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1 Introduction

In scientific research, many physical, chemical and biological phenomena can be described
by differential equations. In recent years, the study of differential equations has attracted much
attention, especially the differential equations with impulsive effect. The most outstanding
characteristic of impulsive differential system is that it can fully consider the impact of sudden
change on the state and can more profoundly reflect the changing law of things. In real life, many
phenomena affected by external uncertainty will change suddenly. According to the duration
of action, they can be divided into instantaneous impulses and non-instantaneous impulses
[1, 3-5, 79, 12, 14].

V’Milman first proposed the instantaneous impulses [8] in 1960. However, in many practical

applications, instantaneous impulses cannot describe all phenomena. In 2013, non-instantaneous
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impulses were first introduced by Hernandez and O’Regan [3]. They studied the existence of

solutions for the following differential equations

Ul(t) - AU(t) =+ f(t,U(t)),t € (shti-‘rl]?i = 07 17 27 EREE) N7

u(t) = gi(t,u(t)),t € (t;,si),i =1,2,..., N, (L.1)

| u(0) = xo.

Since then, the study of non-instantaneous impulses attracts much attention. In [7], Bai and
Nieto first studied the variational structure of the following differential equations with non-

instantaneous impulses

—u”(t) = O'i(t), t e (Si,ti+1], 1=0,1,2,..., N,

u’(t) =4t € (tz‘, Si], 1=1,2,..., N,

u(0) = u(T) =0, v'(0) = .

They used the variational method to get existence and uniqueness of weak solutions as critical
points. In [12], Tian and Zhang studied the following second-order differential equations with

instantaneous and non-instantaneous impulses

;

—U”(t) = fl(tvu(t))a te (si7ti+1]7 = 07 17 27 "'7N7
Au'(ti) = Li(u(t;)),i=1,2,..., N,

W (t) = (t]), t € (ti,si],i=1,2,..., N, (1.3)

\

By using a variational method, the existence of at least one classical solution was proved.

On the other hand, fractional differential equations have been widely used in the fields of
viscoelasticity, neuron and electrochemistry. We suggest that readers refer to the literatures
(2, 6, 10, 11, 13, 15].

To our best knowledge, the existence of at least one or two solutions of impulsive differ-
ential equations with Dirichlet boundary conditions are obtained recently. However, there are
few papers studying the existence of infinitely many solutions for fractional differential equa-

tions involving instantaneous and non-instantaneous impulses with Strum-Liouville boundary



conditions. In order to fill this gap, we will consider the following problem

— 4D P (1) + LD (W (1)) = filt, u(t)), t € (siytig],i=0,1,2,.., N,
A3oD; " (t) + D7/ (1) = Liu(t), i = 1,2,... N,

LoDy P (8) + 3Dy P (8) = S0y Pl (6F) + L, D7 (8), t € (t,8i), i = 1,2, .., N,

(1.4)
LoDy P (s7) + 3D P (s7) = SoDy Pul (57) + 3eD7Pu! (s7), i = 1,2, ..., N,

i

au(0) — b(% oD; P/ (0) + 1, D77 W/ (0)) =0,

cw(T) +d(% oD, " w/(T) + 3 D" w/(T)) = 0,

where 5 € [0,1), 0D, g - Dfﬁ are the left and right Riemann-Lionville fractional integrals of
order, respectively, a,c > 0,b,d > 0and 0 =s9 <t1 < 81 < ..< sy <tnyy1 =T, I; € C(R,R),
and fl € C((Si, ti+1] XR,R)(i =1,2,..., N),

1

1 1 1 1 _ 1 _
Az oDy "/ (ti) + 5D/ (1) = (G oDy P/ (67) + oD ' (61) = (G oDy P (6) + 5 oD W' (1)),

1 1 _ S 1
5 007 W (65) + 507l () = lim (5007 7w (8) + 5 D77 4 (1),

t—t;

1 _ 1 _ . 1
50D (s 5Dl (5F) = iy (5

Jim, (5 oD; " u'(si) + %tD;B u'(s)).

