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Abstract. In this paper, we study Gupta type family of positive
linear operators, which have a wide range of many well known lin-
ear positive operators e.g. Phillips, Baskakov-Durrmeyer, Baskakov-
Szász, Szász-Beta, Lupaş-Beta, Lupaş-Szász, genuine Bernstein-
Durrmeyer, Link, Păltănea, Miheşan-Durrmeyer, link Bernstein-
Durrmeyer etc. We first establish direct results in terms of usual
modulus of continuity having order 2 and Ditzian-Totik modulus
of smoothness and then study quantitative Voronovkaya theorem
for the weighted spaces of functions. Further, we establish Grüss-
Voronovskaja type approximation theorem and also derive Grüss-
Voronovskaja type asymptotic result in quantitative form.

1. Introduction

In theory of approximation, it is noted that linear positive operators
are very important to approximate integrable functions. In last decade
many researchers ( [1], [6], [13], [14], [20], [21] and [22] etc.) have stud-
ied various type of summation-integral type operators to approximate
functions of different classes. In this direction, recently Gupta [9] intro-
duced and defined the following general family of set of positive Linear
operators for f : [0,∞)→ R for parameters α, β > 0 as:

(1.1) =σ,ρn,τ (ζ, x) =
∞∑
ν=1

`τn,ν(x)

∫ ∞
0

`σ+1,ρ
n,ν−1(v)ζ(v)dv +mτ

n,0ζ(0),
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2 GUPTA TYPE GENERAL FAMILY OF OPERATORS

where

(1.2) `τn,ν(x) =
(τ)k
k!

(
nx
τ

)ν(
1 + nx

τ

)τ+k
and

`σ+1,ρ
n,ν−1(v) =

n

σ.B(νρ, σρ+ 1)
.

(
nv
σ

)νρ−1(
1 + nv

σ

)σρ+νρ+1

having rising factorial (τ)ν = τ(τ + 1)...(τ + ν− 1) and (τ)0 = 1. These
sequence of positive linear operators reproduce linear functions. For dif-
ferent values and limiting conditions of parameters α and σ, we obtain
various linear positive operators e.g. Phillips, Baskakov-Durrmeyer,
Baskakov-Szász, Szász-Beta, Lupaş-Beta, Lupaş-Szász, genuine Bernstein-
Durrmeyer, Link, Pătănea, Miheşan-Durrmeyer, link Bernstein-Durrmeyer
operators etc.

For x ≥ 0, the operators (1.1) can be written in the following form
as

=σ,ρn,τ (ζ, x) =
∞∑
ν=0

`τn,ν(x)%σ,ρn,ν(ζ),

where `τn,ν(x) is given in (1.2) and

%σ,ρn,ν(ζ) =

{ ∫∞
0
`σ+1,ρ
n,ν−1(v)ζ(t)dv, 1 ≤ ν <∞

ζ(0), ν = 0.

For various values of parameters τ, σ and ρ, we obtain following cases
of well known operators by operators (1.1):

(1) If τ = σ = n, ρ = 1, we find the Baskakov-Durrmeyer operators
preserving constant functions studied by Finta [5].

(2) If τ = σ = −n, ρ = 1, we obtain genuine Bernstein-Durrmeyer
polynomials which were introduced by Chen [2] and Goodman-
Sharma [8].

(3) If τ = σ → ∞, ρ = 1 we get well known Phillips operators
which were studied by Finta and Gupta in [6].

(4) If τ 6= σ and τ = n, σ → ∞, ρ = 1, we obtain the Baskakov-
Szász operators which were studied by Agrawal and Mohammad
[1].

(5) If τ 6= σ and τ → ∞, σ = n, ρ = 1 we find the Szász-Beta
operators considered by Gupta and Noor [11].

(6) If τ 6= σ and τ = nx, σ = n, ρ = 1, we obtain the Lupaş-Beta
operators studied in [12].
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(7) If τ 6= σ and τ = nx, σ →∞, ρ = 1 we obtain the Lupaş-Szász
operators which were developed and studied by Govil et al. in
[7].

(8) If τ = σ, we get the Srivastava-Gupta operators which were
studied by Malik [17].

(9) If τ = σ → ∞, ρ > 0, we obtain the Păltănea operators which
were considered and studied in [19].

