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Abstract

A new class of rational parametrization has been developed and it was used to generate a new family of rational
k

functions B-splines (O‘Gf) which depends on an index « € |—o00, 0] U]1, +oo]. This family of functions veri-
i=0

fies, among other things, the properties of positivity, of partition of the unit and, for a given degree k, constitutes

a true basis approximation of continuous functions. We loose, however, the regularity classical optimal linked to

the multiplicity of nodes, which we recover in the asymptotic case, when o« — oo. The associated B-splines curves

verify the traditional properties particularly that of a convex hull and we see a certain "conjugated symmetry"

related to a. The case of open knot vectors without an inner node leads to a new family of rational Bezier curves

that will be separately, object of in-depth analysis.

Key words : Knot vector e Rational B-splines functions ¢ Cox- de Boor recursion e de-Boor Algorithm e
Computer Graphics.

1 Introduction

In this paper we will explore geometric objects very frequently used in the world of industrial design and graphic
animation on computer. These are Bézier curves and B-spline curves. Their applications range from printing on
paper and robotics to video games. In this introduction, we will present in turn a brief overview of the evolution
of computer graphics, a bibliographic analysis and then our motivation which will situate the context of our work.
The papers [1,2] lay the groundwork for the approach to defining "normalized" B-spline functions commonly re-
ferred to as the Cox-de Boor recurrence relation although it was previously established by Lois Mansfield. Both
papers show the numerical stability of this recurrence relation in spline approximation calculations as opposed
to Schoenberg’s initial approach which defined B-spline functions as divided differences of power functions trun-
cated and which turns out to be very unstable. This numerical instability is very extensively illustrated in the
article by Cox [2].

The Cox-de Boor recurrence relation will be used to formulate a new rational approach to B-spline functions
from an algorithmic point of view. Although the founders of our approach to defining B-splines as basic functions
of splines, these papers do not address the issue of curves generated by B-splines using control points.

David Rogers in [3], gives a very educational presentation of the different geometric objects ranging from
Bezier curves to non-uniform rational B-spline curves. Surfaces were also well addressed. It gives us a synthetic
view of the state of the art in the field of geometry applied to computer graphics, while indicating the contexts of
its evolution as well as the actors of this evolution. The many examples which illustrate the various concepts here
serve as a benchmark in our work. It should be noted that in this book, the emphasis has mainly been placed on
the algorithmic aspects of the construction of curves and surfaces.

W. Tiller et al. [4] is the essential reference on the question of B-spline curves and surfaces. It offers in a single
volume the essential proofs of the properties of these geometric objects which are the curves and surfaces of Bezier
and B-splines and that the assisted design industry computer uses extensively today. It also contains some very
interesting examples that we have borrowed to illustrate some properties in our work. Other works going in the
direction of the use of polynomial B-spline functions and Nurbs are also approached in the references [5-19].

A T?tandard B-spline curve G of degree k € N* in R’ with d € N*, 1 < d < 3 is defined by a polynomial basis

7

(GF),_, on a parametrization space [a, b] subdivided by a vector of nodes U = (t;);~, with m = n + k + 1. The
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basis (GF) j:o is given by the recurrence relation of Cox/de Boor [3] as follows:

1 ift;<z<tjyifori=0,....m—1
0 _ [ i+1 ) )
Gi(2) 0 otherwise
Gie) = wh@GE @)+ (1 - uka (@) Gl @) W
T —t . .
wf(x) _ m 1fti§.’1)<ti+kf0r'l:0,...7n
0 otherwise

If (d;)!"_, are the checkpoints of G, d; € R for all i then
G(z) = d; G¥(x), Yz € [a, I
=0

Likewise we have the rational B-spline basis (R;)_, of degree k € N* associated to the vector of nodes U and
the weight vector W = (w;);-_, which can be defined by

Ri(x) = w; G (z)

ij G’ (z)
7=0

where w; > 0,Vi=0,...,n.
We can then define the rational B-spline curves replacing the polynomial basis by the rational basis [3, 18].
One has to notice that w(z) = ¢(z, t;, t;11) where  is a real function defined on R satisfying the following
properties:

1. ¢(z,a,b) €0, 1)forall (z,a,b) € R?

2. Forall a,b € R such that a < b the function € R — ¢(z, a, b) is continuous, strictly increasing on [a, b)
and we have:

e o(x,a,b)=0forallx ¢ (a, b)
e lim p(zr,a,b)=1

z—b—

The aim of this work is to maintain these properties while imposing that for all ¢,b € R such that a < b,
the function z € R +— ¢(z, a, b) is homographic in order to build a natural B-spline basis composed of rational
functions.

The outline of the paper is as follows. In Section 2, we study the new class of rational parametrization with
their fundamental properties. The new class of rational B-spline basis has been developped in section 3, as well
as the new properties obtained. The Section 4 studies the new class of B-spline curves. Some illustrations of
properties of the new class of rational B-spline curve have been given in Section 5. We then offer our conclusion
and the further works in Section 6.

2 A class of rational parametrization

2.1 Definition

The targeted class of parametrization is based on the following lemma which gives the foundation of a new class
of curves of rational B-spline type.

Lemma 2.1. Let a, b € R verifying a < b. There exists a family H ([a, b]) of homographic functions f strictly increasing
on [a, b] such that f(a) = 0and f(b) = 1.

More precisely, for all f € H ([a, b]) there exists a unique
a € (—oo, 0)U (1, co) such that
alz —a)

f(x):x—i—(a—l)b—aa

, Yz €la, .

Proof. ( Existence ) Since f is homographic with f(a) = 0 there exists a # 0 and ¢ € R\{—a, —b} such that for
all 2 € [a, b we get: f(x) = =Y A f(5) = 1 then 1= 29

+c
the fact that ¢ ¢ {—a, —b} then we have o ¢ {0, 1}. The strict increase of f yields a(a — 1) > 0, therefore
a € (—oo, 0)U (1, co).

. This leads to ¢ = (o« — 1)b — aa. Using



We then write

alx —a)
x4+ (a—1)b—aa

#(la, b) = {fQIfa(w)Z Lae(—o0, 0)U(L, o), z € a, b]}

( Uniqueness )
Leta, 8 € (=00, 0)U (1, c0) and f,, fs € H ([a, b]) corresponding

fa=fs implies a=p

Remark 2.2.
1. Letz € [a, bland o € (—o0, 0) U (1, o0).
Onehas D =x + (o — 1)b — aa # 0.

2. Leta€ (—o0,0)U (1, co)anda < b.
fo € H ([a, b]) is continuous and strictly increasing on [a , b] with fo([a, b]) = [0, 1].
T—a

Moreover, the classical case as an asymptotic situation holds: lim  fo(z) =\ = .
|| =00 b—a

In addition, we have: fo(a+b—2z)=1— fi_o(x)and fo(x) =1— fi_a(a+b—x).

Definition 2.3. Let o € (—o0o, 0)U(1, 00). A parametrization of index « is any real function o, defined forall (x, a, b) €
R’ by
| falz) fa<z<bwith fo, € H([a, b])
Pal@, a,b) = { 0 otherwise

2.2 Properties of the parametrization

Proposition 2.1. Let o € (—00, 0) U (1, 00) and ¢, the associated parametrization. Let T' be an affine and bijective
function of R. The following properties hold: For all (x, a, b) € R?

1. 0<pu(z,a,b) <1

2. If T is strictly increasing then
¢a(T(2), T(a), T(b)) = palz, a, b)

3. If T is strictly decreasing then
pa(T(x), T(b), T(a)) =1 = ¢1-alz, a,b)

Proof. Let T be an affine and bijective function of R. There exists (A, §) € R" x R such that, for all z € R, we
have T'(x) = Az + 0. By direct computation, the results follow.
O

Corollary 2.4. Let o € (—o0, 0) U (1, 00) and ¢, be the associated parametrization. Let a,b € R such that a < b. Let
a <ty <ty <b Forall xz € [a, b], we have

gpa(a+b—x,tl,tg):1—<p1_a(x,a+b—t2,a+b—t1)

Proof. We apply Proposition 2.1 by taking 7'(x) = a + b — 2 on R. We observe that T is strictly decreasing and
verifies T o T'(z) = x for all z € R. This gives the result.
O

Ilustration 2.1. The figures 1 and 2 illustrate ¢, (x, 0, 1) for v € (=1, 2) with values of o conjugated respectively.

We observe that on the subinterval (0, 1) which is the interior of its support, the function is convex for o < 0 and concave
fora > 1.

The figure 3 which illustrates @ (x, 1, 3) for x € (0, 6) confirms the previous observations and lets suspect the sym-
metrical role that the conjugated o are to play. It also shows that the effect of o is crucial in the neighborhood of 0 and of
1.
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Figure 1: The curves of ¢, for o € {—%,—3,—4, 00}
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Figure 3: Comparaison of ¢, for conjugated « and large «

3 New class of rational B-splines basis

The B-splines curves are part of the family of curves obtained by concatenation of several generated pieces of
curves using a family of basic functions of parametrization space [a, b] subdivised by a vector of nodes U and a
set of points (d;);-_, of R called control polygon.

The nature of chosen vector of nodes may strongly influence the properties of B-spline basis generated as well
as the resulting curve. We must very quickly specify this object.

We follow the definitions of the book of D. F. Rogers entitled "An Introduction to NURBS with historical
perspective" [3].

