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ABSTRACT. The dynamic transitions of the Brusselator model has been re-
cently analyzed in [1] and [2]. Our aim in this paper is to address the relation
between the pattern formation and dynamic transition results left open in those
papers. We consider the problem in the setting of a 2D rectangular box where
an instability of the homogeneous steady state occurs due to the perturbations
in the direction of several modes becoming critical simultaneously. Our main
results are twofolds: (1) a rigorous characterization of the types and structure
of the dynamic transitions of the model from basic homogeneous states and
(2) the relation between the dynamic transitions and the pattern formations.
We observe that the Brusselator model exhibits different transition types and
patterns depending on the nonlinear interactions of the pattern of the critical
modes.

1. INTRODUCTION

Dynamic transitions have been shown to occur in many branches of the non-
linear science [3]. Some recent examples include the thermohaline circulation
[4], chemotatic systems [5], vegetation formation [(], gas dynamics [7] and quasi
geostrophic flows [3, 9]. One of the jewels of the nonlinear science has been the
Brusselator and related chemical reaction models which have received extensive
interest [2, 10, 11]. In this paper, we identify and classify transitions of Turing pat-
terns for the Brusselator model which was introduced initially in [12]. The model
displays some important aspects of the dynamical systems theory such as multi-
stability [13] and irreversibility [14]. Our main paradigm is the dynamic transition
theory originally introduced in [3].

As an example of Belousov—Zhabotinsky reaction, the mechanism of the Brusse-
lator model is based on autocatalytic, oscillating chemical reaction. An autocatlytic
reaction is one in which a species acts to increase the rate of its producing reac-
tion. In many autocatlytic systems, multiple steady-states and periodic orbits are
usually seen [15]. The chemical reaction of the Brusselator model consists of four
irreversible steps, given by

k4
A—X

k2
B+X—=Y+D

k3
2X+Y — 3X
k4
(1) X—E

where X and Y are components which vary in time and space, A and B are constant
components while D and E are products.

Turing patterns are natural patterns which arise spontaneously in a number
of natural phenomena such as animal coatings, chemical reactions and patterns of
sand dunes and vegetation patterns in ecology. The formations of these patterns are
described by reaction-diffusion equations. A diffusion-driven instability also called
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the Turing instability occurs in a reaction-diffusion system when a homogeneous
steady state is stable to small perturbation in the absence of diffusion but becomes
unstable to small spatial perturbations when there is diffusion [16] . Mathemati-
cally, these equations possess a stable homogeneous equilibrium which will lose its
stability as a control parameter exceeds some critical threshold. As this basic state
loses stability, the system will move towards a new stable state, often displaying
pattern structure which is known as Turing patterns.

In this article, we address the dynamic transition of Turing patterns of the
Brusselator model by deriving a complete characterization of the transition from
the homogeneous state. Our guiding principle is the dynamic transition theory of
[3]. The key philosophy of dynamic transition theory is to search for the full set of
transition states, giving a complete characterization of stability and transition. The
set of transition states is a local attractor, representing the physical reality after the
transition. As a general principle, dynamic transitions of all dissipative systems are
classified into three categories: continuous (Type-I), catastrophic (Type-II), and
random (Type-III) [17, 3]. In more mathematical intuitive terms, the types are
respectively called continous, jump and mixed. In the Brusselator model, the signs
of some nondimensional computable parameters determine the transition types.

There have been two recent papers [I, 2] which also dealt with the dynamic
transitions of the Brusselator problem in different settings and with a different
perspective. In [2], the emphasis is solely on the dynamic transitions and not on
the pattern formations. More recently in [1] the problem is investigated in a one
spatial variable setting. Although such simplifications are sometimes necessary to
understand the basic mechanisms, to establish the relation between the pattern
formations and dynamic transitions, at least two spatial variables are necessary
which is the case studied in our paper. Thus the goal of the current paper is to
address the shortcomings of these two papers.

The organization of this paper is as follows. Section 2 deals with the mathe-
matical model, Section 3 focuses on the linear stability analysis and the principle
of exchange of stabilities. The main theorems and the dynamic transitions of the
model are addressed in Section 4, while the proofs of the theorems are discussed in
Section 5 with the conclusion in Section 6.

2. THE MODEL AND ITS MATHEMATICAL SETUP

In this section, we present the mathematical representation of the Brusselator
model together with the boundary conditions considered and then subsequently put
it into an abstract functional setting. The classical Brusselator model of Prigogine
and Lefever which in the nondimensionalized form reads

(2) dru=a— (b+Nu+u?v+dAu
v =Dbu—u?v+Av
a,b,d > 0. We assume the Neuman boundary conditions on a 2D rectangular box.

(3) 2% =0, u=(uv) on 0Q, Q=(0,Lmn) x (0,m7)

where n is the outer normal of the domain Q.
The equations (2) admit the constant solution

(us,vs) = (a,b/a)

The equations for the perturbations

2 )=0)-C)
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around this constant solution are as follows.
u’ b—1)+dA a? u’ Sy 4 2auv' +u'?v’
(5) at (V’) = |:( 7)b 7a2 +A:| (v/) + |:_ab 124,71

bu2 —2au'v' —u'?v
We write (5) in the standard form by first defining the function spaces.