(10) If σ → ∞, ρ > 0, and for each value of τ such that kρ is
a positive integer, we get the Maheşan-Durrmeyer operators
which were studied and proposed by Kajla in [15].

In first section, we give moment estimates and some basic definitions,
auxiliary results to prove our main theorems. In the last ten years,
an interesting property of positive linear operators is to find the esti-
mate of their differences using K− functional approach and in terms
of appropriate modulus of continuity. The work is been done in this
direction by Gupta and Tachev [10] etc. Motivated to this study, we
find and study rate of convergence of these operators i.e. estimate
of error in terms of the usual modulus of continuity of order 2 and
weighted modulus of continuity using Peetre’s K-functional approach.
Further, we derive quantitative Voronovkaya-type theorem for the class
of weighted spaces of functions. Recently, Kajla et al. [16], Malik [17]
studied Grüss-Voronovskaja type results for q− Szasz operators and
different kind of Gupta type operators for various classes of functions.
So, it is very interesting topic to study Grüss-Voronovskaja asymptotic
result for general family of operators (1.1) using Grüss type inequality.

2. Estimates of moments

Lemma 1. [9] The rth moment =σ,ρn,τ (er, x), er = vr, r = 1, 2, ... satisfy
the following equation:
=σ,ρn,τ (er, x)

=
Γ(σρ− r + 1)

Γ(σρ+ 1)

(σ
n

)r (
1 +

nx

τ

)−τ ∞∑
k=1

(τ)k
k!

.
Γ(kρ+ r)

Γ(kρ)
.

(nx)k

(τ + nx)k
.

Let us define central moments of rth order by µσ,ρn,τ,r(x) = =σ,ρn,τ ((v −
x)r, x).

Remark 1. Using above lemma, we obtain =σ,ρn,τ (e0, x) = 1,=σ,ρn,τ (e1, x) =
x and

=σ,ρn,τ (e2, x) =
σ

σρ− 1

[
ρx2

(
1 +

1

τ

)
+

(ρ+ 1)x

n

]
.
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Hence, central moments are given by

µσ,ρn,τ,1(x) = 0

and

µσ,ρn,τ,2(x) =
σ

σρ− 1

[
(σρ+ τ)x2

τσ
+

(ρ+ 1)x

n

]
.

3. Direct results

Let ΛB[0,∞) denotes the class of bounded and continuous functions
on [0,∞). For ζ ∈ ΛB[0,∞) and δ > 0, the usual modulus of continuity
of order j is defined as:

ωj(ζ, δ) = sup
0≤h≤δ

sup
x∈[0,∞)

|∆j
hζ(x)|,

where ∆j
h is the jth order forward difference. For j = 1, we call it the

usual modulus of continuity, denoted by ω(ζ, δ).
Further, let κ2 = {p ∈ ΛB[0,∞) : p′, p′′ ∈ ΛB[0,∞)}. For ζ ∈

ΛB[0,∞), the K− functional is defined as

K2(ζ, δ) = inf
p∈κ2
{‖ζ − p‖+ δ‖p′′‖},

where δ > 0 and the norm ‖.‖ is the sup- norm on [0,∞).
By ([3], p.177, Theorem 2.4) ∃ absolute constant C > 0 such that

K2(ζ, δ) ≤ Cω2(ζ,
√
δ),

where ω2(ζ, δ) is the usual modulus of smoothness of order 2 of ζ.
Now, we discuss the error estimate by linear positive operators =σ,ρn,τ (ζ, .),

in terms of the second order modulus of continuity which has been
stated by Gupta [9]. We have the following error estimate:

Theorem 1. If ζ ∈ ΛB[0,∞) and x ∈ [0,∞) ∃ an absolute constant
C > 0 such that

|=σ,ρn,τ (ζ, x)− ζ(x)| ≤ Cω2

(
ζ,

√
(σρ+ τ)x2

τ(σρ− 1)
+
σ(ρ+ 1)x

n(σρ− 1)

)
.

Proof. Let p ∈ κ2 and x, v ∈ [0,∞). Using Taylor’s series expansion,
we write

(3.1) p(v) = p(x) + (v − x)p′(x) +

v∫
x

(v − u)p′′(u)du.