The new insights presented in the paper are as follows. Firstly, following on from problem
(1.3), we generalize the second-order differential equations to fractional differential equation-
s and establish the variational structure of problem (1.4). Secondly, compared with (1.3),
problem (1.4) extends Dirichlet boundary conditions to Sturm-Liouville boundary conditions.
Considering instantaneous impulses, non-instantaneous impulses and Sturm-Liouville boundary
conditions at the same time, we overcome the difficulty that the weak solution of problem (1.4)
is a classical solution. If 5 = 0,b = 0 and d = 0, problem (1.4) reduces to problem (1.3).
Problem (1.4) expands the range of application of problem (1.3). Thirdly, we consider the case
that the potential F' has an oscillating asymptotic behavior and prove the existence of infinitely
many solutions of problem (1.4). Our results generalize and complement the existing results in
the literature [12].

This paper is organized as follows. In section 2, we present some fundamental definitions
and lemmas for bd # 0. Moreover, the variational structure of problem (1.4) is revealed. In
section 3, we prove that the weak solution of problem (1.4) is a classical solution. Finally we
give the main results for bd # 0. In section 4, we discuss three cases and get the main results

for bd = 0. In section 5, we give an example to illustrate the main results for bd # 0.



2 Preliminaries for bd # 0

In this section, we recall some basic definitions and lemmas for the fractional space and func-
tional . For the definitions of fractional integrals and derivatives, we refer the reader to

monographs [2, 6, 10, 11, 13, 15].
Definition 2.1. Let o € (3,1],p € [1,400) . The fractional derivative space
E*P = {u:[0,T] —R: u is absolutely continuous and §D{ v € LP([0,T],R)}

is defined by the closure of C*°([0,T],R) with the norm

1
T P
lllop = ( [ o+ rswu(t)pdt)

Remark 2.1. When p = 2, we write E%? = E“ and let X = E®. It is obvious that the
fractional derivative space E*P is the space of function v € LP(]0,T],R) having an o — order

Caputo factional derivative Df v € LP([0,T],R) .

Lemma 2.1. Let a € (0,1],p € (1,+00). The space E*P is a reflexive and separable Banach

X;_{ueX:/oTu(s)ds_o},

we can split X into X :R@X , and each u € X can be uniquely written as u = u + u, where

space. Now set

i eR and i € X.

Proof. From Lemma 4.2 of [11], we get X is a reflexive and separable Banach space.

Firstly, we shall prove X =R+X. By Lemma 2.22 from [6], one obtains

u(t) = w(§) + (Ig+ “Dg+ ul(t),

T
where u(§) = M €R. Since

/OT( ¢+ “Dgv Ju(t)dt = /OT (u(t) —u(g))dt = /OT (u(t) - % /OT u(s)ds) dt =0,

we have (I “Dg:)ul(t) € X.
Secondly, we will show R X = {0}. For u eR( X , we have u = ¢ and

T
/ u(s)ds = ¢T' =0,
0

which means ¢ = 0. The proof is completed. ]



Lemma 2.2. [11] Let a € (3,1], b,d > 0 and u € E*. The norm |[ulla,2 is equivalent to

T c 2
foll = (= [ (5f . tDF e + (T + §w0)?)

Moreover, one has ||u||q,2 < Mi||ul|, where

272 1\
My = [ max ZTQ, — — .
a’ (T(a+1))2cosma cos T

Lemma 2.3. [11] For u € E®, there exists M3 > 0 such that ||u|lecc < Ms||ul|, where

U = max |u(t)|,
Julloe = e fu)

1 1
T 2 T 3

I'(a+1) } " T(@)(2a — 1)2 /[ cos 7a|

M; = vV2M; max {T—%,
and My is defined in lemma 2.2.

