +

µ

R
ΨεΨε

x +
κ

c2
vR

W εW ε
x

)
x

+
1

R
Qε1Ψε +

1

cvR
Qε2W

ε

− Φε

∫ x

−∞
∂y1

εu− 1

R
Ψε

∫ x

−∞
∂y1

ε

(
µux
v
− (

Rθ

v
− 1)

)
− 1

cvR
W ε

∫ x

−∞
∂y1

ε

(
κθx + µuux

v
− Rθ

v
u

)
.

(2.24)

After multiplied by 1ε, it gives from (2.24) that

d

dt

∫
R
1ε
(

1

2
(Φε)2 +

1

2R
(Ψε)2 +

1

2cvR
(W ε)2

)
+

∫
R
1ε
(
µ

R
(Ψε

x)2 +
κ

c2
vR

(W ε
x)2

)
= −

∫
R

(
ΦεΨε − 1

cv
ΨεW ε +

µ

R
ΨεΨε

x +
κ

c2
vR

W εW ε
x

)
∂x1

ε

+

∫
R
1ε
(

1

R
Qε1Ψε +

1

cvR
Qε2W

ε

)
−
∫
R
1εΦε

∫ x

−∞
∂y1

εu− 1

R

∫
R
1εΨε

∫ x

−∞
∂y1

ε

(
µux
v
− (

Rθ

v
− 1)

)
− 1

cvR

∫
R
1εW ε

∫ x

−∞

(
κθx + µuux

v
− Rθ

v
u

)
.

(2.25)
We shall estimate the terms in (2.25) as follows:

Making use of (2.14)-(2.16), (2.20), and the Cauchy inequality, we deduce

− lim
ε→0

∫
R

(
ΦεΨε − 1

cv
ΨεW ε +

µ

R
ΨεΨε

x +
κ

c2
vR

W εW ε
x

)
∂x1

ε

≤ C‖|ΦΨ|+ |ΨW |+ |ΨΨx|+ |WWx|‖L∞([kd,(k+1)d])

≤ C 1√
d
‖(Φ,Ψ,W )‖2L∞([kd,(k+1)d]) +

√
d‖(Ψx,Wx)‖2L∞([kd,(k+1)d])

≤ C
√
d‖1(Φx,Ψx,Wx)‖2L2(R) +

√
d‖1(ux, θx)‖2L2(R),

(2.26)
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where, for the last two inequalities, we also used the embedding inequality

‖(Ψx,Wx)‖2L∞([kd,(k+1)d]) ≤ C‖(Ψx,Wx)‖2L2([kd,(k+1)d]) + ‖(ux, θx)‖2L2([kd,(k+1)d]),

which are valid owes to (1.8) and (2.13).

Similar method runs that

− 1

R
lim
ε→0

∫
R
1εΦε

∫ x

−∞
∂y1

εu ≤ C‖|Φ||u|‖L∞([kd,(k+1)d])

≤ C
(
‖Φ‖2L∞([kd,(k+1)d]) + ‖u‖2L∞([kd,(k+1)d])

)
≤ C
√
d‖1(Φx,Ψx)‖2L2(R) +

√
d‖1ux‖2L2(R)

(2.27)

and

− 1

R
lim
ε→0

∫
R
1εΨε

∫ x

−∞
∂y1

ε

(
(
Rθ

v
− 1)

µux
v

)
+

1

cvR
lim
ε→0

∫
R
1εW ε

∫ x

−∞

(
Rθ

v
u− κθx

v
− µuux

v

)
≤ C
√
d‖(Ψ,W )‖2L∞([kd,(k+1)d]) +

√
d‖(u, ux, θx)‖2L∞([kd,(k+1)d])

≤ C
√
d‖1(Ψx,Wx)‖2L2(R) +

√
d‖1(ux, θx)‖2H1(R).

