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ABSTRACT. In this paper, we study Gupta type family of positive
linear operators, which have a wide range of many well known lin-
ear positive operators e.g. Phillips, Baskakov-Durrmeyer, Baskakov-
Szész, Szasz-Beta, Lupas-Beta, Lupag-Szasz, genuine Bernstein-
Durrmeyer, Link, Paltanea, Mihesan-Durrmeyer, link Bernstein-
Durrmeyer etc. We first establish direct results in terms of usual
modulus of continuity having order 2 and Ditzian-Totik modulus
of smoothness and then study quantitative Voronovkaya theorem
for the weighted spaces of functions. Further, we establish Griiss-
Voronovskaja type approximation theorem and also derive Griiss-
Voronovskaja type asymptotic result in quantitative form.

1. INTRODUCTION

In theory of approximation, it is noted that linear positive operators
are very important to approximate integrable functions. In last decade
many researchers ( [I], [6], [13], [14], [20], [21] and [22] etc.) have stud-
ied various type of summation-integral type operators to approximate
functions of different classes. In this direction, recently Gupta [9] intro-
duced and defined the following general family of set of positive Linear
operators for f : [0,00) — R for parameters o, § > 0 as:

L) S =3 @) / T T ()¢ (0)dv + moC(0),
v=1
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where

(1.2) . (2) = (T)"“ ()

n,v k! (1 + @>’T+k‘
and
n vp—1
L) = ot )

O'.B(V,O7 op+ 1) ’ (1 + %)O’p-‘rllp-‘rl

having rising factorial (7), = 7(7+1)...(7+v—1) and (7)o = 1. These
sequence of positive linear operators reproduce linear functions. For dif-
ferent values and limiting conditions of parameters o and o, we obtain
various linear positive operators e.g. Phillips, Baskakov-Durrmeyer,
Baskakov-Szasz, Szasz-Beta, Lupas-Beta, Lupas-Szasz, genuine Bernstein-
Durrmeyer, Link, Patanea, Mihesan-Durrmeyer, link Bernstein-Durrmeyer
operators etc.

For x > 0, the operators can be written in the following form

as
) = D
where (7 (z) is given in (1.2)) and

I EZJ;L? )C(t)dv, 1<v<oo

g ={ b <y

For various values of parameters 7, 0 and p, we obtain following cases
of well known operators by operators ({1.1)):

(1) If 7 = 0 = n, p =1, we find the Baskakov-Durrmeyer operators
preserving constant functions studied by Finta [5].

(2) If 7 = 0 = —n, p = 1, we obtain genuine Bernstein-Durrmeyer
polynomials which were introduced by Chen [2] and Goodman-
Sharma [§].

B)If 7 =0 — oo,p = 1 we get well known Phillips operators
which were studied by Finta and Gupta in [6].

(4) If 7 # 0 and 7 = n,0 — oo,p = 1, we obtain the Baskakov-
Szasz operators which were studied by Agrawal and Mohammad
.

(5) If 7 # 0 and 7 — 00,0 = n,p = 1 we find the Szdsz-Beta
operators considered by Gupta and Noor [I1].

(6) If 7 # 0 and 7 = nx,0 = n,p = 1, we obtain the Lupas-Beta
operators studied in [12].
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(7) If T # 0 and 7 = nz,0 — oo, p = 1 we obtain the Lupag-Szdsz
operators which were developed and studied by Govil et al. in
[7.

(8) If 7 = o, we get the Srivastava-Gupta operators which were
studied by Malik [17].

(9) If 7 = 0 — o0, p > 0, we obtain the Paltanea operators which
were considered and studied in [19].

(10) If ¢ — o0,p > 0, and for each value of 7 such that kp is

a positive integer, we get the Mahesan-Durrmeyer operators
which were studied and proposed by Kajla in [15].