Let a=1-— g, b,d > 0, then a € (%, 1]. We define energy functional ¢ : X —R by

1

T C
Pl == [ (GDFu(O). DR U0+ (D) + 5 (w(0))

N u(tz) N tiy1
+ Z/O Ii(s)ds — Z/ Fi(t,u(t))dt,
i=1 i=0 7%

where Fj(t,u) = [ fi(t, s)ds. Since f; and I; are continuous, we can have ¢ € C*(X,R) and

(2.1)

T C a
(¢(w.0) =5 [ (D7 W (0)+ D7 (O (Ot + GuT)o(T) + Fu(0(0)

d b
N N tiv1 (22)
DI IEED Y A RTOOLS
i=1 i=0 v i

Definition 2.2. A function u € X is said to be a weak solution of problem (1.4) , if u satisfied
(p'(u),v)) =0 for all v e X.

Definition 2.3. A funtion u € X such that oD; ' (t), :D; " u/(t) € C (s, tis1] is said to
be a classical solution of problem (1.4), If u satisfies equations, instantaneous impulses, non-

instantaneous impulses and Sturm-Liouville boundary conditions in problem (1.4).
Lemma 2.4. The function ¢ : X — R is weakly lower semi-continuous.

Proof. Let ¢o(u) = p1(u) + p2(u), where

1

T C
p1(u) = 2/0 (6D¢ u(t), y DT u(t))dt + ?d(“(T))Z + 2b(“(0))2’

5



2/ ds+z/’“ ).

Firstly, by ¢1(u) = 3|lul|?, we have that ¢ is continuous, which means ¢; is lower semi-
continuous. From Lemma 5.3 of [11], since ¢; is convex, we have ¢ is weakly lower semi-
continuous. Then, let (ux)72; be weakly convergent to u in E“. From proposition 5.5 of [10],

we get up — u in C[0,T] . Together with I; € C(R,R), fi € C((si,ti+1]xR,R), we have

tit1
hm wo(ug) = hm (Z/ ds—Z/ Fi(t,ug(t )dt)

N u(t;) it1
[y
= p2(u).

Obviously, ¢s is weakly continous . Therefore @9 is weakly lower semi-continuous. The proof

is completed. O

3 Main results for bd # 0

In this section, we study the case that the potential F has an oscillating asymptotic behavior.
In order to prove the existence of infinitely many solutions for problem (1.4), we assume
(H1) there exist constant a > 0 such that |[;(x)| < a|z| for all z €R.
(Hs) there exist 3(t) € L'([0,T],R) such that |f;(¢,z)| < B(t)|x| for a.e t € [0,T] and all = €R.

In addition, ||B(¢)||z, < E Na , where a < NM2 and M3 is defined in Lemma 2.3.

tit1
(H3)(i )léglﬁgeezsﬁﬂ 5{2616 +2—be +Z/ ds—Z/ Fi(t,e dt}

: (7 + M| Bl £y + NaMs)? / /l+1
lim inf s)d § (¢, 1)dt
() lim inf 1eR = { 2 — 2M2(|B| 1, — 2NaM?2 Z o

< +00.

Lemma 3.1. Suppose that (Hy) and (H2) are satisfied. If o(uy) and (ay,) are bounded for any
sequence (up) C X, (uy) is bounded in X.



Proof. By using conditions (H7), (H2) and Lemma 2.3, we have:

1 4 Cc o [eNe] a ult:)
Pl = =5 [ (GDFule). DF u(e)dt+ 5o (u (D + g wOF + 3 | 1

N tit1
- Fy(t, u(t))dt
>,

1 N tit1 u(t
:2Hu(t)\|2—z/ Fi(t,ult dt+2/

il N u+a(t;)
*7Hu+u )2 = Z/ Fi(t,a + a( ))dt+2/ Ti(s)ds
0

=1

tit1 N tit1
> L)~ ala ||—Z / / R+ si@)dsdt =3 [ A

+Z/O ds+2/u+u

=1

i+1 z+1
Sa)]” — lal () H—Z/ /6 O+ s st / Fit.a)d
N u+u(t;)
—1—2/ Ii(s)ds—Z/ als|ds
0 — Ju

i=1

> 2 ()| ~ alla) ||—Z/: 1/5 () |dsdt—z/:’“/ﬁ )sla(t) Pdsdt
Z/ZH dt+2/ ds—Z/u+M als|ds

=0

Sla)|” — fallla H—Z \dt—Z/’“ﬂ ()Pt
z+l N
Z/ tumz/ 5= afjallat)] + 5la) )

—0 =1

1 1 s

> a1 = Nl - a8l G oo — 51181z, ()2 - / Fi(t, m)dt
N 1

+3 /O Ii(s)ds = Na([alla(t) | + 5 1a(t)]%)
1 Nal.