(2.28)

Using (2.14)-(2.16) and (2.20) once again, one deduces

lim
ε→0

∫
R
1ε
(

1

R
Qε1Ψε +

1

cvR
Qε2W

ε

)
=

∫
R
1

(
1

R
Q1Ψ +

1

cvR
Q2W

)
+ lim
ε→0

∫
R
1ε
(
µ

R
Ψε∂x1

εu+
κ

c2
vR

W ε∂x1
ε(cv(θ − 1) +

1

2
u2)

)
≤
∫
R
1

(
1

R
Q1Ψ +

1

cvR
Q2W

)
+

C√
d
‖1(Ψ,W )‖2L∞(R) +

√
d‖1(u, θ − 1)‖2L∞(R)

≤
∫
R
1
(
Q2

1 +Q2
2

)
+ C
√
d‖1(Ψx,Wx)‖2L2(R) +

√
d‖1(ux, θx)‖2L2(R),

(2.29)

where

Q1 = −µ(v − 1)ux
v

+
R

2cv
u2 +

R(θ − 1)(v − 1)

v
− R(v − 1)2

v
(2.30)

and

Q2 = −κ(v − 1)θx
v

− µ

cv
uux +

µuux
v
− R(θ − 1)u

v
+
R(v − 1)u

v
. (2.31)

Therefore, if we substitute (2.26)-(2.29) into (2.25), utilize Proposition 1.1, we obtain
by passing ε→ 0

d

dt

∫
R

(
1

2
Φ2 +

1

2R
Ψ2 +

1

2cvR
W 2

)
1 +

∫
R
1

(
µ

R
Ψ2
x +

κ

cvR
W 2
x

)
≤ C
√
d‖1(Φx,Ψx,Wx)‖2L2(R) +

√
d‖1(ux, θx)‖2H1(R) +

∫
R
1
(
Q2

1 +Q2
2

)
.

(2.32)
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Next to control the ‖1Φx‖2L2(R) in (2.32). Owing to (2.21), we multiply (2.22) by Φε
x

and compute

∂t

(µ
2

(Φε
x)2 −ΨεΦε

x

)
+R(Φε

x)2

= −
(

ΨεΨε
x −Ψε

∫ x

−∞
∂x1

εu

)
x

+ Ψε
x

(
Ψε
x −

∫ x

−∞
∂x1

εu

)
+ Φε

x

(
R

cv
W ε
x − ∂x1u−Qε1 −

∫ x

−∞
∂x1

ε

(
(
Rθ

v
− 1) +

µux
v

))
,

which implies after multiplied by 1ε

d

dt

∫
R
1ε
(µ

2
(Φε

x)2 −ΨεΦε
x

)
+R

∫
R
1ε(Φε

x)2

=

∫
R

(
ΨεΨε

x −Ψε

∫ x

−∞
∂x1

εu

)
∂x1

ε +

∫
R
1εΨε

x

(
Ψε
x −

∫ x

−∞
∂x1

εu

)
+

∫
R
1εΦε

x

(
R

cv
W ε
x − ∂x1u−Qε1 −

∫ x

−∞
∂x1

ε

(
(
Rθ

v
− 1) +

µux
v

))
.

(2.33)

Thanks to (2.14)-(2.16) and (2.20), similar deduction as (2.26) and (2.29) shows

lim
ε→0

∫
R

(
ΨεΨε

x −Ψε

∫ x

−∞
∂x1

εu

)
∂x1

ε

+ lim
ε→0

∫
R
1εΨε

x

(
Ψε
x −

∫ x

−∞
∂x1

εu

)
− lim
ε→0

∫
R
1εΦε

x∂x1
εu

≤ C
(
‖1Ψx‖2L2(R) + ‖1ux‖2L2(R)

)
,

(2.34)

lim
ε→0

∫
R
1εΦε

x

(
R

cv
W ε
x −

∫ x

−∞
∂x1

ε

(
(
Rθ

v
− 1) +

µux
v

))
≤ R

4
‖1Φx‖2L2(R) + C

(
‖1(Ψx,Wx)‖2L2(R) + ‖1(ux, θx)‖2H1(R)

)
,

(2.35)

and

− lim
ε→0

∫
R
1εΦε

xQ
ε
1

= −
∫
R
1ΦxQ1 + lim

ε→0

∫
R
1εΦε∂x1

εu

≤ R

4
‖1Φx‖2L2(R) + C‖1Ψx‖2L2(R) + C‖1ux‖2L2(R) + C

∫
R
1Q2

1.