Definition 3.1. Let a,b € R such that a < b. A node vector or vector of nodes in [a,b] is any increasing sequence
U= (i) ,inla, bl

The node vectors fall into two categories: the open node vectors and periodic node vectors. Each category is



divided in two variants: uniform and non-uniform.

Definition 3.2. Let a,b € R such that a < band m, k € N* such that m > 2k. We consider the node vector U = (¢;);~
such that t;, = aand t,,_, = b.

1. End nodes:
The nodes tg, t1,...,t; and the nodes t,,—j, tm—k+1, - - - , tm are called end nodes.
The nodes ty1,tk12,--.,tm_k_1 are called interior nodes.

2. Open node vector:
The vector of nodes is said to be open if its end nodes coincide; we then have to = t; = ... =ty = aand tp,_p =
tTYL—k+1 =...=tn= b.
Otherwise U is said to be periodic.

3. Uniform node vector:

U is uniform if its interior nodes are equidistant; that is, there exists h > 0 such that t;;1 —t; = hforall k < i <
m—k—1.

Otherwise U is non-uniform.

4. Multiple node (multiplicity of a node) :

Let p € N* and t; be a node of U. We say that t; is a node of multiplicity p if there exists a unique j € [0,...,m—1]NN
such that the subsequence U; = (t;41)}, 70 with j <i < j+ p— 1is constant.

If p > 1, we say that t; is multiple node.

5. Stop nodes:

The set (ui):zo of distinct nodes of U = (ti)Z’;O constitutes the stop nodes. We have ug = to < ug < ... < up =
tm and there exists a unique sequence of nonnegative integers p = (p;)i_, such that for all i = 0,...,r, u; is of
multiplicity p;.

We shall remark that Z pi = m+ 1. On the other hand, these nodes define the different segments of studied curves

i=0
and the interior stop nodes define the transition between its segments.

6. Symmetrical node vector:

U= (t,—):lo is a symmetrical node vector if forall i = 0,...,m, ty_; = to +tm —

Definition 3.3. Let a,b € R such that a < b and m,n,k € N* such that n > k and m = n + k + 1. Let
a€ (—oo,0)U(1, oo) and ., the parametrization of mdex . Let U = (t;)", be a node vector of the interval [a , b].
A B- splzne basis of index « and of degree k on the node vector U is the real functzons ("‘Gk) , defined by the recurrence

relation:
1 lfti Sl‘<ti+1f07’i=0,...,m—1

amM0

Gi(2) 0 otherwise 31
“Ghr) = wh(@)*GE () + (1 - why,(2)° G () G-
wf(m) = oz, t;, tivk)

This relation is said to be of Cox/de Boor.

Definition 3.4. Let a,b € R such that a < b. Let m,n,k € N* such that n > kand m = n + k + 1. Let
a€(—00,0)U(1,00). Let U = (t;);~, be a node vector of interval [a, b). Let d € N* such that d < 3, and
= (d;)!, c R™.

Let (*GK)'"_ be the B-spline basis of index o, of degree k and of node vector U.

A B-spline curve of index o, with node vector U and control points (d;)!_, is the R valued function G, defined by:

€ [to, tm] = Gal Zd“Gk

I1 is called control polygon of the curve G.



3.1 Fundamental properties of the new class of basis

Theorem 3.5. Let m,k,n € N* such that n>kand m = n+k + 1. Let U=

(t;)i~, be a vector of nodes and

a € (=00, 0)U (1, c0).
The mtzonal B-spline basis of index o with vector of nodes U and of degree k, (O‘Gk) .o verifies the following properties:
1. Local support property:
Forall © ¢ (ti s ti+k+1)/ O‘Gf(ﬂ?) =0
2. Positivity property:
Foralli = 0,....,n and x € (ti s ti+k+1)/ aGf(l‘) >0
3. Unit partition property:
For all j such that t; < tji1, forall x € [t;, tj11), we have
n J
> “Gi(z)= ) °Gf(z)=1
i=0 i=j—k
4. Symmetry property:
If U is a symmetrical node vector then for all x € [ty , t,]) and i = 0,...,n we have
“Gi(to + tm — ) =Gy ()
Proof. Leta € (—o0, 0) U (1, o0) and ¢, be the parametrization of index .
We will proceed by recurrence on k.
1. (Local support and Positivity: )
e For k = 0, we have by definition: forall4=0,...,m —1
if t; <z <ty fOI‘iZO,...,m—l

‘et = {

0 otherwise

hence we have
*Gj(z) =0
“GF(z) >0

if x ¢ ( i z+k+1)

e Let k > 0 and assume that for all 0 < j < k we have

*G(z) =0
*Gl(z) >0

ifxd (t, tixjt1)

By definition we have

ifre (ti, tiyrr1) #0

ifx e ( R tl+j+1) 7A 0

G (x) = wi(x)" G (@) + (1 — why, (2))“Gi (x)
with
aGf_l(x)zo 1fx¢(“ H—k)
aGf_l(ac)>O ifxe (t, tixg) £ 0
and
{ aGitll(x) =0 ifx ¢ (tiy1, tivks)
aGf_le(fL') >0 ifze ( i1, tl+k+1) 7é 0

- Letz & (14, z+k+1)
which gives *G#~!
- Letz € ( X 1+k+1)
1

orz € (tig1, tiynt1) # 0.
If z € (t;, tiyr) # 0 th enonehas(’(}’c (x)

have

=0,°Gl () =0and “Gf(z) =0

(z)

i+1

= SDQ(.'I:7 ti7 ti+k)

We conclude that

€ (0,1)
= YalT, tiy1, tizkr1) >0

(ti, tivk) U (tiv1, tizk+1). Thenwehavex ¢ (¢, tivx)and @ & (tiv1, tivrs1)

= (t;, tivk) U (tix1, tivkr1) # 0. Thenwe have z € (t;, tiyr) £ 0;

> 0 and “G¥}(x) > 0. But from proposition 2.1 we



Similarly if x € (ti11, tirks1) # 0 then “GF~(z) > 0 and "‘Gf“;ll(x) > 0. By using once more
proposition 2.1 we have

{ wi () = oo, ti, tigr) >0
w1 (2) = @ala, tiy1, tizks1) € (0, 1)
We then conclude that

“Gf(x) = (1 —w, (2)*Gi () > 0
Hence “GF(x) > 0if 2 € (t;, titrs1)

. (Unit partition)
Letm,k,n € N*suchthatn > kand m=n+k + 1.

o Letjsuchthatt; <t;,;.Leti=0,...,n.
[tis tivkr1) N[, tj) #0 & j—k<i<j
o Letxetj,tj41)andi=0,...,n.
“Gi@) £0 e j-h<i<]

J

Thus we have Z Gl (z) = Z “Gj(x).

i=0 i=j—k
As O‘Gf(m) = wf(x)afol(x) + [1 — wfﬂ(:c)]o‘(}f_:ll (z) then
J J J
oG = D wi@)Gi @)+ Y 1wk, ()]G (2)
i=j—k i=j—k i=j—k
J j+1
= Y werE @ Y [1-uh@)]"e @)
i=j—k i=j—k+1
J
- W@ Y e
i=j—k+1
b -k, @] G )
J
- Y et
i=j—k+1

because
supp “G T N[t tip) = [tj—k, t) N[t tje1) =0
supp “Gj 1 N[t tivr) = [t+1, tiraa) NI, t1) =0

e Let usshow thatforall0 <r < k — 1 we have

J J
Y. GiT@= Y Gl
i=j—k+r i=j—k+r+1

— For r = 0, it is verified.
- Let 0 < r < k — 1. Suppose that the property is satisfied forall 0 < s < r, i.e.

J J
> et Y ekl
i=j—k+s i=j—k+s+1

Then, since
“GET (@) = 0l (@) G @) + [1 -l @)] Gl (@)
we have



Z aGi»f_T(J?) — Z w r aGk r— 1( )

i=j—k+r i=j—k+r
J
+ Z z+1 (2)]* GerlT Y(x)
i=j—k+r
J
= w§:k+ (x )O‘G;C Thie(@) + Z “GFT ()
k her_1g oot
+ [1_?Uj-:1r( )}QG]-"-{ ()
J
- Y e
i=j—k+r+1

because
SUPPO‘GZ_ZJJ [tj, tiv1) = [tj—rar, t) O [t;, tjp1) =0
supp “Gji 1 N[t tjr1) = [tiv1s tjrk—rt1) N[t tj41) =0

Therefore the result follows.
e By setting »r = k — 1 we obtain
J J
Y “Gi@) =) “Glx) =Gl(x) =1
i=j—k i=j
3. (Symmetry)
Consider the symmetrical vector of nodes U = (ti);lo, let x € [tg, tm], let us show that for all £ > 0 and all
i1 <m—k—1,wehave
aGf(t0+tm_ )_ Gm k—1— ’L( )
Let T be the affine function on R defined by T'(z) = t¢ + ¢, — «. T is strictly decreasing.
e Forall j; < josuchthatt; <t

z € (t.jl ) tjz) A T(x) € (T(tjz) ) T(th))
& T(x) € (tm—j, » tm—j, ) because U is symmetric

e We begin by checking for k = 0, i.e.

aG?(T(@')) - Otc'}m, 1— z(m)

°GY(T()) # 0

= t; <T(x) <tiz
&ty 1= =T(tiy1) < <T(t;) =tm—i
= - O(G"m, 1— z( ) 7é 0

and conversely. The result follows as a consequence of the definition.
o Let k € N*. We suppose that for all j < k one has