(6) H=L?(Q,R?)

(7) H1:{(S)EH2(Q,RZ):22:§X:O on aQ}ﬂH,
(8) Hl/zz{<u>eH‘(Q,Rz):au:av:O on aQ}ﬂH,
% on on

(9)

We also define the operators Ly, : Hy — H and G : Hy ,, — H by
(10) Lyu = ((b— Nu+ a?v + dAu, —bu — a?v + Av),
(11) G(u) = (guz + 2auv + u’v, —%uz —2auv — u?v)

Thus (5) can be written as

du =Lyu+ G(u)

(12) m

3. LINEAR STABILITY ANALYSIS

In this section, we analyze the linear stability of the basic steady state of the
model. Then we formulate this analysis as principle of exchange of stabilities (PES),
see Theorem 1.

For this purpose, we start with defining the index set

(13) K = (ki,k2) € Z3,,

the wavenumber R
k
k2=§+k§, keKk,
and the modes

k
ex,,k, (X, Yy) = cos T]xcoskzy, (k1,k2) € K.

The mode is said to have a rectangular pattern if k; # 0, k, # 0 and a roll
pattern if either k; = 0 or k; = 0. The particular case k1 = k # 0 of a rectangular
pattern is called a square pattern.

For k = (kq,k2) € K, plugging the ansatz

u
(14) |:Vll<<:| €k1,k2 (%)
into the eigenvalue problem
(15) Loex = PBxex,
yields the eigenvalue relation
Uk | Uk | 12 Uk
o [i]-afe] ol

where the operators A and D stand for

b—1 a2 d 0
A= ] e ]
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We can easily show that the eigenvectors are given by

o g
Vi Brtaltk?
and the eigenvalues satisfy
(18) det (I — (A —k?D)) = By — TuPi + Ax =0
where
(19) T =tr(A—k’D) =b—1—a? — (d+ 1)k?
and
(20) A = det(A —k?D) = a® + (a?d 4+ 1 — b)k? + dk*

Hence the eigenvalues are

Tkiq/Ti—élAk

(21) Br = >

Turing instability is defined as the stability of the equilibrium without diffusion,
i.e. k = 0 case, while instability with diffusion for some k # 0. This was the
original idea of Turing which was a novel one since diffusion is often a stabilizing
mechanism.

Since Ag = det(A) = a? > 0, the stability of the equilibrium without diffusion
only requires

(22) To=tr(A)=b—-1-a?<0

From (18), the instability in the presence of diffusion means that for some k # 0,
exactly one of the following conditions (23), (24) holds:

(23) Ay <0
or
(24) Ax >0 and Tk > 0.

Since T < T, To < 0 implies that T, < 0 for any k, (22) and (24) are incompatible.
Thus for the Turing instability, one requires the following two conditions to hold.

(25) To < 0, and Ax < 0 for some k € K.

The critical Turing wave number k1 € K is determined as

(26) k1 = argmin; ¢ Ax.
To obtain kr, we first consider the problem
d d _
(27) 0= 50c=17 det(A —k?D) =tr(D'A —Kk2I), k% e R*.
whose solution is
1 b—1—a%d
2 ! “1ay
(28) k= > tr(D7'A) 7d .

The critical transition number by is now determined by solving b from the
relation
(b—1)2 —2a%(1 +b) + a*d?

0=Ap =~ 4d

and is obtained as
b=(avd+1)
However, only b = (av/d+1)? in (28) gives a positive k2. Thus we define

br = (aVd+1)?
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Suppose that for ki,kz € K,

~ a
k% < kz |b:bT: ﬁ < k%-
Then we define k1 € K as

(29) k% = argming ey, i, Ak
Since
% =Kk’ <0
the following transversality condition is satisfied
>0 b<by
(30) A, (=0 b=Dby
<0 b>bt
which ensures the PES condition given in Theorem 1. Let us define
by =a’+1

so that the condition 19 < 0 is equivalent to the condition b < by. Hence Turing
instability is possible if bt < by which is equivalent to the condition

Vi4+a?—1
d<—0

In this case, solving x = 0 which is equivalent to Ay = 0 gives neutral stability

curves
(a? +k2)(1 + dk?)

b= 2 .
This is illustrated in Figure 1.
8 T
—B1,0=0
6 /| — B1,1 =0 |
o 7[320 =0
4 - ) H
B2, =0
20 [ L B2z =0
0 2 4 6
a

FI1GURE 1. The neutral stability curves above which the eigenvalue
with given wave number k € K is unstable in the a—b plane. Here
d=05L=1.

As a result of the above discussion, we can write the following theorem which is
known as the Principle of Exchange of Stabilities (PES).

Theorem 1. Suppose that v/d < 7”’?2_1 Then the basic steady state is stable
without diffusion, that is when d = 0. In the presence of diffusion, d # 0, the basic
steady state loses its stability as b exceeds bt = (av/d+1)2. In particular the linear
operator has finitely many real eigenvalues with wavenumber k1 as defined in (29)
which cross the imaginary axis as b exceeds bt while the rest of its spectrum lies in
the negative complex half plane.