In first section, we give moment estimates and some basic definitions,
auxiliary results to prove our main theorems. In the last ten years,
an interesting property of positive linear operators is to find the esti-
mate of their differences using K — functional approach and in terms
of appropriate modulus of continuity. The work is been done in this
direction by Gupta and Tachev [I0] etc. Motivated to this study, we
find and study rate of convergence of these operators i.e. estimate
of error in terms of the usual modulus of continuity of order 2 and
weighted modulus of continuity using Peetre’s K-functional approach.
Further, we derive quantitative Voronovkaya-type theorem for the class
of weighted spaces of functions. Recently, Kajla et al. [16], Malik [17]
studied Griiss-Voronovskaja type results for g— Szasz operators and
different kind of Gupta type operators for various classes of functions.
So, it is very interesting topic to study Griiss-Voronovskaja asymptotic
result for general family of operators using Griiss type inequality.

2. ESTIMATES OF MOMENTS

Lemma 1. [9] The rth moment 372 (e, x), e, = v",r = 1,2, ... satisfy
the following equation:
(\cr,p (er’ 513')

- Mo (zy (1) TS O e ook

Let us define central moments of rth order by u? (7) = 72 ((v —

n,T
x)", ).

Remark 1. Using above lemma, we obtain 377 (g, x) = 1,377 (e1, x) =

x and
o o 1 +1)x
Sl (e, ) ap_l[pr(l—l—;)ﬂL%]
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Hence, central moments are given by
pza(x) =0
and
o (cp+1)x*  (p+ 1)z

o,p _
/"LTL,T,2(:L‘) O_p _ 1 TO + n

3. DIRECT RESULTS

Let Ag|0, 00) denotes the class of bounded and continuous functions
on [0, 00). For ¢ € Ap[0,00) and ¢ > 0, the usual modulus of continuity
of order j is defined as:

wi(¢.8) = sup sup |Aj((w)],
0<h<d z€[0,00)
where Ai is the jth order forward difference. For j = 1, we call it the
usual modulus of continuity, denoted by w((, ¢).

Further, let »? = {p € Ag[0,00) : p/,p" € Ap[0,00)}. For ¢ €

Ap[0,00), the K— functional is defined as

Ky (¢, 0) = i {[IC —pll + dllp"ll},

where 6 > 0 and the norm ||.|| is the sup- norm on [0, 00).
By ([3], p.177, Theorem 2.4) 3 absolute constant C' > 0 such that

KZ(C? 5) < CWZ(C? \/S)a

where wy((,d) is the usual modulus of smoothness of order 2 of (.

Now, we discuss the error estimate by linear positive operators S72(¢, .),
in terms of the second order modulus of continuity which has been
stated by Gupta [9]. We have the following error estimate:

Theorem 1. If ( € Ap[0,00) and x € [0,00) 3 an absolute constant
C > 0 such that

1S72(¢, ) = ¢(x)] < Cuy (Q\/(Up‘i‘T)ng N olp+ 1)x> |

T(op—1)  n(op—1)

Proof. Let p € »* and z,v € [0,00). Using Taylor’s series expansion,
we write
v

(31) ) =ple) + (v - D)p(x) + / (v — w)p" (u)du.

Applying 372 on the both sides of (3.1), we get
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(%

97(a) ~p(o)l = | 972| [0 = wp () oz

T

< S(v =)t )P < pnla (@)Y

o [lop+7)2®  (p+1Dz], ,
— + 1]l
op—1 TO n

in view of Remark [I] Now, using definition of operators (L.1]) and
Lemma [I} we obtain
(3.3)

S72(C. )| < Ze @) [ eIl + m o) < <
Using (|3.2)) and . we reach to

Rufea(e ) ()l < ISRR(C—p,2) = (€= p) (@) + [S74(p, x) — p(=)]

o [(op+T)a? (p+1)
< 2/|¢ - pll + [ + 171l
op—1 TO

(3.2) <

Now, taking infimum over all p € »? on both sides of above equation
and in view of inequality K5(¢,0) < Cwy(¢,v/d) , we get the required
result.