> (2 - 2 e, — O o) () + Mafall8le, + Nado) o)

/s:+1 dt+2/



Therefore,

2) -“4 5 [ + (VA/_Z?, 1 N o
> 1 : l’L d . 3.1

Now, let (uy) be a sequence in X such that () is bounded , which means Zi]\io ft_”l Fi(t,u)dt
and y 1f0 i(s)ds are bounded. Since ¢(u,) is bounded, one has |a,| < M'(M' > 0).
Therefore (uy,) is bounded in X. O

Lemma 3.2. If u € X is a weak solution of problem (1.4) , w € X is a classical solution of
problem (1.4).

Proof. If u is a weak solution of problem (1.4) , then (¢'(u),v) = 0 for all v € X. We will divide
three steps to complete the proof.

Step 1. We will prove that u satisfies the equations in (1.4).

Without loss of generality, we assume that v € C§°(s;, tit1],v" € C§°(si,ti+1] such that v =0

for t € [0, s;] U(ti+1,T]. Substituting v(t) into (2.2), we have

1 tit1 " B tit1
2/ (oD; " v + +Dr u’)v’dt:/ fi(t,u(t))v(t)dt, (3.2)
ie.,
et (1 3 B
0= (2(0Dt u' + D" u v — fi(t,u(t))v(t)> dt
tir1 1 d t
_/ —(oD; Bl + tDT'BU W —vt)— [ fi(s,u(s))ds | dt
. \2 dt J,
tiv1 1 t tit1 t
= [ (Gton " ep e o) [ fisutsnds| 40 [ s uts)ds |
Si 0 Si 0
1

tir1 t
_/ (2(0Dt_’8 u' + tD}’B u') +/ fi(s,u(s))ds) V' (t)dt.
S; 0
By Dubois-Reymond Lemma, for all v/(t) € C§°, we have
1 t
§(OD;6 u + tD;ﬁ u') —|—/ fi(t,u(t))ds = constant.
0

Since f; € C((ss, ti+1]xR,R), we have

d 1 _ 1
i G oD e DE ) + file () =0,
which implies
d 1 1 4,
— (50D () + 5D W (1) = filt ) (33



Because f; € C((s;,ti+1]xR,R), we get %(OD;ﬁ u' + tD;'B u') € C(s4,t;41]. Therefore u satisfies
the equations in problem (1.4).
Step 2. We show u satisfies instantaneous and non-instantaneous impulses.

Substituting (3.3) into (2.2), we obtain

1

T N C a
3 /0 (oD; "' + D7 W) dt + ;Ii(u(ti))v(ti) + u(T)o(T) + L u(0)v(0)

tiv1 g 1 1 5,
+Z 5 (GoD M () + 5Dl (B)u()dt = 0,

ie.,
al L al L
> 50Dy Pl (tiy) + oDyt ))o(ti) = Y 5 (o s7) + D ' (s]))o(s])
=0 =0 (34)
—B v) a _
+ Z/ (oD; Pl + D" W) dt + ZI )+ du(T)v(T) + gu(O)v(O) =0.

Without loss of generality, we take the test function v € C§°(t;, s;],v" € C§°(ti, s;] such that
v(t) =0 for t € [0, ;] (si, T]. Substituting v(¢) into (3.4), from Dubois-Reymond Lemma, we
have

1 _ _
§(th Bu’(t) + tDTB u/'(t) = constant,t € (t;, si],

ie., for t € (t;,si,

LoD ()4 D7 ! (6) = 5 (oD (57) 4 1D w(57)) = (oD (6)+ D7 (1)
(3.5)