Another possibility of transition is the Hopf transition which occurs when tr(A) =
0 while det(A) > 0. In this case a pair of complex eigenvalues cross the imaginary

V1 21
\/a> ++7

axis. It can be shown that Hopf bifurcation is possible when see

Figure 2. However we will not discuss this case in this study.
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0.2 *
Hopf
= instability
0.1 ) B
Turing
instability
0 | |
0 0.5 1
a

FI1GURE 2. Hopf vs Turing instability in the parameter space.

4. MAIN TRANSITION THEOREMS

As illustrated in Figure 1, depending on the parameters of the system, the first
critical mode(s) can have either a roll pattern or a rectangular pattern. We recall
that the first critical modes have roll pattern if its wavenumber is (k,0), k # 0 or
have rectangular pattern if its wavenumber is (j, k), j # 0, k # 0. Also depending
on the parameters, several of these modes may become unstable simultaneously.
In this paper, our aim is to identify the transitions associated with these critical
crossings.

4.1. Single rectangular mode transition. The first case we consider is a single
critical mode with a rectangular spatial pattern with wavenumber k1 = (j1,j2),
j1 #0,j2 # 0. Then near the onset of transition, we find that Landau equation for
the amplitude of this critical mode is as follows.

dx

(31) at = Bihile +AX? +0(3)

£
16

and x is the time dependent amplitude of the first critical mode, (3;, ;, is the critical
eigenvalue. Moreover, the other terms are defined as follows.

(32) A= (4M00 + 2Myo + 2Mop2 + Mzz), c>0.

(a2 + k% +b7)(a? +k3)
((a? 4+ k%)% 4 bd)

(33) c=

and the other parameter as also given by the following,

_(D1d2 + drd3vic) Vi
Mk - Bk )
(34)
B Vk—1 . —bT
Vk_vﬁ+1’ vk_6k+a2+k2’ kek.
CP (k3 — a?)by
1= 5+
a(a? + k%)’
(35) 2k3by
b2=——"—7
a(a? +k3)

d)3 = 2a.
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Theorem 2. Suppose that the conditions of Theorem 1 holds and the first critical
mode has a rectangular pattern with wavenumber kKt = (j1,j2), j1 # 0 and j2 # 0.
Then the system (2) has a transition at b = bt which depends on the number A
defined in (31) and a special case of which is as shown in Figure 3. The following
conclusions also hold true:

(1)

If A > 0 system (2) has a jump transition accompanied by subcritical
pitchfork bifurcation at b = br. In particular, there are no bifurcated
steady states on b > by and there are exactly two bifurcated solutions v‘i
and v® which are saddles when b < by. Also, for b < by, the stable
manifolds of these bifurcated steady states divide the phase plane H into
three disjoint open sets UY, US and U such that v = 0 € UY is an
attractor, and the orbits in UY are far from v = 0.

If A < 0 system (2) has a continuous transition accompanied by su-
percritical pitchfork bifurcation at b = byt. In particular, there are
no bifurcated steady states on b < byt and there are exactly two bifurcated
solutions uli and uP which are attractors when b > bt. Also there is a
neighborhood O C H of uw = 0, such that the stable manifold of w = 0 divides
O into two disjoint open sets UE and U2 such that ug € Uz, ub e ud
and ux attracts Ui.

The bifurcated steady state solutions are defined only for Bj, ;,A < 0 and
are given by

W=+ %COS (h{() cosjzy +o(y/—Bj, j,) or

—Bi, j1x .
ug-iv/éxﬂzcos<q_>comzy+ﬁﬂyﬁ—ﬁhﬁi

7 e u®
' ur
1
’
| -

T _————

A>0 A<O

FIGURE 3. The bifurcation diagram for the Turing instability
when the first critical wavenumber is kr = (1,1). The bifurca-
tion is subcritical pitchfork when A > 0 and supercritical pitchfork
when A < 0 where A is given by (31).

Figure 3 in essence summarizes Theorem 2 and displays the types of bifurcation
that occurs depending on the sign of A.

To better understand the dependence of the transition number A in (32) on the
system parameters, we consider a specific case where the domain is a square, the
aspect ratio L = 1 and the first critical mode has patterns with j; =j, = 1. In
this specific case, there exist pairs (a,d) € Q7 on the a — d plane where A > 0 and
pairs (a,d) € Q, where A < 0, see Figure 4.
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1 2 3 4 5

d
FIGURE 4. The transition type for single rectangular mode tran-
sition in the a — d parameter space for the special case j; =j; =1
and aspect ratio L = 1. The unshaded region represents jump

transition while the shaded region represents continuous tran-
sition.

4.2. Single roll mode transition. Next, we turn to the transition scenario of a
single critical roll pattern mode with wavenumber

kr =(j1,0), j1 #0

. In this case, our analysis shows that the Ginzburg Landau equation for this single
mode is given by

a
(38) % = B;,.0x1 + B3 +0(4)

where x7 is the time dependent amplitude of the first critical mode and f3;, o is the
critical eigenvalue. The coefficient of the cubic term is as follows.