CGI(T(x) ="""G],_;_1_;(x)
We first observe that
T(z) € (ti, tivrt1) © ¢ € (T(tigrs1), T(t:)) = tm—ick—1, tm—i)

By definition:

“G(T(x))

@a(T( ) ti, tz-l-k)aGk 1( ( ))
1= @a(T(®), tit1, titk+1)] Gz+1( (z))

_|_

By using corollary 2.4



Gy (T(x)) 0a(T(x), i, tivk)* G (T (x))
[1— a(T(2), tis1, tigrsr)] “Gi (T (@)
[1 - @1,a($, T(tiJrk) ) T(ti

)
P1-a(@, T(tivi+1) T(tiﬂ)))aGle (T(
)

=+ 1+ 1

+
=
|
AS)

T
Q
—
8
~
3
L
|
>
~
3
L
Q
|
—
—
N
—
8

By using the recurrence hypothesis for j = k£ — 1 we obtain:
“GY(T(x)) P1-a(@, tmick-1, tm-i-1) G (T(x))

1= e1a(@ tmei-k, tm—i)] °Gi ™ (T(2))

Wl—a(a: , tm—i—k—l) > tm—i—l)liaan_,lk,ifl(x)

[1 - Qpl—a(x7 tm—i—k tm—i)] 17&G1]31__1/9_i($)

l=egk i 1(2) by definition

=+ 1+

This completes the proof of the property.
O

Lemma 3.6. Let m,k,n € N* such that n >k and m = n+ k + 1. Let U = (t;);~, be an open node vector and
a € (=00, 0)U (1, c0).

Consider the rational B-spline basis of index o with node vector U and of degree k, (C‘Gf)?zo. Forall0 <r <k—1we
have:

ark—r _ amrk—r—1
Gr7~+1 (tO) = Gr+2 (tO)
Proof. e For r =0, we have
Gy "(t) = “Gglto)
= @alto, to, ty)*GE (to)
+ 1= alto, t1, tre1)]*GE 1 (to)
= “G{'(to) = “G}T (to)
Besides . .
“Gi(t) = “Gi(to) .
- Qoa(t()a tl y tk+1)aG171(t0)
+ [1—galto, ta, tes2)]* G5 (t0)
= Gy '(to) = "G5 (to)
because

@alto, t1, thy1) = @alto, to, try1)

=0
Palto, tz2, thr1) = Palt, tr, terr) =0
since U is open.

o LetO<r<k.

We assume that for all 0 < j < r we have

ark—j ark—j—
Gi—]‘(tO) = Git{‘—i(t())
an+{(t0) = an+§ (o)
Then
“GIT(te) = @alto, tr, te)*GE " (to)
ark—r—1
+ 1 *ksﬁa(fo, trg1, ter1)] "Gy (o)
= “Gyq ()
and k k—r—1
“Gyii(to) = @alto, trp1, ter1)*GrET (to)
+ 1 *ksﬁa(fo, traa s ths2)|*GET T (1)
= “G/5 (t)
because

©Valto, tra1 s tet1) = @alto, to, thp1) =0
Valto, tryz,s thr2) = @alti, tht1, thye) =0

O



since U is open.

The result follows.

O

Lemma 3.7. Let m,k,n € N* such that n >k and m = n + k + 1. Let U = (t;);~, be an open node vector and

a € (—o0,0)U(l, o).

Consider the rational B-spline basis of index o with node vector U and of degree k, (“Gf):zo. Forall0 <r <k—1we

have

lim “GF="(z) = lim *GF""!(x)

T—>tm

T—>tm

lim “GF"(z) = lim *GF "7 (z) for k > 2

n—1

T—tm
Proof. e Forr =0, we have

lim *GF="(z)

Tty

since supp ’leLﬂ = [tng1, tm) =0
and
lim “GF~7(x)
Tt

since for k > 2 one has

al n—1
T—>tm

= lim “GF(x)

r—ty,

= lim @o(z, ty, toyx) lim “GE ()
T—tm T—tm

+  lm [1—@a(7, thtr, t)] lim O‘GZI_% (z)
Tt Tt

= lim @u(z, ty, ty) lim “GF=1(z)
T—tm, Tt

= lim “GFl(z) = lim °GF""1(2)
z—t, T—tm,

= lim °GF_|(z)
T—>tm

= lim pu(z, th—1, thyk—1) lim "‘Gﬁj(m)
Tt T—tm

+  lim [1 —@a(x, ty, tpyr)] lim O‘fol(sc)
Tt Tt

= lim “G}Zi(2z) = lim °GEZ17!(2)
T—tm T—rtm

lm po(z, tho1, thyk—1) = Im a(x, th1, tm) =1

Tt

Tt

m (2, tn, tnpk) = Im @o(x, tn, tm) =1

Tzt

o LetO<r<k.

Tty

We suppose that for all 0 < j < r we have lim “G/~"(z) = lim “GJ~""!(x). Then

lim “GF"(z) =
T—>tm

+

Tt T—tm,

lim Qpa(xv tn, tn-i-k—r) lim O4(;'1]2_1”_1(‘%')
T—>tm Tty

lim [1 = @a(@, tatt, tmyr)] lim *GE17!(2)

_ n+1
T—tm T—tm

Tt Tt

because suppaG’fLﬂ = [tnt1, tner) = [tng1, tm) =0

The result then follows.

On the other hand we assume that for all 0 < j < r with k > 2, one has

lim O‘G{;’i (z) = lim O‘Gf;qfl(x)
T—tm Tt

Then we get
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lim O‘Gﬁ:ﬁ(w) = lim p.(z, th-1, thtk—r—1) lim O‘Gﬁj_l(m)

x—t, Tt Tt
+  lim [1—@a(7, tn, tnyr—r)] lim aGk==1(g)
T—tm, Tt
= lim “GF771(2)
T—tm

because for k > 2 we have

lim @a('xa th—1, tn+k—7’—1) = hmﬁ Qooz(xv th—1, tm) =1

T—tm T—tm
lim 4%704(55’ tn, tn+k—7") = lim 4%704(557 tn, tm) =1
T—tm, Ttm

O

Proposition 3.1 (Continuity property). Let m,k,n € N* such that n > kand m = n+k + 1. Let U = (t;);-, be a
vector of nodes, let o € (—o0, 0) U (1, o0).

Consider the rational B-spline basis of index «, with node vector U and of degree k, (O‘Gk) . The following properties
hold:

1. Foralli=0,...,n, *GF is a piecewise rational function.

2. Foralli=0,...,n, *G¥ is of class C° if the nodes vector U does not have any interior nodes with multiplicity strictly
greater than k.

3. If the node vector U is open we have

“Gelto) = 1

“GF(ty) = Oforallo<i<n

“GF(t,) = lim *GF(z)=0forall0<i<n
Tt

°Gk(t,) = lim *GF(z)=1
T,

Proof. Letn,k € N* such thatn > k,letm =n+k+ land U = (¢;);-, be a node vector. Let ¢; be an interior node
with multiplicity m;. Assume that1 < m; <k

1. We shall show simultaneously the two properties by recurrence on the degree k&

2. We make use of the recurrence for £ > 1.

e For k = 1, we suppose a multiplicity m; = 1 for all interior node ¢;.

°Gi(r) = walz,ti, tig1)* G (@) + [1 = wal®, tiy1, tiv2)]*Giyy (2)
alz, ti, tiy1) ifo ety tiy1) #0
= 1= ol tit1, tit2) ifeelt, tiyr) #
0 otherwise

Sincex € [t;, ti+1) — @a(z, ti, ti+1) ishomographicon [t;, t;11) # 0 then “G] isrationalon [t; , t;11) # )
and [t;y1, tiy2) # 0 aswell. We then deduce that *GlisC>®on [t;, t;11) # D and alsoon [t;11 , tir2) # 0.
Let show that ‘XG} is continuous at the nodes ¢;, t; 11 et t; 12

lim *G}(z) = Obecausex ¢ (t;, t;y2)
Tt
lim °Gl() = lm gale, b, i) = O [t tin) # 0
x~>t+ a:~>t
= Gl
lim “Gj(z) = lim @z, t;, tig1) = Lif[t;, tig1) #0
1—)t1+1 £—>t1+1
lim “Gj(z) = lim [l = a(z, tig1, tize)] =1
:E—)tj—+1 x—)tj'+1
if [tiy1, tivo) #0
= “Gj(tis1)
lim QG} (JU) = lim [1 — @a(x, ti+1 s tH_g)] =0
Tt Tt
if [tip1, tiy2) #0
lim “Gj(z) = “Gj(t;;2) =0becausex ¢ (t;, tiro) # 0
1—>tfr+2
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We conclude that G/ is piecewise rational and of class C°.
e For k > 1 we suppose a multiplicity 1 < m; < k for all interior node ¢;.

Suppose that for all 1 < j < k *G/ is piecewise rational and of class C°. Let us show that “G¥ is
piecewise rational and of class C® on [tg, ).