Substituting (3.5) into (3.4), one gets

A "1
0= §(OD;B u'(t 1) tDT u (t2+1)) (tip1) — Z i(onﬂ ul(sj) + tD:FB U’(ST))U(ST)
=0 N 1 1;0 1
+ > 50D P (1) + oDp () o(si) = Y 5 (oD P (67) + 1Dl (1) o (1)
=1 =1
N
+ D Llult))o(ts) + Su(T)o(T) + Fu(0)(0)
N2_11 al L
= 50D W) + D7 u ) =D 50D (s5) + 17 W (s )u(s])
l:lN 1 = iv 1
+ > 50D P () + oDp () o(si) = Y 5 (oD P (67) + D7l (1) (1)
=1 i=1
N
+ 37 Bl + (0D "W/ (T) + (D W (T)(T) — S (oD; " w(0) + D7 u/(0))(0)
=1
+ Zu(T)o(T) + Su(0)0(0)

=Z[§<op;ﬂ (7)) + D7 (1 >>—§<on5 "(t5) + oDl (6))) + Ti(u(t >>} vt

N
+ Z B(onﬂ o (t) + D7 () — %(oD{B (5H) + D7 u/(gj))] o(s)

30D (D) + DTN o) + [§u(0) = 0D ) + D7 (0)] of0)

Without loss of generally, we assume v(s;) = v(0) = v(T') = 0, which means the instantaneous

impulses
S 0D () + D () — (0D (17) + oD /(7)) = Tiu(r)

are hold. Then, without loss of genenerally, we assume v(t;) = v(0) = v(T") = 0, one has

1 _ _ 1 _ _
50D 7 W/ (6) + D" (69) = S (oD W (s]) + D7 ' (57)).

Together with (3.5), we have

1 _ _ _ _ 1
50Dy ﬁul(si )+ tDrp “/(Si ) =5

2 S(0D 7 (s) + D’ W (s]).

Therefore the non-instantaneous impulses are hold.
Step 3. We show u satisfies Sturm-Liouville boundary conditions of problem (1.4). Without
loss of generally, let v(t;) = v(s;) = v(0) = 0 or v(t;) = v(s;) = v(T) = 0. Form Step 2, we have

au(0) — b(L oD; P/ (0) + D77 W/ (0)) = 0,
cu(T) +d(L oDy ' (T) + 4 D7 w/(T) = 0.

10



So u satisfies Sturm-Lionville boundary conditions of problem (1.4). The proof is completed. [

Theorem 3.3. If hypothesis (H1), (Hz) and (H3) are satisfied, the problem (1.4) has infinitely

many solutions.

Proof. We will divide five steps to complete the proof.

Step 1. We will proof that there exists a sequence (s;) such that lim,, o, s, = 400 and

nh_g)l()( sup gp(e)) = —00.

eER,|e|=sn

Substituting e = u into (2.1), we have

C 9 G o N e N i
ple) = d® + o +§/0 (s)ds ;/ (t.¢)

The result is hold by (H3)(i).

Step 2. We will show there exists a sequence (s,) such that lim,_,~ s, = +00 and

lim ( inf  @(l+a))=:L>—c0.
N=0 eR, |l|=sn,4€X

Let s > 0,1 €R,|l| = s and @ € X. From (3.1), with [ instead of @ , we get

1| + Ms|l NaMs)® o [h it
inf  p(l+a)> inf {—(” I+ Maft][|ll, + NaMs) —Z/ Fi(t,l)dt—i—Z/Ii(s)ds .
i=0 7 Si i=170

IE€R,|l|=s,ieX T IR, l|=s 2 —2M2||B||, — 2NaM?

The result follows from (H3)(i7).
Step 3. We will prove there exists a sequence (u,, ) such that u;, is a critical point of I in X.
Let

I, ={ue X :|ul <sp}(ne€N).

By proposition 3.1, we have

N 4 N -
(]l + Ms|al[|8]|z, + NaMs)? /tz+1 i a
plu) > — — Fy(t,u)dt + 7.(s)ds.
(u) 2 — 2M2||B| 1, — 2N M2 Z; i(t, 1) ;1 L)

Since u € I1,,, we have ¢ is bounded on II,,. Let

n = inf n N),
pn:= 10f un)(n € N)

11



and let (uy) be a minimizing sequence in II,, such that
o(ug) = pn(k — 00).