(39) B= Z(zMoo + Mzo)

The transition theorem in this case is similar to that of Theorem 2 and the
bifurcation diagram for the transition number B is similar to that of A. The system
(2) exhibits continuous transition when B < 0 and jump transition when B > 0
see Figure 5 .

The bifurcated steady state solutions defined only when f(3;, 0B < 0 can be
expressed as

(40) " :i,/%ms (“{‘) +o(v/=B0)

4.3. Double roll mode transition. We consider the critical crossing of two roll
modes with common wavenumber

2 _ 12 _ 1.2
k=K ,0 =Ko,

and the critical length scale
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1 2 3 4 5

d
FIGURE 5. The transition type for single roll mode in the pa-
rameter space a — d for the special case j; = 1 and aspect ratio

L = 1. The unshaded region represents jump transition while
the shaded region represents continuous transition.

Then near the onset of transition, we find the Landau equations for the ampli-
tudes of these modes as

dx
) dit] = Bj,,0%1 +D1x1x§ + sz? +0(3)
(41
dx
ditz = Bo,j, X2 + Dpc%xz + Dgxg +0(3)

where x7 and x, are the time dependent amplitudes of the critical modes and £3;, o,
Bo,j, are the critical eigenvalues.

Dy = §<Moo +2Mn>

(42) D, = Z(ZMOO + Mzo)
C

D3 = Z (ZMOO + Moz)

Thus
D, = B.

and in the case j1 = jz,D, = D3. Figure 6 shows plots of Dy,D; in the a — d
parameter space.

To describe the bifurcated solutions, as in [18], first we assume the following
non-degeneracy conditions.

(43) D, #0, Di1+D2#0, Bj,,0D2<0, Bj,0(D1+Dz)<0.
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6 6
5 5
4 4
© ©
3 3
2 | 2
o e
1 2 3 4 5 1 2 3 4 5
d d

FIGURE 6. Plots of D (left) and D (right) in the a —d parameter
space for the case j; = j; = 1 and hence D, = D3. The shaded
regions respectively show where D¢ and D, are negative.

i /B0 jix 1 .
= (=1} JAR) =1.2
ei=(—T1) D, COS L vio)’ 1 )
; j . 1 .
ei= (=1 ﬁoblz cosjay (Vo.jz) , 1=3,4

j1x 1 . 1 .
@i = Ci oS (]1]_> (tho) + dj cosjay (Vo,j2> , 1=5,6,7,8

le»o
—(D1 +D3)

where

ds = —dg = d7 = —ds =

Thus @1, @2, @3 and @4 are the roll modes with critical wave number k-2r =1 while
©s, ..., g are mixed modes which are the superposition of the roll modes.

Theorem 3. Assume the aspect ratio is L = ]L; and the first two critical modes
have wavenumbers kr = (j1,0) and kr = (0,j2) such that j1 = j2. Then the
system undergoes a first transition as b exceeds by. Moreover, under the assumption
(43), the system has a continuous (respectively jump) transition accompanied by a
bifurcated attractor (respectively repeller) Ly on b > bt (respectively on b < br)
depending on D1, Da. Zy is homeomorphic to the circle S' and contains the steady
states together with connecting heteroclinic orbits.

We let N(Zp) denote the number of steady states on Ly, S denotes stable steady
states, and U denote the unstable steady states on Ly. We have the following
characterization of Ly, which is also given in Figure 7 and Figure 8.

(i) If D1 < D2 < 0 then Xy is an attractor such that N(Zp) =8, S ={@ili =
]a2)3)4}; U= {(Plh = 5»6) 7) 8}

(ii) If D <Dy <0 0rDy; <0< Dy D14+ D, <0 then Ly is an attractor such
that N(Zb) =8,S= {(plh = 5)6) 7y 8}7 u= {(plh' = 1)2,3)4}'
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(iii) If D2 <0< Dy, Dy + D3 >0, then Iy, is a repeller such that N(Zy) =4,
U= {(Piﬁ = 1v2)3)4}-

(iv) If Dy > Dy > 0, then Iy is a repeller such that N(Xp) =4, U = {@;i|]i =
5,6,7,8}.

(v) If D2 > 0> Dy, D1 4+ D32 <0, then Iy, is a repeller such that N(Zp) =4,
u :{(‘pl|l:5)6)7)8}

(vi) D2 >0>Dj or D2 >D; >0, Dy + Dy >0, then Xy is an attractor such
that N(Xp) =4, S ={@i/li =5,6,7,8}.

From Theorem 3, the structure of the attractor depends on the signs of Dy,
D,. Figure 7 and Figure 8 show the possible transitions from Theorem 3. Table 1
provides the summary of the steady states, condition of existence and stability.

Steady State Existence Stability
Q1,92 Bj,,0D2 <0 D; <D, <0
?3, P4 Bo,j,D2 <0 D; <D; <0

@5, P6, 97, P8 Bj,,0(D1 +D2) <0, D, <Dy <0

Bo,j, (D1 +D2) <0

TABLE 1. Existence and stability conditions for steady states of
the double roll mode transitions.