Applying =σ,ρn,τ on the both sides of (3.1), we get
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|=σ,ρn,τ (p, x)− p(x)| =

=σ,ρn,τ
∣∣∣∣∣∣
v∫
x

(v − u)p′′(u)du

∣∣∣∣∣∣ , x


≤ =σ,ρn,τ ((v − x)2, x)‖p′‖ ≤ µσ,ρn,τ,2(x))‖p′‖

≤ σ

σρ− 1

[
(σρ+ τ)x2

τσ
+

(ρ+ 1)x

n

]
‖p′‖,(3.2)

in view of Remark 1. Now, using definition of operators (1.1) and
Lemma 1, we obtain
(3.3)

|=σ,ρn,τ (ζ, x)| ≤
∞∑
k=1

`τn,k(x)

∫ ∞
0

`σ+1,ρ
n,k−1(v)|ζ(v)|dv +mτ

n,0|ζ(0)| ≤ ‖ζ‖.

Using (3.2) and (3.3) we reach to

|=σ,ρn,τ (ζ, x)− ζ(x)| ≤ |=σ,ρn,τ (ζ − p, x)− (ζ − p)(x)|+ |=σ,ρn,τ (p, x)− p(x)|

≤ 2‖ζ − p‖+
σ

σρ− 1

[
(σρ+ τ)x2

τσ
+

(ρ+ 1)x

n

]
‖p′‖.

Now, taking infimum over all p ∈ κ2 on both sides of above equation
and in view of inequality K2(ζ, δ) ≤ Cω2(ζ,

√
δ) , we get the required

result.
�

The Ditzian-Totik modulus of smoothness of order 2 is defined as:

ω2
ϕ(ζ, δ) = sup

0≤h≤δ
sup

x±hϕ(x)∈[0,∞)

|ζ(x+ hϕ(x))− 2ζ(x) + ζ(x+ hϕ(x))|,

where ϕ(n, τ, σ, ρ, x) =

√
x
(

1 + n(σρ+τ)
τσ(ρ+1)

x
)
.

The corresponding K−functional is defined as:

K2,ϕ(ζ, δ2) = inf
g∈V 2

∞(ϕ)
{‖ζ − h‖+ δ2‖ϕ2h′′‖},

where κ2
∞(ϕ) = {h ∈ ΛB[0,∞) : h′ ∈ ACloc[0,∞) : ϕ2h′′ ∈ ΛB[0,∞)}.

By ([4], Theorem 2.11) ∃ an absolute constant C > 0 such that
C−1ω2

ϕ(ζ, δ) ≤ K2,ϕ(ζ, δ2) ≤ Cω2
ϕ(ζ, δ).

Now, we estimate an error in terms of weighted Ditzian-Totik mod-
ulus of smoothness using K−functional approach.

Theorem 2. If ζ ∈ ΛB[0,∞), and x ∈ [0,∞) ∃ a constant C > 0 such
that



6 GUPTA TYPE GENERAL FAMILY OF OPERATORS

‖=σ,ρn,τ (ζ, x)− ζ(x)‖ ≤ Cω2
ϕ

(
ζ,

√
σ(ρ+ 1)

n(σρ− 1)

)
.

Proof. Let p ∈ κ2
∞ and x, v ∈ [0,∞). Using Taylor’s series expansion,

we write

(3.4) p(v) = p(x) + (v − x)p′(x) +

v∫
x

(v − u)p′′(u)du.

Applying =σ,ρn,τ on the both sides of (3.4), we get

|=σ,ρn,τ (p, x)− p(x)| =

=σ,ρn,τ
∣∣∣∣∣∣
v∫
x

(v − u)p′′(u)du

∣∣∣∣∣∣ , x


≤
=σ,ρn,τ ((v − x)2, x)

ϕ2(x)
‖ϕ2p′‖

≤ σ(ρ+ 1)

n(σρ− 1)
‖ϕ2p′‖,(3.5)

in view of Remark 1. Now, using definition of operators (1.1) and
Lemma 1, we obtain
(3.6)

|=σ,ρn,τ (ζ, x)| ≤
∞∑
k=1

`τn,k(x)

∫ ∞
0

`σ+1,ρ
n,k−1(v)|ζ(v)|dv +mτ

n,0|ζ(0)| ≤ ‖ζ‖.