(2.36)

Hence, insert inequalities (2.34)-(2.36) back into (2.33) concludes that

d

dt

∫
R
1
(µ

2
Φ2
x −ΨΦx

)
+
R

2

∫
R
1Φ2

x

≤ C‖1(Ψx,Wx)‖2L2(R) + C‖1(ux, θx)‖2H1(R) + C

∫
R
1Q2

1,

(2.37)

by sending ε→ 0.
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In summary, select the constant λ > 0 large and then d small, (2.32) × λ + (2.37)
guarantees that, for some constant C,

d

dt

∫
R
1

{
λ

(
1

2
Φ2 +

1

2R
Ψ2 +

1

2cvR
W 2

)
+
µ

2
Φ2
x −ΨΦx

}
+ C−1

∫
R
1
(
Φ2
x + Ψ2

x +W 2
x

)
≤ C‖1(ux, θx)‖2H1(R) + C

∫
R
1
(
Q2

1 +Q2
1

)
.

(2.38)

Observe that, if λ is taken large enough,∫
R
1

{
λ

(
1

2
Φ2 +

1

2R
Ψ2 +

1

2cvR
W 2

)
+
µ

2
Φ2
x −ΨΦx

}
≥ C‖1(Φ,Ψ,W,Φx)‖2L2(R).

By this, we integrate (2.38) and receive

‖1(Φ,Ψ,W,Φx)(·, t)‖2L2(R) +

∫ t

0
‖1(Φx,Ψx,Wx)‖2L2(R)

≤ C‖1(Φ,Ψ,W,Φx)(·, 0)‖2L2(R) + C

∫ t

0
‖1(ux, θx)‖2H1(R) + C

∫ t

0

∫
R
1
(
Q2

1 +Q2
1

)
.

(2.39)

Observe from (2.13)-(2.15) that

‖1(Φ,Ψ,W,Φx)(·, 0)‖2L2(R)

≤ C‖1(Φ,Ψ,W )(·, 0)‖2L2(R) + C‖1(v0 − 1)‖2L2(R)

≤ C‖1(Φx,Ψx,Wx)(·, 0)‖2L2(R) + C‖1(v0 − 1)‖2L2(R)

≤ C‖1(v0 − 1, u0, θ0 − 1)‖2H1(R),

(2.40)

and from (1.8), (2.13), (2.30)-(2.31) that

C

∫ t

0

∫
R
1
(
Q2

1 +Q2
1

)
≤ C

∫ t

0
‖(v − 1, u, θ − 1)‖2L∞(R)

∫
R
1
(
(v − 1)2 + u2 + (θ − 1)2 + u2

x + θ2
x

)
≤ C

(∫ t0

0
+

∫ t

t0

)
‖(v − 1, u, θ − 1)‖2L∞(R)

∫
R
1
(
(v − 1)2 + u2 + (θ − 1)2

)
+ C

∫ t

0
‖(v − 1, u, θ − 1)‖2L∞(R)

∫
R
1
(
u2
x + θ2

x

)
≤ C

∫ t0

0

∫
R
1
(
(v − 1)2 + u2 + (θ − 1)2

)
+ C

∫ t

t0

‖(v − 1, u, θ − 1)‖2L∞(R)

∫
R
1
(
Φ2
x + Ψ2

x +W 2
x

)
+ C

∫ t

0

∫
R
1
(
u2
x + θ2

x

)
.

(2.41)
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Remember that (1.10), there is a large point t0 such that

C‖(v − 1, u, θ − 1)(·, s)‖2L∞(R) ≤
1

2
, ∀ s ∈ [t0,∞). (2.42)

With the aid of (2.40)-(2.42), we estimate (2.39) as∫ t

0
‖1(Φx,Ψx,Wx)‖2L2(R)

≤ C‖1(v0 − 1, u0, θ0 − 1)‖2H1(R) + C

∫ t0

0
‖1(v − 1, u, θ − 1)‖2L2(R)

+ C

∫ t

0
‖1(ux, θx)‖2H1(R).