X2

Q4 @5

©2
X1

©1

©7 03

FIGURE 7. Dy <Dy <0

X2
P4 @5
Ps

©2
X1

©1

Pe
7 3

FIGURE 8. D <Dy <0 (or D2 <0< Dy), D1 +D2<0
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D; =-D, 2 ! D; =D,
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F1GURE 9. Classification of transition types for the double roll
mode: Continuous Type-I, Jump Type-II, Mixed Type III. See
Figure 7 and Figure 8 for the topological structures of III;, III;
and III3.

4.4. A roll and a rectangular mode transition. Now we consider the interac-
tions of a roll mode with a square mode. To understand the formation of hexagonal
patterns, we let the critical wave number be as follows
(44) kgr = k%h ,0 = k]'21 F
Such that the critical length scale,
R INC)
)2

Moreover, we assume that one of the first two critical modes has a square pattern
and the other has a roll pattern.

Under the above assumptions and near b = b, we let 5, 0 = Bj,,j, = B, then
we obtain that the dynamics of the system is dictated by the following ODE system

d
% =PBx1 +A1xixa 4+ x1(AxxF + Azx3) + 0(4)
(45)
d
T2 —pxa+Bid (B +Byxd) + O4)
c c
Al =chy, Ax= I (Mzz +4Moo), Ajz = 3 (Moo +2M31>
(46)
chq c c
By = T By = 2<Moo +2M31>, B3 = 4(2Moo + M4o>

Thus from (46), we observe that A; =4B; and A3 = B,.

For the analysis of (45), we assume the following non-degeneracy conditions.
(47) B3 #0, A1B1 #0.
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To discuss the bifurcated steady states, we define the following pure and mixed
solutions as follows.

0 = (—1)i,/—Bﬁscos(jzy) (Vo: ) 21,2

. jix . 1 1 . 1 .
i= —1 L _ —_ y :3,4
@ =D A1B; BCOS( L ) cos(jay) (Wl»iz) Aq B cosjzy) (vo»iz) h

Thus @1, @, are the pure modes modes while @3, @4 are the mixed modes. In
what follows, we provide the key aspects of the transition theory of system (45).
We note that the transition of the system depends on the coefficients Ay, B, and
B3 while the rest of the coefficients only play quantitative role. For full details of
the theorem, the stability and existence of the steady states as well as the related
transition diagrams and detailed analysis, we refer the interested reader to [17] and
the proofs there in.

Theorem 4. For A1B; >0,

(i) If B3 < 0, then the system (45) undergoes a random (Type - III) transition
near b = br.
(ii) If B3 > 0, then the system (45) undergoes a catastrophic (Type - II )
transition at b = br.
For A1B; < 0,

(i) If B3 < 0, then the system (45) undergoes a continuous (Type - I) transition
near b = br.

(ii) If B3 > 0, then the system (45) undergoes a catastrophic (Type - II )
transition at b = br.

FIGURE 10. Density Plot (left), Contour Plot (right) of Sample

Mixed Mode Patterns, cos <\/i§) cos(y) + cos (%)

as applied to Theorem 4.

5. PROOFS

In this section, we present the proofs of our main theorems using the center
manifold reduction criteria to establish amplitude equations for various modes of
transitions.

5.1. CENTER MANIFOLD REDUCTION. We write our solution as follows

@ (B ()
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where 1 is the number of critical modes while ®,, and ®,, are the u and v components
of the center manifold function.

k4
€k, k, = COS Tx cos kay

We adopt the following notations for simplicity.

emn = cos( X) cos(njoy) myn € Z* u{0}

fmn = emn
For example fzo = €2j,0; f]] =€jj,-
5.1.1. Single rectangular mode transition. We consider a single critical mode with
rectangular pattern

j1 .
f11 = ej,5, = cos fxcospy

“ ()= ()= (3)

Uj, . . .
where ( a "Z) f171 is the critical eigenvector and
j1yi2

() uo.0 U2i,,0
50 v = ) foo + @ 10 f
(50) <(Dv> 00 <Vo,o) 00 20 (V2j1,0 20
+ Do, (uo,z.h) foz + D22 <u2?1,2.j2) f22
Vo,2j, V2j1,2j,
where

Doo = qoox?

D30 = q20x*

o2 = qoax*

2
Dy = gr2x

(51)

By substituting the central part of (49) into (12) we have

uj, 5, ) dx(t) W, i gr(u v))
52 f J15)2 =X J15)2 o fq )
52) ! (aniz) dt (Vihiz) IR <gz(u,v)
where
g1(u,v))
G(u) =
w (gz(u,v)
We take the inner product of (52) with <1¢]‘ ’?2> f17 and obtain the following equa-
J15)2
tion
dx(t) T—vj,; (g1(u,v),f11)
= By x(0) + [ g
63) ac AT ) )
dX(t) <91 (u,v),f11>
— = Py, .xt) +re—F—F——
dt By g2 x(1) (f11,f11)

where c is a positive constant given by

1+v? ((a + k)% +b3)

j1yi2

c— (] _V]'hjz) _ ((lz+k~2|—+b'r)((lz+k~2r)
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b
gi(u,v) = auz +2auv + h.o.t

b b
(54) = (Cl + 2(1\/']-1 ‘j2> X%f% + (2(1 + 2C1\)]-1 »iz) x1T17 Dy + 2ax1f17 D,

= d1xFfl + daxi 1@y + G3xg 11D,

$i,1=1,2,3 are as defined in (35) and we have made the substitution u;; = 1.