By definition we know that
aGi'c = pal(z, ti, ti+k)aGfil(x)
+ L= pal@, tivr,s tiver1)*Gi (@)

Thus “GPF is piecewise rational as product and sum of piecewise rational functions. As the *G¥~! are
C%on [ty t,) and if the multiplicity of interior nodes is at most k,

x> po(T, ti, tirg) is continuous on [tg, trpti) U (Eptis tm)
T o2, tit1, titrt1) is continuous on [to, tgtit1) U (Ekpitt , tm)

with )
lim @z, t;, tivg) =1
I—)t;+k
lm @(z, t;, titk) =0
m—>tj+k
lim  pa(z, tiy1, tivks1) =1
x~>ti+k+1
lim o (z, tiy1, tizgy1) =0

¥
a:~>ti+k+1

then O‘Gf is continuous on [tg , tg+i) U (tg+i, tm) since

supp “GF 1N (thsig1 s tm) =0
supp “G 1} N (tegit1, tm) =0

It is left with checking the continuity at ¢, which is obvious.
We can conclude that “G¥ is of class C° on [tg , t,,)

3. For the endpoints values of the node vector U, we have

“Gi(to) = “G(tr) =1
lim “GY(z) = lim “G%z)=1

r—>tm m—>t,;+1

By using successively, for r = 0 and r = k — 1, the recurrence 3.2 of lemma 3.6 and the recurrence 3.3 of
lemma 3.7, one can deduce that:

“Gg(to) = “G(to) = “G(tx) = 1
lim “Gf(z) = lim “G%z) = lim °Go(z) =1

T—>tm x>t x—>t;+1

From the property of unit partition, we have

n

> GH@) =1 Vz €lto, tm) = [tk tni1)

i=0
Thus
n
> *GF(to) =0
i=1
n—1 n—1
lim “GF x) = lim Y *GF(z)=0
; (x—ntm ( ) w%t,}iz::o ( )
From the fact that the “G? are positive, we obtain
“GF(ty) =0 foralli=1,...,n
lim “GF(z)=0 foralli=0,...,n—1

>t

12



Each ®“G* admits a continuous extension at ,,

Using Lemmas 3.6, 3.7 and the Proposition 3.1, we obtain the following lemma:

Lemma 3.8. Let m,k,n € N* such that n >k and m = n+ k + 1. Let U = (t;);-, be an open node vector and
a€ (—oo,0)U (1, c0).

Conszder the rational B-spline basis ("‘G’“) o Oof index o with node vector U and of degree k. For all 0 <r < k — 1 and
all i > 2 we have:

d d d
lim —2GF " (z) = lim 7aGﬁ+I "(z) — lim —wf_?_{(a:)

r—>f+ d-T ’I'—)t+ dm 37—>tJr dZE
d « T : d « r— d T
lighdi GI;+1( ) = 15% dx Gylf+2 1( )+ ligl %wf+1( ) (34)
xT xT 0 xr
d « T : d @ —r—
lg?+ ar wa( )= hj?+ e Gf+r+11($)
xT xT 0

with w! (x) = ooz, t;, tiy;)
By the Lemma 3.8, we easily proof the regularity result given by the following lemmas:

Lemma 3.9. Let m,k,n € N* such that n >k and m = n+ k + 1. Let U = (t;);~, be an open node vector and
a € (—oo,0)U (1, c0).

Conszder the mtzonal B-spline basis (O‘G’“) o of index o with node vector U and of degree k. Forall0 <r < k — 1 we
have:

lim iO‘Grk*r(a:): lim d —GE1 () + lim iwk "(x)

T—tm df " T—tm, d(:ib =t dx (3 5)
lim —O‘Gk A = lim —°G*""(z) — lim —wk "(x
z—t, dx ( ) =ty dx n—l ( ) st dx ( )

with w! (x) = ooz, t;, tiy;)

Lemma 3.10. Let m,k,n € N* such that n >kand m = n+k + 1. Let U = (ti);”:() be an open node vector, let
a € (—o00,0)U(l, o).
Conszder the rational B-spline basis (aGk) o Of index o, U as a vector of nodes and of degree k. Foralli <n—2, k > 2
we have: J
lim —“Gy 0 3.6
»ngl dx () = (36)
with w! (z) = ooz, t;, tits)

Theorem 3.11 (Regularity property). Let m,k,n € N* such thatn > kand m =n+ k + 1. Let U = (t;).-, be a vector
of nodes, let o € (—oo, 0) U (1, 00).
Consider the mtzonal B-spline (aGk) o of index o, U as node vector and of degree k. We have the following properties:

1. Foralli=0,...,n,*GFisofclass C® onall (t;, tj11) ift; < tji1.
2. Foralli=0,...,n, *GF is left and right differentiable at all t; for all j.

3. If U is an open node vector then we have

(a) p p
—aqk [ L amk
:vliglJr dx Gol@) zligh dx Gil®)
_ ak
d (@ —=1)(tps1 — to)
T ark _ < i<
»,;gntl+dx G/ (z) Oforall2 <i<n
(b) p p
: ade’ k _ adne'
_ (a— 1)k:
 alty —ty)
lim ia(;,f(an) = Oforall0<i<n-—2
Tt dx

13



By definition, for all 0 < i < n,

d k . d k
—agh =  lim —°G*
o Gi (to) ;“2; o Gi ()
d ok _ : d ok
z Giltm) = lm Z20G(z)

Proof. 1. C™ regularity except on the nodes is a consequence of the fact that *G* is picewise rational function,
as stated in proposition 3.1 on continuity property.

m—1
2. The basis functions ®*G* are of C° on [tg , t,,] and C* on U (t; , tix1). It is sufficient to prove that for all i =
=y d
0,...,nandallj =0,...,m—1suchthatt; < t¢;,;,wehave lim —“G¥(z) € Rand lim ——“GF(z) € R.
a:—>75j+ T w—)t;+1 xr

We will proceed by recurrence on k.

o Let k = 1. Assume a multiplicitym, = 1 for all interior node ¢;. Thus

Valr, ti, tiy1) ifrelt, tiy1) #0

aGll(x) = 1- (poé(xv ti+1 5 ti+2) ifx e [t7;+1 s t7;+2) ;é (Z)
0 otherwise
One deduces that
d =val@, ti, tisr) ifexe(t,tis) #0
d*anl (z) =S —doa(x, tiy1, tiza) ifr € (tiyr, tige) #0
x .
0 otherwise

From this we obtain:

d
lim —°“G;} =0
Jm i ()
d
. aml _ 3 . . .
zlg?j@ Gi(z) = xlg?+ Tp¥al®, tis tiv1)
«
= ceR
(O[ — 1) ti+1 — tl)
lim iO‘Grl(a:) = lim —ou(z,t;, tit1)
$—>t;+1 dx i x—>t;r1 dr « s biy bitl
-1
; o (tipr — Zz‘)
. 4 anl _ a ] ]
xlut{l 7 Gi(2) yli?l gp Pal@s tiv1 s tiva)
i4+1 i+1 o
= - ceR
J (= 1) (tiv2 — tiy1)
lim —°Gl(z) = — lim —oa(x, tiv1, t;
Mavey) dr i (%) v dm‘/’a( +15 tiy2)
-1
= —— Y _cR
p a(tiza —tiy1)
lim —°*Gl(z) = 0
m—>tzr+2 X

We can conclude that “G} is left and right differentiable at any point if U only admits interior points of
multiplicity 1.
e Letk > 1andsupposethatforalll <s<k-—1landalli=0,...,m—s— 1G] is left and right differ-
entiable at all node of multiplicity at most s.
Asforallz € R
“Gi(z) = galw, ti, tir) "G (@)
+ (1= a(@, tivr, tivrr)) “Gi (@)

then if for all i *GF~" is left and right differentiable at a certain node t;, “G¥ is also left differentiable
at t; as product and sum of left differentiable functions at ¢; because from remark ??,all (., t;, ti1x)
is left and right differentiable at any point of R

14



It is also the case for the right differentiability.

(a) Using lemma 3.8 one can prove that:

e on one hand,

. da k _ a0
Jm "G = gﬂ% Gile) - 3 i (o
= —Z lim d — ol tig1, tett)
X x—)t
b d
— —Z lim T —alx, to, thy)
. x—t,
=0 a
Y a—1) (thsr — o)
e on other hand
d d .,
lim —*G¥z) = lim — )+ lim —w; -
lim G i Gl (o ZH wkHi(@)

= Z lim d — 0ol tigr, tesr)

x~>t

= Z lim d —alT, to, tet)

z—)t

e and finally for ¢ > 2 we obtain

ootl dx e—tf dx
because supp “GY, ;. N [ty , tit1) =0
(b) Similarly by using lemma 3.9 one shows that:
e from one hand,
lim d —GF(z) = lim (’GO Z lim —wk “(x)
Tzt dl‘ Tt dx — z—)t
- Z lim — Z, na thrk 1)
) z~>t
k—l d
= Z lim —@o(x, ty, tm)
i—0 T tm dz
I a—1
a(tym —tn)
e On another hand, we have
d = d
lim —O‘G = lim —°G%_ (z) - lim k=i g
Tt dx ( ) Tty dx " 1( ) ;w—)t dSU ( )
k—1 d
= —Z lim —oa(x, ty, tryk—i)
i—0 =ty d.I‘
k
d
= —Z lim —pa(x, tn, tm)
i— T—>tm d
- 1
a(tm —tn)

e Finally for i < n — 2 by directly applying lemma 3.10 we have:

lim i‘)‘Gr”“( )=0

T—t, d$
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O
Remarque 3.1. As shown by the illustrations of appendix, for k > 1 the functions (“GF)'_ are not of class C*, even when
the nodes are of multiplicity 1, this perfectly contradicts the classical results [4] page 57.

Conjecture 3.1 (Existence property and unicity of a maximum). Let m,k,n € N* such that n > kand m = n+k+1.
Let U = (t;);~, be a node vectors, let a« € (—o0, 0) U (1, 00).