O

The Ditzian-Totik modulus of smoothness of order 2 is defined as:

w(C,0) = sup  sup |Gz + hep(x)) — 2¢(2) + ((z + hp(x))],
0<h<d zthp(z)€[0,00)

wterelo,7:0) = o (1 + 2552500).

The corresponding K —functional is defined as:

Ky (¢,0%) = et Ulc=nll+ *[l*n" |1},
where 32 (¢) = {h € Ag0, oo) h' € AC,c[0,00) : *h" € Ag[0,00)}.
By ([], Theorem 2.11) 3 an absolute constant C' > 0 such that
CIWZ(C,6) < Kay((,0%) < Cwi((, 9).
Now, we estimate an error in terms of weighted Ditzian-Totik mod-
ulus of smoothness using K —functional approach.

Theorem 2. If ( € Ap[0,00), and x € [0,00) 3 a constant C > 0 such
that
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1S52(¢,2) — ()] < Cw;(g, M)

n(op —1)

Proof. Let p € % and z,v € [0,00). Using Taylor’s series expansion,
we write

v

(3.4) p(v) = p(z) + (v —2)p'(z) + /(v — u)p" (u)du.

Applying 372 on the both sides of (3.4), we get

v

2| [ wp ] o

Sea((v — )%, @)
< [l

()

M” 2|
~ n(op—1)
in view of Remark . Now, using definition of operators (1.1]) and
Lemmal [T, we obtain

@
q
S
5]
=
|
=
2
|
&

(3.5)

(3.6)
961 £ 3 [ BRSO+ O] < L
Using ((3.5]) and | . we reach to
Ria(e ) (@) < [892(C—p.x) = (C—p)(@)| + [SV2(p,2) — p(2)]
o(p+1) /
< 2/¢—pll +m” .

Now, taking infimum over all p € »% on both sides of above equation
and in view of inequality K5(¢,0) < Cwy(¢,V/3) , we get the required
result.

g

4. QUANTITATIVE VORONOVSKAJA ASYMPTOTIC RESULT

Let AJ0, 00) be the space of all continuous functions defined on [0, co)
and U be the a subspace of A0, c0), which contains polynomials. Let
I15[0,00) be the set of all continuous functions ¢ defined on [0, c0)
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such that |((x)| < M¢(1 + z?), where M; > 0 is a constant depend-
ing on (. Also, let A5[0,00) denotes the space of all continuous func-
tions in I3[0, 00). Consider A}[0,00) is the subspace of all functions

¢ € Ay[0,00) for which lim 1\C(_x)] is finite. The norm on II5[0, c0) is

T—00 332
defined as ||C]| = sup ¢(=)] :
z€[0,00) 14 22
The weighted modulus of continuity is defined as:

_ ((xz+h) —((x)
2¢.9) = Oghji,l;}z[o,oo) (14 h2)(1 + 2?)

for the functions ¢ € Ay[0, c0).
It was shown that for every ¢ € A3[0, 00) there holds:

(4.1) Q(¢,nd) < 2(1+n)(1+6*)Q(C¢,6),n > 0.

Using the above definition and in view of (4.1]), we may write
€(2) = ¢(x)]

< (1 +2*)(1+ (2= 2))C, 2 — 2)
(42) < 2 (1 + 'Z;"ﬂ) (1+62)Q(C, 6) (1 +22) (1 + (2 — 2)?).

Now, we discuss a local error estimate in terms of the weighted modu-
lus of continuity to establish a quantitative Voronovkaya-type theorem.

Theorem 3. Let E be a subspace of A[0, 00) which contains polynomi-
als then for the function ¢ € A"[0,00), the space of r— times continu-
ously differentiable functions, we have

" 16 r o 1 9,
LR w w) ) < 2 (1427)Q(C, 6) (un:'i,r(x) + gun,’im(@) :

where R.(C,u,z) = &=2" (C"(E) = ¢"(x)) .t < & < x is the remain-

r!
der term in the Taylor’s series expansion.