We define Gy as the quadratic part of gj(u,v) as follows

(55) Ga1 = g1x7fy,
Also

(f1,f2,f3) :J

(f1f2f3)dp, <f1>fz>=J (f1f2)dp
Q

o
(56) (g1, F11) = d1xF (FH, F11) + dax (F11 Dy, F11) + b3xg (F11 Dy, F11)

The inner products in (56) are as follows.
(57)
(f11Dw, f11) = Doo(fr1foo, T11) + P2o(f11f20, F11) + Po2(f11T02,f11)
+ @22 (f11f22,f11)

=76 (4®p,0 + 2020 + 2P0z + D22)

(f11Dv, f11) = Poovo,0(f11fo0, f11)DP20V2j,,0(f11f20, F11) + DPo2V0,25, (f11f02, f11)
+ @22v25, 25, (Fr1f22, f11)
L2
T (4D0,0v0,0 + 2P 20V2j,,0 + 2P 02V0,2i, + P22V25,,25,)
<f%1)f11> =0.

Next we substitute (57) into (56) and obtain the following.

2

L7
(58) (g1,f11) = 16 4(dp2 + d3vo,0)Poo + 2(d2 + d3v25,,0) D20

+2(d2 + $3v0,2j, ) P02 + (P2 + d3v2j, 25,) P22 | X1

Next we solve for the coefficients of the center manifold functions by first evalu-
ating the following inner products.

L
(G21,foo) =4(G21,f22) = TdhX%

L2
(G21,T20) = (G21,fo2) = Tdhx%

59 L2
(59) (f11»f11>=<f22)f22>=T

L2
(f20,f20) = (fo2,f02) = -

(ff1,f11) =0
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then utilising the equation

do
T _1(D
i L(®) + G(u)
that is,
d (Du _ (Du GZl
& i lo] =[] + 82

Substituting the terms of the center manifold function in turns we have

Uz, o\ dDa2o U2j,,0 G21
f )1, — . 0] )15 fo9 + P
20 (sz]y()) m B25,,0D20 (szho) 20+ P2 (Gzz)

d(DZO T1—v2j,,0 <G21 f20>

61 = B2y o®20+ (TE20) oy

( ) at BZ]],O 20 + 1+v%i1»° <f20>f20>
B . 2 1—vaj, ,0> M
= B2j,,0920%7 + (‘*"%i],o (f20, f20)

d®yp 0Dy dx;

(62) dt  dt " dt
= 2q20X] (Bj] G2 X1+ o)

By comparing (61) and (62) and following similar computations we can write the
coeflicients as follows

$1 o )
V. Do = 21,
oo 4B0.0 0,05 00 Bos 0,0X]
q20 = Ll V2j1,05 Oy = b1 Vai, 0XF,
462j1: 4[52]'1’
(63)
oz = o 0,2 ®p, = ®1 Vo,2i, %7
4Bo,25, 7% 4By, D
b1 b1 ,
q22 T 2j1,2j25 22 T 251,252 X1

Thus (58) can be simplified to

2

Lm
(64) (g91,f11) = o (4Moo +2Myo + 2Mo2 + Mzz)ﬁ

Where Moo, M20, Mo2 and My, are as defined in (34). When we substitute (64)
into (53) we obtain (31). This concludes the proof for this case.

5.1.2. Single roll mode transition. We consider a single critical mode with roll pat-
tern

o .
f]():e]'],o:COS (111_), 71 eN

u Wi o (O
65 = 100 ) £10 4
@) (5) =~ () o (1)
(66) <(Du> = Qoo <u0,0> foo + @20 (qu' ‘O) 20
Q,, V0,0 V2j1,0

o 2 Wi
+ Doy (P2 ) for + Dyq | T2 ) £y
V0,25, Vit
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oo = Moox]
D20 = maox]
Doy = moox]
D1y = maxd

By substituting the center part of the solution (65) into (12) we obtain the
following amplitude equations.

dxq {g1,f10)
— = o0X1 + e/
dt " (f10,f10)
Following similar process as in the single rectangular mode transition, we cans
show that in this case

(67)

g1 = G1xFfiy + daxifro®@y + b3xifio®,
(g1, F10) = d1xXF (FFoy F10) + dax1 (F1oDy, F10) + d3x1 (F10Dy, F10)

L2
(68) (91,f10) = e [(d2 + d3v2j,,0) P20 + (2 + $3v0,0)Poo]x1
Lr? 3
= T Moo + 1/2M g X7,
Ln?
(fio,f10) = —-, (fio,f10) =0, (foo, foo) = L’

The coefficients of the center manifold function are computed in a similar fashion
as in the single rectangular mode transition.

b1 b1
Moo = 2Boo Voo, Dpo = 2Boo Voox3,
(69) _ Py
myy = — V> Dr0 = ——Vs;. 0X
20 4‘32]_1‘0 2j1,0y 20 4[32)']‘ 2j1,0%1y

Mp2 = My = 0.