Then we have (uy) is bounded in X by lemma 3.1. X is a reflexive Banach space, hence (uy)
has a weakly convergent subsequence (ug, ) and ug,, — u; € X. From Mazur’s lemma, since
IT,, is a convex closed subset of X, one gets u) € II,,. In addition, we get

pn = lim o(ug) = lim p(ur, ) > @(u,) = inf o(u) = pin.
k—o0 k—o00 u€ll,

One has ¢(u)) = infyem, p(u) = pn, which means ¢ has a local minimum point w}. Then,
we denote a subsequence of (s,) as (sp,,) such that 0 < s, < s,,, for all m €N. Let some
c€ (—oo,L) . As

O, ={beR:|b|=s,,}+X,

we have mg € N such that

o(uy, )= inf @(u) < inf @(e) < sup @(e)(m > my).

u€lly,, le]=sn le|=sn
By step 1, we can find a ¢ such that
p(uy,.) < sup p(e) <c.
lel=sn
From step 2, we have lim,, o (inf;. 5 | =sn,GEX o(l+a)) =: L > c. Therefore

inf > ¢(m > my),
et p(u) > c(m > my)

which means ) & 9Il,,, ie., ¢'(u; ) = 0. Since u}, € intll,, II, contains an open X-
neighborhood of u;, . Thus uy, is a free critical point of ¢ in I, i.e., u, = is a critical point
of ¢ in X.

Step 4. We will show w;, is a solution of problem (1.4).

Since uy, ~is a critical point of I in X, by lemma 3.2, we have u;, is a solution of problem
(1.4).

Step 5. We will prove the existence of infinitely many solutions for the problem (1.4).

From step 1 and step 3, we have

o(uy, )= inf @(u) < inf @(u) < sup ¢(e),

@] <snp,  lal<sn le|=sn

which means lim, o ¢(uy, ) = —00, hence the result is hold. The proof is completed. O

12



4 Main results for bd =0

Case 1. If b =0,d # 0, then problem (1.4) is reduced to

— 4 LoDy P (1) + LDF (W (1)) = filt, u(t)), t € (si,ti41], i = 0,1,2,..., N,

ALoDy Pu (t) + L, D3P (1)) = Liu(ts)), i = 1,2, ..., N,

LoDy P (8) + 3Dy P (8) = SoDy Pl (6) + L. DL W (), t € (tiysi), i = 1,2,.., N, (4.1)
LoD, P (s1) + 5D (1) = LoDy Pl (s7) + L.D7 ! (57), i = 1,2, ..., N,

w(0) = 0, cu(T) +d(% oDy P u/(T) + L D" u/(T)) = 0.

We define the fractional derivative space X1 = {u € X : u(0) = 0} with the norm

: Y
fullx, = (= [ (508 . t0g wie + Gu(r)? )

and functional ¢; : X7 =R by

1 T t1+1
er(w) = =5 [ (GDFule) DF u(e)it+ +Z/ s~ z Fift,u(t
Similar to Lemma 2.2 and Lemma 2.3, we obtain that || - ||x, is equivalent to || - [|o,2 and
[ulloc < Mellul|x,, where Mg = 2 . We assume

F(a)(2a71)%\/|cos7ra|
(H) ) > > [
Hy) (%) liminf  sup 61 + / s)ds — / Fi(t,e1)dt p =
S$—+00 e1€R, |81‘

: (tllx, + Ms|tall| Bl £, + NoMs)? /ll /
lim inf § ! 5)d §
(i)liminf  sup { 2 — 20M2||Bl|L, — 2NaM2 5t

8=+ | eR |li|=s

< +00.