Using (3.5) and (3.6) we reach to

|=σ,ρn,τ (ζ, x)− ζ(x)| ≤ |=σ,ρn,τ (ζ − p, x)− (ζ − p)(x)|+ |=σ,ρn,τ (p, x)− p(x)|

≤ 2‖ζ − p‖+
σ(ρ+ 1)

n(σρ− 1)
‖ϕ2p′‖.

Now, taking infimum over all p ∈ κ2
∞ on both sides of above equation

and in view of inequality K2(ζ, δ) ≤ Cω2(ζ,
√
δ) , we get the required

result.
�

4. Quantitative Voronovskaja asymptotic result

Let Λ[0,∞) be the space of all continuous functions defined on [0,∞)
and f be the a subspace of Λ[0,∞), which contains polynomials. Let
Π2[0,∞) be the set of all continuous functions ζ defined on [0,∞)
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such that |ζ(x)| ≤ Mζ(1 + x2), where Mζ > 0 is a constant depend-
ing on ζ. Also, let Λ2[0,∞) denotes the space of all continuous func-
tions in Π2[0,∞). Consider Λ∗2[0,∞) is the subspace of all functions

ζ ∈ Λ2[0,∞) for which lim
x→∞

|ζ(x)|
1 + x2

is finite. The norm on Π2[0,∞) is

defined as ‖ζ‖2 = sup
x∈[0,∞)

|ζ(x)|
1 + x2

.

The weighted modulus of continuity is defined as:

Ω(ζ, δ) = sup
0≤h<δ,x∈[0,∞)

ζ(x+ h)− ζ(x)

(1 + h2)(1 + x2)

for the functions ζ ∈ Λ2[0,∞).
It was shown that for every ζ ∈ Λ∗2[0,∞) there holds:

(4.1) Ω(ζ, nδ) ≤ 2(1 + n)(1 + δ2)Ω(ζ, δ), n > 0.

Using the above definition and in view of (4.1), we may write
|ζ(z)− ζ(x)|

≤ (1 + x2)(1 + (z − x)2)Ω(ζ, |z − x|)

≤ 2

(
1 +
|z − x|
δ

)
(1 + δ2)Ω(ζ, δ)(1 + x2)(1 + (z − x)2).(4.2)

Now, we discuss a local error estimate in terms of the weighted modu-
lus of continuity to establish a quantitative Voronovkaya-type theorem.

Theorem 3. Let E be a subspace of Λ[0,∞) which contains polynomi-
als then for the function ζ ∈ Λr[0,∞), the space of r− times continu-
ously differentiable functions, we have

=σ,ρn,τ (|Rr(ζ, u, x)|;x) ≤ 16

r!
(1+x2)Ω(ζ(r), δ)

(
µσ,ρn,τ,r(x) +

1

δ4
µσ,ρn,τ,r+4(x)

)
,

where Rr(ζ, u, x) = (u−x)r
r!

(
ζ(r)(ξ)− ζ(r)(x)

)
, t < ξ < x is the remain-

der term in the Taylor’s series expansion.

Proof. On an application of Taylor’s series expansion and properties of
weighted modulus of continuity, the proof of the theorem follows. �

The quantitative Voronovkaya-type theorem for the class of weighted
spaces of functions is as follows:

Theorem 4. If ζ ∈ E and ζ ′′ ∈ Λ∗2[0,∞) then for x ∈ [0,∞) there
holds:
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2
ζ ′′(x)µσ,ρn,τ,2(x)

∣∣
≤ 16(1 + x2)Ω

(
ζ ′′,

(
µσ,ρn,τ,6(x)

µσ,ρn,τ,2(x)

)1/4
)
µσ,ρn,τ,2(x).

Proof. Using Taylor’s series expansion we may write

ζ(v) = ζ(x) + ζ ′(x)(v − x) +
ζ ′′(x)

2
(v − x)2 +R2(ζ, v, x),

where

R2(ζ, v, x) =
(v − x)2

2
(ζ ′′(ξ)− ζ ′′(x)

and ξ is a number lying between v and x.
Operating =σ,ρn,τ on both sides of above equation we get
=σ,ρn,τ (ζ, x)− ζ(x)− ζ(x)[=σ,ρn,τ (1, x)− 1]− ζ ′(x)=σ,ρn,τ ((v − x), x)

−ζ
′′(x)

2
=σ,ρn,τ ((v − x)2, x) = =σ,ρn,τ (R2(ζ, v, x), x).