Substituting the results in (68) into (67), we obtain the results in (39). This
concludes the proof.

5.1.3. Transitions from double roll mode. In this case, r = 2 and the critical modes
are

j1x . .
f10=ej1,0:COS<J1L)> for = eoj, = cosjzy, jnj2 €N

u Ui, 0 Wo,j Dy
70 =x1(t) [ 777 ) f10 +x2(t J2) fo1 +
(70) (3) =m0 (30 tro-txatw) (3007 ) o 4
Dy Uo,0 U2j,,0 Uo,2; U, j
= ) foo+@ )1, fr0+ D )2 ) f +0 J15)2 ) f
<®V> 00 (Vo,o 00 20 Vaii 0 20 02 Vo.2i 02 11 it 11
2

2
Doo(x1,%x2) = a11x7 + a12x1x2 + az2x3
2 2
Do2(x1,%x2) =b11x7 +brax1x2 + b22x5
2 2
Dyq(x1,%2) = c11X7 + C12%1%X2 + €22X5

2 2
Doo(x1,%x2) = d11x7 + di2x1x2 + d22%5



18 MUNTARI AND SENGUL

By substituting the center part of the solution into (12) we obtain the following
amplitude equations.

d f
(71) t (f10,f10)

L S A EA 1))

dt )2 (fo1,fo1)

where c is as defined in (33) whereas in this case, gi(u,V) is defined us

(72)
91(1,v) = (x7f7 + 2xaxafiofor +x2f51) d1 + (x1f10 +x2fo1) (G2 Dy + G3Dy)

In this case the quadratic part of gj(u,V) is given by

Ga1 = (X§ffo + 2x1x2f10f01 +X373;) &1
Now we evaluate (g1, f10) and (g1, fo1) as follows.

(g1,f10) = d1p1 + d2p2 + d3p3
P = <(X%f%0 +2X]X2f10f01 +X%fé1) ,f1o>

(73)
P2 = ((x1f10 + x2f01) D, F10)
p3 = ((x1f10 +x2f01) Dy, f10)
(g1,fo1) = d1p1 + G202 + d3p3
(74) p] = <<X%f%0 + 2x1x2f10f01 + X%f&) ,fo1>

P2 = ((x1f10 + x2f01) D, fo1)
P3 = ((x1f10 +x2f01) Dy, fo1)
Hence (73) and (74) evaluate to

Ln?
(91,f10) = e [2(d2 + $3v00) Poox1 + (b2 + h3vaj, 0) P2oX

+ (2 + B3y, 5,) Crix2]

(75) 2
(g1, fo1) = e [2(d2 + $3v00)Poox2 + (b2 + P3vo,25,) Po2x2
+ (b2 + d3vy, 5,) Prix1]
(Gz1,20) =L pixd,  (fa0,f20) = L5
(Gz21,fo2) =L gix3,  (foz,foa) = L5
(Gar,f11) = "Tdixaxy, (fin, ) =25
(Gz21,fo0) = L%zdh (x§ +x3), (oo, foo) = Lm?

Now we look for the coefficients of the terms in the center manifold function.
We substitute each of the terms of center manifold part of our solution to (12) and
take the inner product with respect to respective eigenfunctions as in the previous
cases, we obtain the following equations.
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d®o(x1,%2) ( vzo> (G21,f20)
ey ) el . q) +
dt B2j1,0P20 T+v3,/) (f20,f20)
d®o2(x1,%2) < Voz> (Ga1,foz2)
76 SR DR By, Do +
(76) dt Bo.2j Poz 14+v3,) (foz,fo2)
ddq1(x1,%2) T—vi1 (Gar,fi1)
SENtL A2 s
dt 6]1’]2 nt 1+v%1 <f11,f11>

Equation (76) can also be written alternatively as

d(Doo aCDoo dX] a(Doo dXz
dt 0x1 .E—i_ 0x2 Tdt

d®z 0Dz dx; " 00y dxa
dt ox; dt  Oxp ~dt

d(Doz aCDoz XJ + aCDoz %
dt ox; dt  Oxp ~ dt

d(Dn aq)n dX] aq)]] dXz
at 0x1 'E—’_ 0x2 Tdt

By comparing (76) and (77) we obtain the following results for the coefficients.

diy=dn = ﬁvo,o, di2 =0

20,0
=&y —ay =0
apn = TG I a2 =ax =
(78) d)]ly
by = 2oz, 57— V0,2, b1 =b12=0
)2
2
Ci2 = %Vj,,jp ci1=c22=0
J15)2
Substituting (78) into (75), We obtain
L2 3 5
<g],f1o> = e [(Moo + 1/2M20)X] + (Moo +2M]1)X1X2]
(79) 5

L
(g1 fo1) = =5~ [(Moo + 2My1)xixz + (Moo +1/2Mo2)x3]

By putting (79) into (71) simplifies to (41).
The steady states for (41) are as follows,

POZ(())O)
P;iz(o,i —]f53)0> Bj,,0D2 < 0
2
80 e
(80) Pf—(i %h‘lo), B1oD2 <0
2

—Bjr0 —Bji1,0
M* = (& o+ L i,,0(D1+D
< D, 1D’ D, 1D, ) Bj,,0(D1+D3) <0

P1jE and PZi are steady states for the pure modes while M* represents the steady

states of the mixed modes. We define the Jacobian,

Bi, o +Dix2+3Dyx? 2Dyx1x2
1 — )1, 2 1
(8 ) ](X])XZ) |: ZD'IX'IXZ Bj],O —+ D]X% +3D2X%
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(52) iro = P2 60 |

Py is unstable if Ay = B, 0 > 0 and stable if Ag = 3;, 0 < 0.