Remark 4.1. We have the following claims. Firstly, The space X is a reflexive and separable
Banach space and X; can be split into X7 =REP X1 , where X1 = {u € X1: fo s)ds = 0}

Secondly, the functional ¢; : X1 —R is weakly lower semi-continuous. Thirdly, suppose that
(H1) and (Hj) are satisfied. If ¢ (uy,) and (4, ) are bounded for any sequence (u,) C X1, (uy)
is bounded in Xj. Finally, If v € X; is a weak solution of problem (4.1) , u € X is a classical
solution of problem (4.1). The claims can be proved analogously to the proof of Lemma 2.1,

Lemma 2.4, Lemma 3.1 and Lemma 3.2.

Theorem 4.1. If hypothesis (Hy),(Hz2) and (Hy)(i)(ii) are satisfied, the problem (4.1) has

infinitely many solutions.

13



Case 2. If b # 0,d = 0, then problem (1.4) is reduced to

— 4 (30D, P (' (1)) + 1:D7 (W (1)) = filt,u(t)), t € (sitiga),i=0,1,2,.., N,
A(RoDy P/ () + 50770 (1)) = Li(u(t)), i = 1,2, .., N,

LoD P (8) + 3Dy P (8) = SoDy Pl (8F) + L, DLW (), t € (tiysi), i = 1,2,..., N, (4.2)
20 ot 504/ (3 i ot TU i ) iy Si]y ? g Ly eeey AV
LoDy P (1) + 3Dy ! (s7) = SoDy Pul (57) + 3eD3 ! (s7), i = 1,2, ..., N,

au(0) — b(% oD; P/ (0) + D37 W/ (0)) = 0,u(T) = 0.

We define the fractional derivative space Xo = {u € X : u(T) = 0} with the norm

: . ak
lullx, = (= [ (508w sDg 0+ SO

and functional @9 : Xo —R by

1 (T N u(t;) N tit1
pa(u) = —/ (6D u(t), {DFu(®))dt+ 5 (u (0))2+Z/ Ii(S)dS—Z/ Fi(t, u(t))dt
2 Jo 2b i=170 i=0 VS
Let
dy, t e [0, 5T,
wn(t) =
—20nt 4 24, te[iT,T).
Similar to Lemma 2.2 and Lemma 2.3, we obtain that || - ||x, is equivalent to || - |[q,2 and
|ulco < Mr7||ul|x,, where M7 = (T(1—acg%(1—a)t)2€§—_j§ + 3. We assume

(H5)()) liminf ~ sup { e2+§j/ ds—z/”l (¢, e2)d }

e2€R,|ea|=s

, (2l x, + Mz|la||| Bl L, + NoMy7)? /12 /
li f E s)d E Fi(t,lo)dt
(77) lim in sup { 5 2M7 1Bl — 2Non72 s+ 2)

s—+o0 I2€R, |12‘ s

< +00.

Remark 4.2. With M; replaced by , we have the following claims. Firstly, The space

Xs is a reflexive and separable Banach space and X» can be split into Xo =REP X5, where
Xy = {u € Xy fOT u(s)ds = 0} . Secondly, the functional ¢o : X9 —R is weakly lower semi-
continuous. Thirdly, suppose that (H;) and (H2) are satisfied. If pa(u,) and () are bounded
for any sequence (u,) C Xa, (u,) is bounded in Xs. Finally, If u € X5 is a weak solution

of problem (4.2) , u € X3 is a classical solution of problem (4.2). The claims can be proved

analogously to the proof of Lemma 2.1, Lemma 2.4, Lemma 3.1 and Lemma 3.2.
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Theorem 4.2. If hypothesis (H1),(H2) and (Hs)(i)(ii) are satisfied, the problem (4.2) has

infinitely many solutions.