Any element of the rational B-spline (“Gf)?zo of index o with node vector U and of degree k admits one and only one
maximum.

Remarque 3.2. We admit for any useful purpose this conjecture which is widely illustrated by numerical experience and
cited in classical review [3] to the page 58 and [4] to the page 45.

m

Proposition 3.2 (Linear independence property). Let m, k,n € N* such that n > kand m = n+k+1. Let U = (t;);",

be an open node vector with interior nodes of multiplicity at most k, let oo € (—o0, 0) U (1, 00).

The rational B-spline basis (“Gf);o of index o with node vector U and of degree k is a free system in the vector space
CO([to , tm]) of continuous functions on [to , t,,].
Proof. To show that the B-spline basis (“G?) ?: , is linear independent, we will proceed by recurrence on the degree
k.

m—k—1
e Letk = 1 wesearch (\,)!""" C R such that Z NOGE =0
i=0
Letz € [to, t.] by setting w; (z) = wa(z, ti, tigr)

—k-1

m—2
0= 3 ACHw) = Y ACGHw)
=0

3

= S el
I
S S VR e
= ig_%é ()2 GY(x) + Ao (1 — wl,_1(2))*G,_ (x)
b3 el A (1 wl@)] "6

3
b

= [)\Zwll () + Ni—1 (1 - wll(x))] *GY(z)

.
I

since U is open and
suppwj = [to, t1) =0
SUPP Wy, 1 = [tm—1, tm) =0

As the interior nodes of U are of multiplicity at most k = 1 thenforall1 < j <m —2[t;, t;11) # 0.
Thus foralll <j <m —2andallz € [t;, tj41) we have

m—2

0 = Z (Nw] (z) + Xi—1 (1 — w) (2))] *GY(z)

)l\jwjl»(x) + )\j,l(l - wjl(x))

m—2

Moreover we have 0 = Z NG (tg) = \o
i=0

Allin all we get this linear system:

X = 0
Aj—1(1—wj(z;)) + Njwj(z;) = Oforj=1,...,m—2
and X5 S ]tj s tj+1[
!
j
diagonal terms and homogeneous then we have A; = 0 forall j = 0,...,m — 2. We conclude that (“G})
is a free system.

where wjl»(xj >0and 1 —w;(z; >0foralll < j < m — 2. Since the system is lower-triangular with null

m—2
=0
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o let k > 1 and suppose that forall 1 < p < k — 1 (“G?)[" """ is a free system. Let show that (*G¥)" "is

0
a free system.

m—k—1
0 = > \N°Gi)
m.k: 1
= Z Ak ( aGk Y(x)
m— k 1

+ Z >\ 2+1 ))aGi€+11()
= Aowo(x)aGk N@) + Am—p—1 (1= wp, ()Gl (2)

m—k—1

+ Z [Niwg (2) + e (1= wi(2))] “GI ™ (2)

1

Nwk(z) + Aim1 (1 — wh(2))] “GF ()

m—

I
M»

<,
Il
—

since U is open and
suppw§ = [to, t) =0
supp wﬁb,k = [tm—k ) tm) = @

As by hypothesis (*G? *1)::0’6 is a free system and the multiplicity of a node of U is at most k, then for all
1<j<m-—k—1landallz; € (t;,tj4r) # 0 we have \jw¥(z;) + X\;j—1 (1 — w}(z;)) = 0 with w}(z;) > 0
and 1 — w}(z;) > 0.
m—k—1
Moreover we have 0 = Z NG (tg) = No
i=0
We then obtain the following linear system:

A =0
)\j,l(l—wf(:cj))—i—)\jwf(a:j) = OfOI'j:L...,m—k—l
and Tj € ]tj , tj+1[

This lower-triangular system with positive diagonal terms admits a unique solution A; =0 forall 0 < j <
_k—
m —k — 1. Hence (*GF) " !is free.

3.2 Case of an open node vector with no interior node

2k+1

Proposition 3.3. Let a,b € R such that a < b. Let m,k,n € N* such that n = k and m = 2k + 1. Let Uy = (t§),_,

the open node vector such that t} = a and ¢}, = blet o € (—o0, 0) U (1, o0).
Let (O‘Bk) _, be the rational B-spline basis of index o with node vectors Uy, and of degree k, let (“Bf~") :_01 be the

rational B- splzne basis of index o with node vectors Uy_1 and of degree k — 1.
Forall x € [a, b] and by setting w(z) = o (2, a, b) we have the following:

be

1. Recurrence relation
*Bj(z) = w(z)*B{ 7 (z) + (1 — w(z))*B} ! () (3.7)

2. Explicit formula

“Bf(x) = Cj(w(x))' (1 - w(x))*™

By definition (*BY ) , will be called Bernstein basis of index « and of degree k on the parametrization space
[a, 0]

Proof. 1. Recurrence relation
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Consider the open node vectors:

2%+1 CnZk—1

U, = (tf)i:o and Uj_; = (tic 1)1.:0 satisfy
th=a and tf,, =b
thl=a and ti'=b

Let gy : i € Z — gi(i) =i — 1 € Z. Based on this bijection, we have

tf:t’;k—é) Vi=0,...,2k+1

by imposing t§ = t"7! =tf~ and t5, ;=51
Thus Uy}, is seen as a natural extension of Uj,_1.
N 2k—j
Consider the family (“ Gf) of B-spline basis of index a with node vector Uj, and of degree j with
=0
0<j<k
Let (an)fzo be the B-spline basis of index a with node vector Uj, and of degree k.

Let ("Bffl);:ol be the B-spline basis of index o with node vector Uy_; and of degree k& — 1.
From the definition, foralli = 0,...,k and all z € [a, b] we have

“Bi(z) = "G/(x)
= wi(2)*G{ (@) + (1 - wiy, (2) “Gi («)

“GF!is of degree k — 1 respect to the node vector Uy, which is an extension of the node vector U, _;.

Relative to the node vector Uy_; by imposing
apk— apk—1 _
B"'="Bi'=0

we have forall:=0,...,k+1
ozGl'cfl — akal — aBk:l
(3 gk(z) 1—1
Thus we have
"Bk (2) = wf(2)"BIT ) + (1 - why(2) “BE (@)

K2

As
wl(z) = palz, ti, tips)
valz, a,b) fl1<i<k
- { 0 otherwise

we can set w(x) = ¢o(z, a, b) and obtain for all k € N* and all 0 < ¢ < k, the recurrence relation

“Bf (z) = w(z)*BiZ{ (2) + (1 - w(x)) "B}~ (x)

. Explicit formula
We will now show that the recurrence relation 3.7 leads to
*Bg () (1 —w(x))*
“Bi(z) = (w(@)" _
“Bl(z) = Ci(w(x)) (1—wx) "for1 <i<k-—1

e Forall k € N*, if i = 0 then the equation 3.7 becomes
“B{j(z) = (1 - w(x)) "By~ (x)

The sequence (“Bf(z)), ., is geometric with common ratio 1 — w(z). We deduce that

k>0
*Bj(2) = (1 - w(@))* *BY(z) = (1 - w(x))*

since “Bf(z) = “G)(z) = 1 forall = € [a, b).
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We remark that for all z € (a, b) “Bf(z) = C (w(z))° (1 —

w(z) >0
e Forall k € N*, if i = k then the equation 3.7 gives

“Bj(x) =

The sequence (*Bj(z)), .,

“Bi(x) = (w(z))"

As previously we observe that for z € (a, b) *Bf(x

(w(=)) “Bj. 2 (=)

is geometric with common ratio w(x). We deduce that

“Bij(x) = (w(x))"

) = Cf (w())" (1 -

e Forall k € N*,if 1 <i < k then the equation 3.7 gives

“Bj(z) =
Let us prove by recurrence on k that *Bf (z) = Cj (

— The relation is true for k = 1.

— Letk > 1. Suppose thatforall1 < j < k, onehasforall0 <i < j("B{(m)

Foralll <i¢<k—1,wehave

(w(2)) “BiZ| (z

)+ (1 —w(x)) *Bi ™ (z)

w(x)) (1 - w(@)*™

="

*Bf() (w(2)) “BiZ} (2) + (1 — w(x) a%ffl(f)
= (w(@)C) (w(@) ™ (1 —w(@)"
+ (1—w($))cff L (w(@) (1 —w(@)
= 7 (w(@) (1 —w(@)
b O, () (- w()* |
= 65+ G (w@) (- w@)*™
= Ci(w(@) (1 —w(@)*"
because C}, = C; "} + Cj_,.
4 New class of B-spline curves
Letm, k,n € N* suchthatn > kand m = n+k+1. Let U = (¢;);- , be an open node vector, let o €

Consider the rational B-spline basis (“*G¥)"_

of index o with node vector U and of degree k,

w(z))? because Cf = 1

(-0, 0)U

w(z))" since CY =1, w(z) > Oand 1 —

§ (w()) (1 —w(2)) "

(1, c0).

Consider the B-spline curve G, of index a,of node vector U, of control points (d;)/_, € R" and defined for all

= idiaGf(x)
=0

xE[to, }by

4.1 Geometric properties

The curves of this new class verify the classical properties of B-spline curve. They also show some exotic properties
namely related to the symmetry. These properties are given in the following propositions.

Proposition 4.1. We have the following properties:

1. Local control property:

Let j € N such that 0 < j < n. Any variation of the control point d; does influence G (x) only for x € [t;, tj1r41)

2. Second local control property:
Let j e Nsuchthatk < j <nandt; <t;q,. Forall x € [t;
J

i=j—k

This computation uses only the k + 1 control points (di){:j_
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3. Convex hull property:

G, is in convex hull of its control points (d;);—,.