(2.43)

Step 4. Recalling the definition of 1(x) = 1[kd,(d+1)d](x), we repeat the deduction of
(2.43) for every k = 0,±1,±2, ..., sum them up, we infer∫ t

0
‖(v − 1, u, cv(θ − 1) +

1

2
u2)‖2L2(R)

=

∫ t

0

+∞∑
k=−∞

‖1(v − 1, u, cv(θ − 1) +
1

2
u2)‖2L2(R)

=

∫ t

0

+∞∑
k=−∞

‖1(Φx,Ψx,Wx)‖2L2(R)

≤ C
+∞∑

k=−∞
‖1(v0 − 1, u0, θ0 − 1)‖2H1(R) + C

∫ t0

0

+∞∑
k=−∞

‖1(v − 1, u, θ − 1)‖2L2(R)

+ C

∫ t

0

+∞∑
k=−∞

‖1(ux, θx)‖2H1(R)

= C‖(v0 − 1, u0, θ0 − 1)‖2H1(R) + C max
0≤s≤t0

‖(v − 1, u, θ − 1)(·, s)‖2L2(R)

+ C

∫ t

0
‖(ux, θx)‖2H1(R)

≤ C,

(2.44)

where the last inequality is valid owes to Proposition 1.1.

For another hand, inequalities (2.44) and (1.8) implies∫ t

0
‖(v − 1, u, cv(θ − 1) +

1

2
u2)‖2L2(R) ≥

∫ t

0
‖(v − 1, u, θ − 1)‖2L2(R) − C. (2.45)

The combination of (2.45) with (2.44) yields directly the required (2.12). SThis is the
end of the proof of Claim 2.1.
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3 Proof of Theorem 1.2

3.1 The linearized equations of anti-derivatives

Without causing confusion with (2.13), we still denote by

(Φ,Ψ,W )(x, t) =

∫ x

−∞

(
v − 1, u, cv(θ − 1) +

1

2
u2

)
(y, t)dy. (3.1)

Hence, integrating (1.1)-(1.3) over (−∞, x) yields

∂tU + AU = F, (3.2)

where

U =

 Φ
Ψ
W

 , A =

 0 −∂x 0

−R∂x −µ∂xx R
cv
∂x

0 R∂x − κ
cv
∂xx

 , F =

 0
Q1

Q2

 , (3.3)

in which, Q1 and Q2 are taken from (2.30) and (2.31) respectively.

3.2 Fourier transform for linearized equations

Consider the homogeneous problem of equations (3.2):

∂tU + AU = 0, U(x, 0) = (Φ0,Ψ0,W0)tr. (3.4)

Denote by f̂ the Fourier transform of f and by ∨ the inverse. Taking Fourier transform
of (3.4) in x variable to receive the ordinary differential equations in t variable, i.e.,

∂tÛ + ÂÛ = 0, (3.5)

where the coefficient matrix

Â =

 0 −iξ 0
−iRξ µξ2 i(γ − 1)ξ

0 iRξ κ(γ−1)
R ξ2

 . (3.6)

Direct calculation shows

|λI + Â| = λ3 +

(
κ(γ − 1)

R
+ µ

)
ξ2λ2 +

(
µκ(γ − 1)

R
ξ2 +Rγ

)
ξ2λ+ κ(γ − 1)ξ4.

(3.7)

We have the following assertions:

• Equation (3.7) has three real roots for large ξ. In particular, if µ 6= κ(γ−1)
R ,

λ1 = −µξ2 +O(1), λ2 = −κ(γ − 1)

R
ξ2 +O(1), λ3 = −R

µ
+O(ξ−2),

while if µ = κ(γ−1)
R ,

λ1 = λ2 = −µξ2 +O(ξ), λ3 = −R
µ

+O(ξ−2).
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• Equation (3.7) has one real root and a pair complex roots for small ξ.

λ1 = λ2 = i
√
Rγ|ξ| − Rγµ+ κ(γ − 1)2

2Rγ
ξ2 +O(ξ3), λ3 = −κ(γ − 1)

Rγ
ξ2 +O(ξ4),

with overline ”− ” stands for the complex conjugate.

• Equation (3.7) has a triple root for at most two points of ξ.