Case 3. If b =0,d = 0, then problem (1.4) is reduced to

—%(%ngﬁ(u’(t)) + %tD;B(u’(t))) = fi(t,u(t)),t € (siytiz1), i =0,1,2,..., N,
A(GoDy P (t) + L. DL (1)) = Li(u(ts)), i = 1,2, ..., N,
LoDy P (1) + 3Dy P (8) = SoDy Pl (6F) + 4, DLW (), t € (tiysi), i = 1,2,..., N, (43)

LoDy P (1) + 3D ! (s7) = LoDy Pul (57) + 2D/ (s7), i = 1,2, ..., N,

We define the fractional derivative space X3 = {u € X : u(0) = 0,u(T") = 0} with the norm

. .
s = (— | o fD%wdt)

and functional ¢3 : X3 —R by

1 (T u(t;) N o rtiy
w3(u) = —2/0 (6D u(t), i DT u(t))dt + Z/ s)ds — Z/ Fi(t,u(t))dt.
i=0 v S

Let
2dn
It te (0,577,
wn(t) =
2d, 1
—2%t 4 2d,, tel3T,T).
Similar to Lemma 2.2 and Lemma 2.3, we obtain that || - ||x, is equivalent to || - [[o,2 and

T3—2a T3—2cx

2
lulloo < Mg|lul|x;, where Mg = (T(ka)%(ka)) (22_2a + Srea ) . We assume

N tit1
(HG)(Z)EQJ&EE sup {Z/o I;(s ds—Z/ Fi(t,es dt}

e3€R,|e3|=s

N o
M, NabMyg) 3

(#7) liminf  sup {(HZSHX3+ sls[[1]l2, + NoMs)* g/lz ds—i—g/ Fi(t,l3) dt}
=1 0

§+00 1 cR, ll3]=s 2- 2M82‘|B||L1 - 2NaM82

< +00.

Remark 4.3. With M; replaced by we have the following claims. Firstly, The space

1
V| cosma|’
X3 is a reflexive and separable Banach space and X3 can be split into X3 =R X3 , where
Xy = {u c X3 fOT u(s)ds = 0} . Secondly, the functional @3 : X3 —R is weakly lower semi-
continuous. Thirdly, suppose that (H;) and (Hz) are satisfied. If p3(u,) and (4, ) are bounded

for any sequence (u,) C X3, (u,) is bounded in X3. Finally, If u € X3 is a weak solution
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of problem (4.3) , u € X3 is a classical solution of problem (4.3). The claims can be proved

analogously to the proof of Lemma 2.1, Lemma 2.4, Lemma 3.1 and Lemma 3.2.

Theorem 4.3. If hypothesis (H1),(H2) and (Hg)(i)(ii) are satisfied, the problem (4.3) has

infinitely many solutions.

5 An example

Example 5.1. Consider the following problem

,

— 4 (30D (W/ (1) + 54 D7 (W (1)) = filt,u(t)), t € (sistiy], i =0,1,2, ..., N,
A(GoD; %% (t) + 3:D7%% (8)) = Li(u(ty)), i = 1,2, ..., N,

LoD (t) + L DR0 (1) = SoDy Y () + $:DYP (), t € (tiysi), i = 1,2, .., N,

20D (sF) + 3eD3 %% (s1) = 10Dy 0% (s7) + 4D/ (s7), i = 1,2, ..., N,
au(0) = b(§ 0D; "/ (0) + 5:D7°% ' (0)) = 0,
cu(T) +d(& oDy %2 u/(T) + 1 D7 W/ (T)) = 0.
(5.1)
Let T = 1, 8 € (0,1),a = ¢ =0,bd #0, N > 3, a(t) = &, (t) = 72, I(u) = Zu,

2

2,3 .
fi(t,u) = %Zu sin[ln(1 + u?)] + 12;:2 cos[In(1 + u?)] and SN, f;;“ F(t,u)dt = %QIx\Qsin[ln(l +
22)](i = 1,2, ..., N). Therefore, |I;(u)| < WWQW!, |f(t,u)] < 72|u|. Then, setting e = /€22 — 1

and [ = \/ e % — 1 (k €N), one has
. . 2+1
légirgesklé% 2dek+ ek+2/ ds—Z/ Fi(t,er)dt

(]l + M|l BllL, + Nas)? / /
i inf s)d Fi(t, l)dt 3 < .
’igﬂo zilé%{ 2 —2M2||B||L, — 2NaM?2 Z 3+Z k) +00

Therefore conditions (Hs3)(i) and (Hs)(ii) are satisfied. Applying Theorem (3.3), we obtain

that problem (5.1) has infinitely many solutions.
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