Using Theorem 3 and Remark 1, we obtain

|=σ,ρn,τ (ζ, x)− ζ(x)− ζ′′(x)
2
=σ,ρn,τ ((v − x)2, x)|

≤ 8(1 + x2)Ω(ζ ′′, δ)

(
=σ,ρn,τ ((v − x)2, x) +

1

δ4
=σ,ρn,τ ((v − x)6, x)

)
≤ 8(1 + x2)Ω(ζ ′′, δ)=σ,ρn,τ ((v − x)2, x)

(
1 +

1

δ4

=σ,ρn,τ ((v − x)6, x)

=σ,ρn,τ ((v − x)2, x)

)
.

Choosing δ =
(
=σ,ρn,τ ((v−x)6,x)
=σ,ρn,τ ((v−x)2,x)

)1/4

, we get

|=σ,ρn,τ (ζ, x)− ζ(x)− ζ′′(x)
2
µσ,ρn,τ,2(x)|

≤ 16(1 + x2)Ω

(
ζ ′′,

(
µσ,ρn,τ,6(x)

µσ,ρn,τ,2(x)

)1/4
)
µσ,ρn,τ,2(x).

Hence the theorem is proved. �

5. Grüss-Voronovskaja type asymptotic result

In this section, first we derive a Grüss-Voronovskaja type approxima-
tion theorem and then prove the Grüss-Voronovskaja type asymptotic
result.
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Theorem 5. If ζ, p ∈ E ∩Λ∗2[0,∞) and ζ ′′, p′′ ∈ E ∩Λ∗2[0,∞) then for
fixed x ≥ 0 there holds:

|=σ,ρn,τ (ζp, x)−=σ,ρn,τ (ζ, x)=σ,ρn,τ (p, x)| ≤ ℘ζ(x)℘p(x),

where

℘ζ(x) =

√
32(1 + x2)Ω

(
ζ ′′,
(
µσ,ρn,τ,4(x)

)1/4)
+ 32(1 + C)‖ζ‖2(1 + x2)2Ω

(
ζ,
(
µσ,ρn,τ,4(x)

)1/4)
,

℘p(x) is the analogue of ℘ζ(x) and C is a constant.

Proof. Let us define =σ,ρn,τ (ζ, p, x) = =σ,ρn,τ (ζp, x)−=σ,ρn,τ (ζ, x)=σ,ρn,τ (p, x).
By using Cauchy-Schwarz inequality, we have

|=σ,ρn,τ (ζ, p, x)| ≤
√
=σ,ρn,τ (ζ, ζ, x)

√
=σ,ρn,τ (p, p, x).

In view of (4.2), we reach to

|=σ,ρn,τ (ζ, x)− ζ(x)| ≤ 2(1 + x2)(1 + δ2)Ω(ζ, δ)

× =σ,ρn,τ
((

1 +
|z − x|
δ

)
(1 + (z − x)2), x

)
.(5.1)

Let us define ∅(x, z, δ) =
(

1 + |z−x|
δ

)
(1 + (z − x)2). So,

∅(x, z, δ) =

{
2(1 + δ2), |z − x| < δ

2(1 + δ2) (z−x)4
δ4

, |z − x| ≥ δ

Now combining both cases for all x, z ≥ 0, we get

(5.2) ∅(x, z, δ) ≤ 2(1 + δ2)

[
1 +

(z − x)4

δ4

]
.

Combining (5.1)-(5.2), we obtain

(5.3) |=σ,ρn,τ (ζ, x)− ζ(x)| ≤ 16(1 + x2)

(
1 +

1

δ4
µσ,ρn,τ,4(x)

)
Ω(ζ, δ).

We can write

=σ,ρn,τ (ζ, ζ, x) = =σ,ρn,τ (ζ2, x)− ζ2(x) + ζ2(x)−
(
=σ,ρn,τ

)2
(ζ, x)

= =σ,ρn,τ (ζ2, x)− ζ2(x) +
(
ζ(x)−=σ,ρn,τ (ζ, x)

) (
ζ(x) + =σ,ρn,τ (ζ, x)

)
.