In other words, for all x € [a, b], there exists ()\i)?zo C Ry such that G, (x) = Z Aid; with Z Ni=1
i=0 i=0

4. Invariance by affine transformation property:

For any affine transformation T in R?, we have

Proof. 1. Local control property:
Consider the control polygons II = (d;)7_, ¢ R* and = (CL)"

1= .
1=

. c RY Suppose that for a fixed 0 < j <n
we have

Let G, and G, be the B-spline curves of index o of degree k and of control polygons IT and IT respectively.

For x € [to, t,n]) we have

Galz) = Y d*Gf(z)
=0

Galz) = ZdzaGf(m)
=0

The variation Ad; = d; — d; of the control point d; induces a variation at z of the curve G, denoted by
AG,(z) = Go(z) — Go2).
One has

AGa(r) = Ga(@) = Gala) = (4; = d;) “Gh(x) = Ad;*G(x)
Thus
AGu(z) #0 & “G(z) £0 & w € (t;, tjrri)
The effect of the variation Ad; can then only be viewed on the computation of G (z) for x € (t;, t;41r41)-
2. Second local control property:
Let j € N. Since U = ()", is open,

ti<tiyi = j>kandj<n=m-k-1 k<j<n=m-k—-1
Letthen k < j < nsuchthatt; <¢;11and z € [t;, tj41].

A control point d, influences the computation of G, (z) = Z d;*G¥%(z) if and only if “G¥(z) # 0
=0

“GFz) #£0 supp *GE N[t tj11) #0
0# [tj ) tj-‘rl) - [tsy tsth+1)
ts Sty <tjp1 < Loyrtr
s<j<jtl<sth+l
J—k<s<j

teeee

We deduce that

n J
Golx) =) di*Gf(z) = ) d;"Gl(x)
i=0 i=j—k

This computation does use only the k + 1 control points (d;)?_ ke

This result gives another point of view of local control.
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3. Convex hull property:
Letz € [to, tm)

Golz) = ) di*G}(x)
=0
= > \d;
=0
where

A = °GMz)eRLVi

n

But from unit partition property, one gets Z Ai = Z “G}'(z) = 1. Go(x) is in the convex hull of control

=0 1=0
n

polygon (di);_,
4. Invariance by affine transformation property:

Let 7' be an affine transformation in R”. There exists a square matrix M of order d and a point C' € R such
that forall X € R%, T(X) = M X + C. Let x € [tg, t,]. Since G4 () € R then we have

T(Z dﬁG?(a»)
=0

T(Ga(x))

- {Earera) v

- éM(dﬂG?(m))—k(iaG?(fU) c

- 2: (Md;*G(z)) + Zj; (C*G}(2))

- zn;(Mdi +C)*GP (z) = ZH%T(di)aG?(I)

what is expected.

Proposition 4.2. The following properties hold:

1. Interpolation property of extreme points:

The curve G, interpolates the extreme points of is control polygon, that is G (to) = do and Gy (tn,) = dy

2. Tangent property at extreme points:

The curve G, is tangent to its control polygon at extreme points. More precisely, we have

dG o, ko

iz )= Dty —to) @ W)
dGa _ k(Ot - 1)

dx (tm) = atm —tn) (dn = dn-1)

Proof. We draw attention on the fact that once the node vector U = (¢;);, has no interior node of multiplicity

n
greater than k, the associated basis (aGf)?:O is of class C°. We have a curve G, = Z d;*G¥ which is C° on
=0
[to , tm) for all control polygon IT = (d;)_, C R™.
1. Interpolation property of extreme points:

By using proposition 3.1 we have

Galto) = Y di*Gf (to) = do®Gf(to) = do
=0
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and

= di"G(tm) = dp G (tm) = dn

2. Tangent property at extreme points:

By making use of proposition 3.11 we obtain

d o, 4o
%Ga(to) = ;m% GE(to)

Ao Gh(ty) + di-- G (1)
dx g dx

= (d1— do) aGk(to)
ko

(a0 —1) (tg+1 — to)

= (d1 —do)
and

d " d
- atm == diiaGk tm
ZpGaltn) = Do di Glem)

da da
= dn—l@ Gy (tm) + dn——"GL (tm)

J dx
= (dn - dn—l) %O‘Gﬁ(tm)
B k(a—1)
- (dn dn—l) o (tm — tn)
O

Proposition 4.3 (Symmetry property). If the node vector U = (t;)"_, is symmetrzc and the control polygon I = (d;);_,
is also symmetric with respect to the perpendicular bisector D of segment (dy , dy,) then the curves of degree k : G, and
G'1_q of the same node vector U and of the same control polygon I1 are symmetric with respect to the line D

Proof. LetU = (t;);", be symmetric.

We suppose that R? is endowed with orthonormed coordinate system R = (O, &, ..., &).

LetII = (d;)[_, C R“ be a symmetric control polygon with respect to the perpendicular bisector D of segment

do, dp).

( Ther)1 for all 0 < ¢ < n, D is the perpendicular bisector of (d;, d,—;); there exists a unique M; € D such that
Midz = Miah7 ; and D orthogonal to (d; , d,,—;). Without loss of generality, suppose that {O} = D N (dy, dy,), D
is the line (O, €;) and R the canonical coordinate system. Hence for all 0 < ¢ < n, there exists d; € R and
z; € R both unique such that

di = dAz y 27;) = (Zz + Z,’gd
dooi = (—d;, Zz) = —d; + 2€,
Consider the B-spline curves G, and G, of degree k, of node vector U which is symmetric and of symmetric

control polygon II.
Forall z € [tg, t,n], we have

n

Golx) = ) di*Gl(x)

=0

_ ¥ I+ 2.8, )°GF
= ;(dl—i—zled) G/ (z)

- ZdO‘G" <Zzﬂ(;’“ )

Also

22



Zn:dﬂ—“c;’f(to +t — )
Zdacn ;

E:(Qgr%aoaeﬁ_g@
(e
—Zdn “GE_, GE_i( >é’d
—Zda(}k (Zzﬁ(;k )

Gioa(to+tm —x) =
i= O
- Zd oGk,
We deduce that
1
5 [GQ(I) + Gl—a(tO + tm - LE)]

1
§ [Goz(x) - Glfa(to +tm

Il
RN
(]
K
Q
Q
S
oS
N~
)
au
m
)

—x)|.éy = Z ((L.é’d)“(}f(x) =0

Thus D is the perpendicular bisector of segment [Go (), Gi—a(to + tm
G, and G;_, are symmetric with respect to D.

x)], we can then conclude that both
O

4.2 Algorithms of computation of B-spline curve

These algorithms show that it is possible to compute a point of B-spline curve or all of them without making use
of the explicit construction of the associated B-spline basis. The fundamental algorithm is of deBoor and can be

defined as follows:

Theorem 4.1 ( de-Boor algorithm). Let m,k,n € N* such thatn > kand m = n +k+ 1. Let U =

(t;)i~, be a node

vector. Let 11 =
Forallj =k, ...,

(d:)i—, € R” be a control polygon.
m — k — 1such that t; < t; i, and forall x € [t;, tj41)

“Gi ()

Y dila)

i=j—k+r

with
d}(z) = d;

di* (x)

where wk "(2) = valx, ti, tivk—r)
Moreover we have Gol(z) = df(x)

Proof. Letj=k,...,

“Gl(z)

= Wl @)y (@) + (1 -

wi ™ (x))df (x)

= wh(@) G () + (1 -

23

Vi=0,...,n

Vr=0,...,k—1
Vi=j—k+r...]

m —k —1suchthatt; <t;y;andx € [t;, t;41). Since forall

wf+1(a:)) aGfﬂl( )



then

amk—1
Gj+1

ark—1
Gj+1

Golz) = > di"Gf(x)

i=j—k

= Y dub(e) G (@)
i=j—k

+ ) di(1-wh(2) "G (x)
i=j—k

= Y dube)ret )
i=j—k

Jj+1

Y dia (1-wi(@) G @)
i=j—k+1

= dj,;?wffk(x)“(}?:;(x) +d; (1— wfﬂ(m‘))

+ Y [di (1= wf(2) + dwf ()] *GE(2)
i=j—k+1

Go(z) = dj_;?wf_k(x)aG?:;(x) +d; (1— wfﬂ(x))

+ Z [di—1 (1 — wf(z)) + dlwf(x)] *GF ()
i=j—k+1

= Z [dic1 (1 — wh(2)) + djwf ()] “GE ! (2)
i=j—k+1

= Y, di@)"G (w)
i=j—k+1

withforall j —k—1<i<j
dll(:v) = d;_; (1 — w; (x)) +d wf(x)

by setting d? (=) = d; for all 4; since

suppan et tip) =0
supp “Gj N[t , tjr1) =10
We have established . .
J J
Gal@) = ) d(@)*Gf(x)= Y dj(@)"G ' (2)
i=j—k i=j—k+1
Let us show by recurrence that for all 0 < r < k we have
J
Golz)= Y dj(x)*GF ()
i=j—k+r
with forallr < k
di(z) = di-{(x) (1—w} " (@) + df (2)w; 7 (2)
We assume that for all 1 < r < k we have
J
Golz)= Y dj(x)*G ()
i=j—k+r
with
(@) = @Mw) (1wl @)+ @l )

24
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Then

J
Galr) = > di(2)"G{"(x)
i=j—k+r
J
=Y @@l eE @)
i=j—k+r
J
+ Z d; (x) (1 wf—ff)aGﬁi—:{r )
i=j—k+r
J
_ Z dr()kraGkrl()
i=j—k+r
j+1
+ > di(@) (1-wfT) G ()
i=j—k+r+1

T —r ark—r—1 T k—ramk—r—1
= djfkj»r( ) j k+r Gg k+r( )+(1 ]+1)d( ) J+1 GJ+1

J

Y @ (e ) @] G @)

i=j—k+r+1
J
= S dii(@) + (- wfn) df(z)wf ] “GE T (x)
i=j—k+r+1
J
= > &M@ G (@)
i=j—k+r+1
with
dr (@) = df_y (@) + (1 - wh ") df ()b
since

suppaGZ hr Nt i) =0
0

supp “Gj |~ In [tj, tjt1) =
We have thus proved that for all 0 < r < k we have

Y. di(@) G ()

i=j—k+r
with forallr < k
di(z) = di7{(x) (1 —w;™"" (@) +df " (@)w; " (2)
Forr = k,wehave forall z € [t;, t;+1)
de =d; (z)*GY(z) = d (z)

This completes the proof.