Proof. On an application of Taylor’s series expansion and properties of
weighted modulus of continuity, the proof of the theorem follows. [J

The quantitative Voronovkaya-type theorem for the class of weighted
spaces of functions is as follows:

Theorem 4. If ( € E and (" € A}[0,00) then for x € [0,00) there
holds:
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1990(C,2) — C(x) — A" @) ()|
o,p 1/4
< 16(1 + 220 (c (Z—E””;) ) 42 ().

Proof. Using Taylor’s series expansion we may write

=)
2

C(v) =¢@) + (@) (v —z) + (v —2)* + Ry(C, v, 2),

(v —x)*

Ra(¢,v,2) = 2 ((€) — ¢'(0)

and £ is a number lying between v and .
Operating 392 on both sides of above equation we get

Sua(C ) — ((x) - C()[S74(L, 2) = 1] = ((2)S74((v — x), )

_@%Zﬁ((v — )%, ) = STL(R2(C, v, 7), ).

Using Theorem [3] and Remark [I, we obtain

874(¢2) = C2) = SHI7((0 — )%, )|

2 n7T

< 81+ 0C0) (W((v—xﬂm5—4%21;((@—@6,9:))

S92 ((v—2)8,2) \ /2
Choosing 6 = (m) , we get

1992(¢, ) — C(2) — S2pg? (2)]
o,p 1/4
un76($>
<10+ (¢ (L))
( Mn:¢,2<x> ™2

Hence the theorem is proved. O

5. GRUSS-VORONOVSKAJA TYPE ASYMPTOTIC RESULT

In this section, first we derive a Griiss-Voronovskaja type approxima-
tion theorem and then prove the Griiss-Voronovskaja type asymptotic
result.
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Theorem 5. If (,p € ENAL0,00) and (", p" € ENAS[0,00) then for
fixed x > 0 there holds:

S22 (P, ) = STR(C )78 (P, )| < (@) pp(),

where

octi) = f3200+22)0 (¢, (22.4(0) ") + 3201+ Ol +2220 (¢, (15240 ),
op(x) is the analogue of p¢(x) and C is a constant.

Proof. Let us define S72(C, p, ) = S72(Cp, x) — ST4(C, 2) S0 (p, ).
By using Cauchy—Schwarz 1nequahty, we have

|<‘” C.p.a)] < VSTEC G a) VTR (. p, @
In view of (4 , we reach to
S72(¢x) = ()] < 2(1+22)(1+6%)Q(¢, 6)

(5.1) X %‘”’((1+| 6x|)(1+(z—x)2),x).
Let us define (0(z, z,0) = (1 + @) (1+ (2 — x)?). So,

0z, 2. 6) = 2(1+ 462, |z —z| <0
CEUT 204+ ER p—al >0

Now combining both cases for all x,z > 0, we get
(z—a)!
(5.2) O(z,2,0) <2(1+6%) ll +— |
Combining (5.1)-(5.2)), we obtain
1 g
53 19726 - < <1001+ (14 it o)) AG.D)
We can write

390(¢C,¢,x) = SR a) — Cx) + Clx) — (392)° (¢, )

Now,
S (G, ) I<112S872 (1 +v*, ) < ¢l C(1 + 2?)
1+22 — 14 22 = 1+ a2
So we have

= Clcll2
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972(6.6.2)

< [952(¢ 1) - )|+ [C@) = 978 )] (Kl + M) (1 + 2.
Further, using ((5.3)), we reach to

22 Gl < 16+ 42 (14 St o)) 260

b 1000+ O)ICl(1+ 2 (14 52.0) ) 206.0).

Ll

Choosing 6 = (uy? 4(x))*, we get

N

S92, ¢ m)] < 32(1+ 27U, (g fa(2)) )
+ 321+ O)IClla(1 + 22)2C, (1% 1)) ).