Let the matrix P(ξ) = (P1, P2, P3) satisfy P−1(ξ)Â(ξ)P(ξ) = J(ξ) = ⊕iJi(λi), where
J(ξ) is the Jordan matrix. Then, the solution takes

Û(ξ, t) = e−tÂÛ(ξ, 0),

where e−tÂ(ξ) = P(ξ)e−tJ(ξ)P−1(ξ) is the solution semigroup generated by Â (cf.[16]).

More precisely, Û = (Φ̂, Ψ̂, Ŵ ) has the explicit form:

Φ̂ =

3∑
k=1

etλk
(λk + µξ2)(λk + κ(γ − 1)R−1ξ2) +R(γ − 1)ξ2

(λk − λl)(λk − λj)
Φ̂0

+
3∑

k=1

etλk
i(λk + κ(γ − 1)R−1ξ2)ξ

(λk − λl)(λk − λj)
Ψ̂0 +

3∑
k=1

etλk
(γ − 1)ξ2

(λk − λl)(λk − λj)
Ŵ0,

Ψ̂ =

3∑
k=1

etλk
iR(λk + κ(γ − 1)R−1ξ2)ξ

(λk − λl)(λk − λj)
Φ̂0 +

3∑
k=1

etλk
λk(λk + κ(γ − 1)R−1ξ2)

(λk − λl)(λk − λj)
Ψ̂0

+

3∑
k=1

etλk
−iλk(γ − 1)ξ

(λk − λl)(λk − λj)
Ŵ0,

Ŵ =
3∑

k=1

etλk
R2ξ2

(λk − λl)(λk − λj)
Φ̂0 +

3∑
k=1

etλk
−iλkRξ

(λk − λl)(λk − λj)
Ψ̂0

+

3∑
k=1

etλk
λk(λk + µξ2) +Rξ2

(λk − λl)(λk − λj)
Ŵ0.

Having the above information in hand, we follow the same (but simpler) argument
as that in [17, Theorem 3.1] and conclude

Lemma 3.1 Under the same assumptions in Theorem 1.2, we have∥∥∥∥∂mx [e−tÂÛ(ξ, 0)
]∨

(·, t)
∥∥∥∥
Lp(R)

≤ C(1 + t)
− 1

2
( 1
q
− 1

p
)−m

2 ‖U(·, 0)‖Lq(R), (3.8)

where 1 ≤ q ≤ 2 ≤ p ≤ ∞ and integer m ≥ 0.

Remark 3.1 In case of half-line R+ = [0,+∞), we obtain Lemma 3.1 by using the
cut-off technique. See [17, Theorem1.3].
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Utilizing the Duhamel’s principle, the solution of (3.2) takes the form

U(x, t) =
[
e−tÂÛ(ξ, 0)

]∨
+

∫ t

0

[
e−(t−s)ÂF̂(ξ, s)

]∨
ds.

This, along with Lemma 3.1, implies

‖∂2
xU(·, t)‖L2(R) ≤ C(1 + t)−1‖U(·, 0)‖L2(R) + C

∫ t

0
(1 + t− s)−

5
4 ‖F(·, s)‖L1(R)ds.

(3.9)

3.3 Proof of inequality (1.12)

By (2.30)-(2.31) and Proposition 1.1, it gives from (3.3) that

‖F‖L1(R) ≤ C
(
‖(v − 1, u, θ − 1)‖2L2(R) + ‖(vx, ux, θx)‖2L2(R)

)
. (3.10)

Inequality (3.10), along with (1.11), ensures that∫ t

0
(1 + t− s)−

5
4 ‖F(·, s)‖L1(R)ds ≤ C

∫ t

0
(1 + t− s)−

5
4 (1 + s)−1ds

= C

(∫ t/2

0
+

∫ t

t/2

)
(1 + t− s)−

5
4 (1 + s)−1ds

≤ C(1 + t)−1.

(3.11)

Recalling (3.1) and (1.13), we use (3.11) and (3.9) to deduce

‖(vx, ux, θx)(·, t)‖L2(R) ≤ C‖∂2
xU(·, t)‖L2(R)

≤ C(1 + t)−1‖U(·, 0)‖L2(R) + C

∫ t

0
(1 + t− s)−

5
4 ‖F(·, s)‖L1(R)ds

≤ C(1 + t)−1.

This together with the embedding theorem give birth to (1.12), the required.
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