(z)

O

5 Some illustrations of properties of the new class of rational B-spline curves

In this section, we will present a set of practical cases which depicts the established properties in previous sec-
tions. Here the aim is just to give some illustration view without being concerned with the issue of algorithm
optimization. To this end, we have adopted Scilab scripts and sometimes Maxima scripts particularly for the

formal expressions of B-spline basis listed in appendix.
We will first present the basis and then the B-spline curves.

5.1 The new class of rational B-spline basis

We emphasize on illustrations of first properties of the new class of B-spline basis.

We know that the B-spline basis are grouped in two categories regarding the fact that they are spanned by a
periodic node vector or not and in each category, the node vector may be uniform or not. We shall go through all
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of these variations.

Case of periodic node vectors

We plan two illustrations. The first one explores the influence of the uniformity of node vector while the second
one explores the non-uniformity.

Ilustration 5.1. We present here B-spline basis of degree 0 to 3 for the uniform periodic node vector Uy = (0, 1,2, 3,4, 5, 6)

witha € {—1,2,5,00}

y=

y="G@)

y

)

y=

Gl (x)

y

“Ge)

y

From the analysis of figures 4 to 7, we deduce that since Uj is a uniform periodic node vector, an element of
. k-1, . . . .
the basis (O‘Gf):io ! is obtained by simple translation of “GF that is “G¥(z) = “Gf(to — t; + z).

dLES0U-T

aLE-LU-T,

y="Gi(z

Figure 4: The B-spline basis ®G? of node vector Uy
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Figure 5: The B-spline basis ®G; of node vector Uy
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Figure 6: The B-spline basis ®*G? of node vector Uy
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Figure 7: The B-spline basis ®G? of node vector Uy

We observe that supp "‘Gf = [t;, tivk+1] and also the effect of parameter « is crucial at the neighborhood of
e
-

4 .
o Which corresponds to a

0~ and 1*. The figure 7 seems to show that o does not have any influence on (*G?)
context of node vector with no interior nodes.

Illustration 5.2. We present the influence of the non-uniformity of a periodic node vector by restricting ourselves on B-spline
basis of degree 2 in the following cases:

U =1(0,1,2,3,3,5,6)

Uy =(0,1,1,2,4,5,6)

Us = (0,1,1.5,2,3.5,5,6)
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Figure 8: Les Bases B-splines “G? de vecteur nceud Uy
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Figure 9: The B-spline basis ®G? of node vector U;

The non-uniformity may come from the presence of a multiple node, it is the case of node vectors U; and Us.
It may be also due to the step of variable between nodes as in Us.
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Figure 10: The B-spline basis “G? of node vector Us
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Figure 11: The B-spline basis “G? of node vector Us

The figures 9 to 11 show that in all the cases we have supp “G? = [t;, t;,3] and the effect of the parameter
remains important at the neighborhood of 0~ and 17. We observe a large diversity among the elements of the
basis concerning the regularity.

The two illustrations of this subsection seem to confirm the conjecture 3.1 related to the existence of a unique
maximum for *G¥ when k > 0.

Case of open node vectors

This subsection is also based on two test cases which give light on the basis of degree 2 generated by open node
vectors for a € {—1,2,5,00}.

The first test case dealts with five node vectors having two multiple interior nodes or not.

In the second test case we also have five node vectors but having three interior nodes where the multiplicity
may reach 3.

Iustration 5.3. We explore the case of B-spline basis of degree 2 associated with an open node vector in the following cases:

Uy = (0,0,0,1,2,3,3,3)
Us = (0,0,0,0.4,2.6,3,3,3)
Us = (0,0,0,1.8,2.2,3,3,3)
U = (0,0,0,1,1,3,3,3)

Us = (0,0,0,2,2,3,3,3)
The figures 12 to 16 illustrate abundantly the properties of the proposition 3.1 especially those of values at extreme nodes.
The figures 12 and 13 depict the behaviors of basis generated respectively by U, and Us which are symmetric node vectors.
One can observe that for all x € [to, t7], we have

'GPt +tr — x) =°G]_,(x)
2Gi(to +tr —2) = 'Gi_;(2)
®Gi(to +tr —x) = *Gj_,(2)

For the non-uniform open node vector Ug, U7 and Usg we observe a large diversity of behaviors of generated basis.
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Figure 12: The B-spline basis “G? of node vector U,
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Figure 13: The B-spline basis “G? of node vector Us
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Figure 14: The B-spline basis *G?of node vector Us

Ilustration 5.4. The B-spline basis of degree 2 we are illustrating explore the existing relation between the regularity and
the multiplicity of an interior node of an open node vector in the following cases:
Uy = (0,0,0,3/4,6/4,9/4,3,3,3)
Uio =(0,0,0,3/4,3/4,9/4,3,3,3)
U = (0’ 0,0, 3/4’ 3/4’ 3/43 3,3, 3)
Uip = (0,0,0,3/4,9/4,9/4,3,3,3)
Ups = (0,0,0,9/4,9/4,9/4,3,3,3)

The node vector Uy is uniform with interior nodes of multiplicity 1 and we observe in figure 17 that the generated
basis confirms the behaviors we already observed with Uy. We can state their reqularity of C° as well as the left and right
differentiability at any interior node as provided in proposition 3.11.

Each of the node vectors U1o and Uiz has one interior node with multiplicity 2. The analysis of figures 18 and 20 shows
that the associated basis ®G? are at least of C° with the existence of a left and right derivatives at any interior node even at a
double node confirming the results in proposition 3.11.
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Figure 15: The B-spline basis “G? of node vector Uy
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Figure 16: The B-spline basis “G? of node vector Us
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Figure 17: The B-spline basis “G? of node vector Uy

Each of the node vectors Uy1 and U3 has one interior triple node t3 = t4 = t5. We must expect a first type of disconti-
nuity for the elements “*G3 and “G?2 of the associated basis as supp “G3 = [to, t5] and supp *G3 = [t3, ts]. The other
elements of the basis keep the regularity of C° with the existence of a left and right derivatives at any interior node. This is
confirmed by the analysis of figures 19 and 21.

Remarque 5.1. Either the node vector is periodic or open, uinform or not, we observe in all the cases that *G? ~ *G? and
the conjecture 3.1 is verified.
5.2 The new class of rational B-spline curves

Let us have a look on some examples showing the behavior of new B-spline curves under the effect of various
parameter appearing in their definition.

Amongst some parameters we can refer to index «, the degree k, the node vector U and the control polygon
IT.
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Figure 18: The B-spline basis “G? of node vector Uy
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Figure 19: The B-spline basis “G? of node vector Uy,
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Figure 20: The B-spline basis O‘Gf of node vector U,

Ilustration 5.5. Let begin with the new parameter which is the index o.. We fix the degree to 3 on the uniform and open
node vector U and the control polygon I1 as follows:
U =(0,0,0,0,1,2,3,4,5,5,5,5)
= {(0, 2),(15,5),(2.5,4),(3, 1), (5, 4),(7, 1),(8, 4), (10, 4)}
We will go through o € {—o0, —4,—1/2,—-1/5,—1/7}, as well as its conjugated 1 — c.
A quick analysis of figure 22 reveals:

1. For oo < —4 and o > 5, the B-spline curve G, of degree k and index « is a good approximationof the standard poly-
nomial B-spline curve G, generated by the same control polygon IL

2. When « tends to 0~ or to 17, the curve G, is really separated from the standard curve G. The effect seems more
viewed at the neighborhood of O but the question is still to be tackled later on.