We find similar estimate for |72 (p, p, z)|, which completes the proof

of the theorem.
O

The Griiss-Voronovskaja type asymptotic result is as follows:

Theorem 6. Let (,p € U,(",p" € A5]0,00) such that (p € U, (Cp)” €
A3[0,00), then at any point x € [0,00), we have

w189 (Cp,2) — 720, 2)972(p, ) — 1524(2)C' (@) ()
7 2)\ Y/
< 100+ iz o (@, () ") )
I 2\
Hcta+ e (s, () ) )

e oy 1/4
Hla(r-+ e (@, (B55) ") o+ nmomo),

where

2x

T
1+ 2:“717'5( ) 14+ 2“n74(x>)

() = 51 (20t (o) +

and h,(p) is the analogue of h,(().

Proof. By Taylor’s series expansion of (, we have
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S2(Cp. ) — S54(C 7). ) — S22, 7))
— 970 ) — Cpla) — T
= 00 [32202) —ple) — )

- <>F”%<w ((a) = =2
+ (p(z) = S04 (p, 2)).(ST2(C 2) — ((2))
= K1+ Ko + K3+ Kg,s5ay.

So we may write
S0 (Cp, ) = STAC, ) ST (p, w) — SA(p, )¢ (2)p ()]

< ma] + [Re| + [Ks| + |Kal-
Using Theorem [] we get

2 VA
k| < 16(1+ )0 («w (ﬂiil) )u%ﬂ@-

[ o ()

2 O 1 MZ:?,G(Q:) e o,p
[wol < 16|C(2)|(1+29)Q | p" | ~55 Fin 2 ()-

:un,T,2 (‘T>

2 7 M?L:i,ﬁ(x) 1/4 a,p
k| < 16]p(2)|(1+27) | ¢, () 72 ().
n,T,2

Next, since ¢ € A5[0,00) we can write

&Y

S7(C,) — C(a) = @ (@) + 537 E 0 — )% )

and hence we get
1
877G a) = C2)] < SSRR(ICT(E (v —2)* x)
HC”IIz 531+ &) (v —2)*,2),

IA

where v < £ < z.
If ¢ lies between v and x, then we get 1 + &2 < 1+ 2%, So we obtain
in this case

1" 1 2
97(¢o) — () < LT oo )
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Moreover, if € lies between z and v, then we get 1 4+ £2 < 1+ v2%. So
we get

[S77(¢x) = ()] <

||<”||2(\0p
2

1671l - o
= 2 ((1 + x2):un7,/;’,2( ) + 235/%73( ) + Mn:f'A(x)

Therefore, on combining the both cases of ¢ we obtain
|S70(¢ ) = ()]

"l 20, 1 o
M{Q nr2 (%) + T aknla (@) + sk}

P((1+vH) (v —2)? )

= T[.(0).
Similarly, we estimate |3772(C, z) — ((x)] < T'n(p). Hence, we reach to

(
n S92 (Cp, ) — S92(C, 2)S% (. 7) — 1 o (@) (2)p! ()]
< 16(1+ 22)nQ <(<p> (u

n,T,2

+ 16][Cl2(1 + 2%)*nQ (p”, (—ZZ,’;’G

)
)
o, 1/4
/"I’TL,/;'7 l‘) o2
+ 16|[p[l2(1 + 2%)*n2 (C//7 (Map—(j)) > fn o ()

+ L (Ol (p).

Hence, the result of theorem is established.

Remark 2. In previous years many authors have studied Stancu vari-
ant of operators by introducing two parameters «, 3. They modified

f (%) and f <31+T%> , instead of f(u), f (%) for integral and discrete
operators respectively. In particular, o = 3 = 0, we arise at ordinary
operators. So, we can also study the analysis to improve constant of

approzimation for these operators although the order of approximation
can not be increased.
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