Now,

=σ,ρn,τ (ζ, x)

1 + x2
≤
‖ζ‖2=σ,ρn,τ (1 + v2, x)

1 + x2
≤ ‖ζ‖2C(1 + x2)

1 + x2
= C‖ζ‖2.

So we have
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∣∣

≤
∣∣=σ,ρn,τ (ζ2, x)− ζ2(x)

∣∣ +
∣∣ζ(x)−=σ,ρn,τ (ζ, x)

∣∣ (‖ζ‖2 +M‖ζ‖2)(1 + x2).

Further, using (5.3), we reach to

|=σ,ρn,τ (ζ, ζ, x)| ≤ 16(1 + x2)

(
1 +

1

δ4
µσ,ρn,τ,4(x)

)
Ω(ζ2, δ)

+ 16(1 + C)‖ζ‖2(1 + x2)2

(
1 +

1

δ4
µσ,ρn,τ,4(x)

)
Ω(ζ, δ).

Choosing δ =
(
µσ,ρn,τ,4(x)

) 1
4 , we get

|=σ,ρn,τ (ζ, ζ, x)| ≤ 32(1 + x2)Ω(ζ2,
(
µσ,ρn,τ,4(x)

) 1
4 )

+ 32(1 + C)‖ζ‖2(1 + x2)2Ω(ζ,
(
µσ,ρn,τ,4(x)

) 1
4 ).

We find similar estimate for |=σ,ρn,τ (p, p, x)|, which completes the proof
of the theorem.

�

The Grüss-Voronovskaja type asymptotic result is as follows:

Theorem 6. Let ζ, p ∈ f, ζ ′′, p′′ ∈ Λ∗2[0,∞) such that ζp ∈ f, (ζp)′′ ∈
Λ∗2[0,∞), then at any point x ∈ [0,∞), we have
n
∣∣=σ,ρn,τ (ζp, x)−=σ,ρn,τ (ζ, x)=σ,ρn,τ (p, x)− µσ,ρn,τ,2(x)ζ ′(x)p′(x)

∣∣
≤ 16(1 + x2)nµσ,ρn,τ,2(x)

{
Ω

(
(ζp)′′,

(
µσ,ρn,τ,6(x)

µσ,ρn,τ,2(x)

)1/4
)}

+‖ζ‖2(1 + x2)

{
Ω

(
p′′,
(
µσ,ρn,τ,6(x)

µσ,ρn,τ,2(x)

)1/4
)}

+‖p‖2(1 + x2)

{
Ω

(
(ζp)′′,

(
µσ,ρn,τ,6(x)

µσ,ρn,τ,2(x)

)1/4
)}

+ n~n(ζ)~n(p),

where

~n(ζ) =
1

2
‖ζ ′′‖2(1+x2)

(
2µσ,ρn,τ,2(x) +

2x

1 + x2
µσ,ρn,τ,3(x) +

x

1 + x2
µσ,ρn,τ,4(x)

)
and ~n(p) is the analogue of ~n(ζ).

Proof. By Taylor’s series expansion of ζ, we have
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=σ,ρn,τ (ζp, x)−=σ,ρn,τ (ζ, x)=σ,ρn,τ (p, x)−=σ,ρn,τ (p, x)ζ ′(x)p′(x)

= =σ,ρn,τ (ζp, x)− ζ(x)p(x)−
=σ,ρn,τ ((v − x)2, x)

2
(ζ(x)p(x))′′

= −ζ(x)

[
=σ,ρn,τ (p, x)− p(x)−

=σ,ρn,τ ((v − x)2, x)

2
p′′(x)

]
− p(x)

[
=σ,ρn,τ (ζ, x)− ζ(x)−

=σ,ρn,τ ((v − x)2, x)

2
ζ ′′(x)

]
+ (p(x)−=σ,ρn,τ (p, x)).(=σ,ρn,τ (ζ, x)− ζ(x))

= κ1 + κ2 + κ3 + κ4, say.