3. We reach a conclusion that the B-spline curves family becomes more interesting.
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Figure 21: The B-spline basis “G? of node vector U3

Figure 22: Influence of « to k = 3, U uniform and open with fixed II

Iustration 5.6. The second important parameter is the degree k of the basis which generates the B-spline curve. We will
observe its influence on two examples discribed by the following data where the control polygon I1; has been fixed with a
uniform and open node vector U, , giving the degree k as follows:

1. Example 1
I, = {(0’ 0)7 (3’ 9)? (6, 3)’ (9’ 6>}’
Uig= (0,0, 1,2,3,3)
Uig = (0,0,0, 1.5,3,3,3)
U1,3 = (07 Oa Oa 0a3> 37 Sa 3)

2. Example 2
y = {(1’ 3)’(0’ 5>7(5’ 5)’(3 O) (87 0) (77 3)}
U2,1 = (0,0, 1527374a5’5)
Usp = (0,0,0,5/4, 5/2,15/4,5,5,5)
Uss = (0,0,0,0,5/3, 1 /3,5,5,5,5)
U2,4 - (07070307075/27575757535)
Uss = (0,0,0,0,070,5,5,5,575,5)

The figure 23 summarizes example 1 and show on one hand that independently from «, the degree k = 1 yields the control
polygon 11. On the other hand, k = 3 corresponds to a node vector without any interior node and the obtained B-spline curve
G, is independent from o. Only the degree k = 2 between the extremes undergo the influence of index o with some highlight
when « tends to 0.

The results of example 2 shown in figure 24 confirm above observations.

The degree k = 1 yields the control polygon Ily and the degree k = 5 which corresponds to a node vector with no interior
node does not have any influence under «.. For the intermediate degrees k the index o has an incresing influence when o
tends to 0.

Ilustration 5.7. Now we intend to look at the influence of control polygon II on the local behavior of a B-spline curve. We
fix the degree to 3 on the uniform and open node vector U by varing only one point of the control polygon as follows:
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Figure 23: Influence of degree k, U uniform and open at a with fixed II

M=ha=—cc. k=Lk=2k=3k=4k=5 H=lga=—1, k=1k=2k=3k=4k=5

P S P S

U =(0,0,0,0,1,2,3,4,4,4,4)

I, = {(0, 4),(5, 4),(5, 8),(11, 7.5),(6, 2),(12, 0),(2, 0)}
I, = {(0, 4),(5, 4), (5, 8), (11, 7.5),(9, 3), (12, 0),(2, 0)}
I, = {(0, 4), (5, 4),(5, 8), (11, 7.5), (12, 4), (12, 0),(2, 0)}

We take o € {—o00,—4,—-1/2,—-1/5,—1/7}, as well as its conjugated 1 — c.

Figure 25: Influence of the variation of a point of II at ¥ = 3, U uniform and open and a €

{—o0,—4,-1/2,-1/5,-1/7}

Figures 25 and 26 let us to state that each curve G, is made up of three segments where the second one is under the

motion of the fifth endpoint of the control polygon 11. As we have noted so far, the influence of o is not so remarkable for

a < —4and o > 5 as one can note in polynomial case that is to say G = Goo.
In the deformation region of the curve G, at the neighborhood of a segment [d, , d;+1] of control polygon I1;, the defor-

mation moves towards the point d; when o € (—1, 0) and towards the point d; 11 when « € (1, 2) as shown in figures 25

and 26 respectively. In all cases, the curve G, belongs to the convex envelop of the control polygon I1;.

Remarque 5.2. Through the figure 22 of illustration 5.5 and figures 23 and 24 of illustration 5.6 as well as figures 25 and
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Figure 26: Influence of the variation of a point of IT at k¥ = 3, U uniform and open and « € {0, 5,3/2,6/5,8/7}

26 of illustration 5.7, we realize that the property of convex envelop is widely verified.

Illustration 5.8. In this test case, we will explore the property of symmetry proved in proposition 4.3 through seven contexts
where we restrict ourselves to an axis of symmetry parallel to the coordinate axes which does not reduce generality. The data
are as follow:

1. Axial symmetry of II with axis parallel to Oy with no multiple point
M — 4,0),(0, 11),(6, 14),
LT (10, 14), (16, 11), (12, 0)
Ul = (07 07 07 Oa 17 27 37 37 3? 3)

2. Axial symmetry of 11 with axis parallel to Oy with one double point
I, — (4,0),(0, 11),(8, 14),
© 1 (8,14),(16,11),(12, 0)
U2 = (07 07 07 Oa 17 27 37 37 3? 3)

3. Axial symmetry of 11 with axis parallel to Oy with double point and double node

M. — (4,0),(0,11),(8, 14),
T (8,14),(16, 11), (12, 0)
U3 = (070707()’252747474’ 4)

4. Axial symmetry of 11 with axis parallel to Ox with no multiple point

(0,5),(0,4),(1, 4),

= (242, 6),(4.6). (5, 5),
(5, 1),(4,0),(2,0),
(2,2),(1,2),(0,2),(0, 1)

U4=(000 0,1, 2 3,4,5,6,7,8,9,10,11,11,11,11)

5. Axial symmetry of I with axis parallel to Ox with double point

2. .2, 0 (4. 6.5, ),
=1 5,3, >’<Z>Z
(2,2),(1,2),(0,2),(0, 1)

Us = (0,0, 0,0,1,2.3,4.5.6.7.8,0, 10,11,11,11,11)

6. Axial symmetry of II with axis parallel to Ox with double point and double node

gt
=1 (5,3), (4, >’< 0
2).(1,2),(0,2),(0, 1)

(2,
Us = (0,0,0,0,1.2,3.4,5.5,6,7,8,9, 10, 10, 10, 10)

7. Double axial symmetry of I1 with one double point
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(0,2),(0,3),(1, 4),
o_J (3.4,(5,4),6,3),
"7 (6,2),(6,1),(5,0),
(3, O),(l, 0)7(0, 1),(0, 2)
U; = (0,0, ,0,1,2,3,4,5,6,7,8,9,10,10, 10, 10)

M=I,k=3U=Uja=—-lLa=2

N

3 6
=T k=30U=0 1\:7%.«1:7 ]l:1“}:5_[,:[,‘,_(;:—%_(\:;"
2 5 5

Figure 27: G, curves of degree k = 3, U; uniform and open, II; symmetric with no multiple point and a €
{o0,—-1,-1/2,—-1/5}

M =Tk =3,U=Usa=00,a=00 N=Iyk=3U=Una=-la=2

N—Ibk—3.U=Una=—3a=2 =Tk =3,U=Usa=—ta=2
2 5

3 5
2 5

Figure 28: G, curves of degree k = 3, U uniform and open, Il symmetric with double point and o €
{00, —1,-1/2,—-1/5}

=Tl k=3U=Usa=00a=00 N=Ik=3U=Usa=-la=2

M =Tk =3,U=Uha=—2,a="2 =Tk =3,U=Usa=—ta="2
3 5

2 5

Figure 29: G, curves of degree k = 3, Us symmetric and open with double node, I3 symmetric with double point
and a € {o0,—1,-1/2,-1/5}

Based on figures from 27 to 33, it can be drawn that the curves G, and G1—_,, are symmetric with respect to the per-
pendicular bisector of extreme points of the control polygon I1. As stated above, the effect af index o is very remarkable for
ae(—1,00U(1,2).
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=Tk =3,U=Uja=00,a=00 N=Mk=3U=Ua=-l,a=2

"
25 a3
z

1 3 1 6
M= k=3U=Uia=—5,a=5 N=T,k=3U=Ua=—:,a=+
2'%72 5 5

Figure 30: G, curves of degree k = 3, Uy uniform and open, II; symmetric with no multiple point and o €
{007 _15 _1/23 _1/5}

M=1ls.k=3U=Us.a=00,a =00 N=I5k=3U=Us,a=—-1l,a=2

. 4
R ; 1
)
z
3 1 6

l'l:Hs.k-:.{.[‘:l’w.n:—é.n:— M=Isk=3U=Usa=—-,a=¢
2 5

2 5

Figure 31: G, curves of degree k = 3, Us uniform and open, II5; symmetric with double point and o €
{o0,—1,-1/2,—-1/5}

I =TI,k =3,U = Up,a = co,a = 00 M=Tgk=3U=Usa=-la=2

4 4
24
. ; ﬁ

i
o

o os 1 15 2 25 3
-
6

1 3 1
ll:II(,.k:.S.l':l,'»,.n:—;.n:; =T k=3U=Usa=—-,a=_
2 2 5

f 5

o s

o §¥

o o5 1 15 2 25 3 as
-

Figure 32: G, curves of degree k = 3, Us symmetric and open with double node, IIs symmetric with double point
and « € {oo,—1,—1/2,-1/5}

The multiplicity of a node acts on the geometrical reqularity of curves G, and G1_. In the presence of a double control
point, the curves G, and G1_,, adhere to this point.
The figure 29 shows however a singular case which we will light upon later on since o seems to have no influence on it.

6 Conclusion

The class of parametrization we developed allows us to construct a family of rational B-spline basis depending on
a parameter o which generalizes all including polynomial B-spline basis. This new family of B-spline basis pos-
sesses all the classical fundamental properties such as positivity, unit partition property and linear independence.
Some symmetry property has been established. We have proved that the family of B-spline curves we obtained
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M =Tsk=3U=Una=00,a=0x N=Mnk=3U=Una=-la=2

s
B
\2( j
Ot T Asanal
s e o o5 1 1s 2 25 3 35 4 45 5 55 &
z

l'l:l'l:.!::.K,(':I?.n:fé.n:E =Tz k= Llf:!f:.n:fi,n:g
2 2 5 5

Figure 33: G, curves of degree k = 3, U; uniform and open, II; symmetric with double point and « €
{007 _15 _1/23 _1/5}

is larger than the polynomial B-spline curves one and globally extend their properties. Illustrations are given to
explain more the properties we proved with the desire of the extension to practical computation algorithms of
curves (deBoor algorithm) in future work. It is left with the exploration in more details of the effect of this new
parametrization on Bernstein functions and the resulting Bezier curves.
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