So we may write
|=σ,ρn,τ (ζp, x)−=σ,ρn,τ (ζ, x)=σ,ρn,τ (p, x)−=σ,ρn,τ (p, x)ζ ′(x)p′(x)|

≤ |κ1|+ |κ2|+ |κ3|+ |κ4|.
Using Theorem 4, we get

|κ1| ≤ 16(1 + x2)Ω

(
(ζg)′′,

(
µσ,ρn,τ,6(x)

µσ,ρn,τ,2(x)

)1/4
)
µσ,ρn,τ,2(x).

|κ2| ≤ 16|ζ(x)|(1 + x2)Ω

(
p′′,

(
µσ,ρn,τ,6(x)

µσ,ρn,τ,2(x)

)1/4
)
µσ,ρn,τ,2(x).

|κ3| ≤ 16|p(x)|(1 + x2)Ω

(
ζ ′′,

(
µσ,ρn,τ,6(x)

µσ,ρn,τ,2(x)

)1/4
)
µσ,ρn,τ,2(x).

Next, since ζ ∈ Λ∗2[0,∞) we can write

=σ,ρn,τ (ζ, x)− ζ(x) = ζ ′(x)µσ,ρn,τ,1(x) +
1

2
=σ,ρn,τ (ζ ′′(ξ)(v − x)2, x)

and hence we get

|=σ,ρn,τ (ζ, x)− ζ(x)| ≤ 1

2
=σ,ρn,τ (|ζ ′′(ξ)|(v − x)2, x)

≤ ‖ζ ′′‖2
1

2
=σ,ρn,τ ((1 + ξ2)(v − x)2, x),

where v < ξ < x.
If ξ lies between v and x, then we get 1 + ξ2 ≤ 1 + x2. So we obtain

in this case

|=σ,ρn,τ (ζ, x)− ζ(x)| ≤ ‖ζ ′′‖2(1 + x2)

2
µσ,ρn,τ,2(x).
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Moreover, if ξ lies between x and v, then we get 1 + ξ2 ≤ 1 + v2. So
we get

|=σ,ρn,τ (ζ, x)− ζ(x)| ≤ ‖ζ ′′‖2
2
=σ,ρn,τ ((1 + v2)(v − x)2, x)

=
‖ζ ′′‖2

2
((1 + x2)µσ,ρn,τ,2(x) + 2xµσ,ρn,τ,3(x) + µσ,ρn,τ,4(x).

Therefore, on combining the both cases of ξ we obtain
|=σ,ρn,τ (ζ, x)− ζ(x)|

≤ ‖ζ ′′‖2(1 + x2)

2
{2µσ,ρn,τ,2(x) +

2x

1 + x2
µσ,ρn,τ,3(x) +

1

1 + x2
µσ,ρn,τ,4(x)}

:= Γn(ζ).

Similarly, we estimate |=σ,ρn,τ (ζ, x)− ζ(x)| ≤ Γn(p). Hence, we reach to

n
∣∣=σ,ρn,τ (ζp, x)−=σ,ρn,τ (ζ, x)=σn,τ (p, x)− µσ,ρn,τ,2(x)ζ ′(x)p′(x)

∣∣
≤ 16(1 + x2)nΩ

(
(ζp)′′,

(
µσ,ρn,τ,6(x)

µσ,ρn,τ,2(x)

)1/4
)
µσ,ρn,τ,2(x)

+ 16‖ζ‖2(1 + x2)2nΩ

(
p′′,

(
µσ,ρn,τ,6(x)

µσ,ρn,τ,2(x)

)1/4
)
µσ,ρn,τ,2(x)

+ 16‖p‖2(1 + x2)2nΩ

(
ζ ′′,

(
µσ,ρn,τ,6(x)

µσ,ρn,τ,2(x)

)1/4
)
µσ,ρn,τ,2(x)

+ nΓn(ζ)Γn(p).

Hence, the result of theorem is established.
�

Remark 2. In previous years many authors have studied Stancu vari-
ant of operators by introducing two parameters α, β. They modified

f
(
nu+α
n+β

)
and f

(
j+α
n+β

)
, instead of f(u), f

(
k
n

)
for integral and discrete

operators respectively. In particular, α = β = 0, we arise at ordinary
operators. So, we can also study the analysis to improve constant of
approximation for these operators although the order of approximation
can not be increased.
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