(D2—D1) . 0
]3 (PH) = { D, B0 ]
( ) I 1 0 _2[3].]’0
From (80), A7 = D (D2 —D1)Bj, 0 and A5 = —2j,,0 and also from (81), ADT =

—2p35,,0 and 7\]132 = DL(DZ —D1)Bj,,0. Therefore Py, P, are stable when 35, o >0
and D7 <D, <0.

—2f,, 0
Y ”Pzi):[ 0" g rs]],]
(85) JM#E) = | DpgBi e b B
D1+DZB]1» D1+DZB)1,

To analyze the stability of M* we find the trace and the determinant as follows

—4D
(86) T =505 P50

4(D2-D1)BE
(87) A = (DlJrDz)J1

Thus M¥ is stable when T < 0 and A > 0 and unstable otherwise. From Theorem 3
and from the trace and determinant of the jacobian matrix of the truncated vector
field, we can draw the following conclusions.

(1) The structure of the attractor depends on the signs of the parameters Dy,
D, and on the sum D7 4+ D,. The signs of D1, D; can either be negative
or positive.

(2) The trace, T is negative when Dy + D, < 0 and positive when D7 + D, >0
since for the existence of the steady states for the pure modes, we require
B10D2 to be negative always.

(3) The determinant, A is positive when both D, — Dy and D, + D have the
same sign and negative when their signs alternates.

(4) Only cases (i) and (ii) under Theorem 3 are possible because each of cases
(i), (iv) and (v) lead to four steady states on the attractor which are all
unstable.

5.1.4. Transitions from a roll mode and a rectangular mode. In this case r = 2 and
the critical modes are

j1X . 2i1x Lo
f11 =ej,,5, = cos <]}_) cos (j2y), f20 = ezj,0 =cos <]£> j1,j2 €N

u Wi, 5 W23, .0 (02
88 =x1(t J15)2 f + x5 (t )1, f +
(88) (v) 1( )(thjz) 11 +x2( )<ij1,0> 20 <(Dv>
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Dy Uo,0 W43, .0 Uzi,
=0 ) f +® )1, f +® j1,J2 Far
<(Dv> 00 <Vo,o 00 40 Vai, 0 40 31 N 35152

U2j,,2j
‘HDZZ ( )1, )2) f22
V2j1,2,

2 2
qi11x7 + qi2x1%X2 + q22X3

2 2
hi1x] + hiax1x2 + hopxs

2 2

) = My1x] + M2Xx1X2 + Ma2x5
2 2
Do (x1,%x2) =n11X] + N12X1X2 + N22X5

By substituting the center part of the solution in (12) we obtain the following
amplitude equations as in the previous cases,

da Bx1 +c (91, 1)
(90) dt <f1 1,f11 >
dx; By + (g1, f20)
dt <f20, f20>
such that at the critical crossing, we have let
B25:,0 =By, =P

Also, c is as defined in (33) and in this case g1(u,v) is given below

g1 =1 (x1f1; + 2x1x2f20f11 +X330) + b2 (x1f11 + X2f20) Ot
b3 (x1f11 +x2f20) Dy

In this case the quadratic part of g; is given by

(92) Go1 = o; (X%f%] + 2x1x2f20T17 + X%f%o)

Now we evaluate (g1, f20) and (g1, f11) as follows.

(91)

(g1, f11) = d1p1 + d2p2 + d3p3

p1 = ((xf; + 2xixaf20f11 +x3134), f11)

(93)
P2 = ((x1f11 +x2120) Dy, F11)
p3 = ((x1f11 +%x2120) Dy, f11)
Therefore
L2
P1 = TX]XZ
Lr?
(94) P2 =z (4Doox1 + P2oox1 +2D31%2)
Lr?
P =g (4Doovooxt + D22V2j,,25,%1 +2D31%2)
Similarly,
(g1,f20) = d1p1 + d2p2 + G303
(95) p1 = ((xFf + 2x1xaf20f11 +Xx3134), F20)

P2 = ((x1f11 +x2F20) Dy F20)
p3 = ((x1f11 +%x2120) Dy, F20)



22 MUNTARI AND SENGUL

Therefore,
. Lx?
1
. Lx?
(96) P2 =g (4Dpox2 + D31%7 + 2D 40%3)
. Ln?
3=% (4Doovoox2 + D31V34, 5, X1 + 2Da0V4j, 0X2)
L2 L2
(f20,f20) = 0 (f11,f11) = -
Finally,
L2 M
(g91,f11) = T [4<|>1X1X2 +2 (Moo + M31) x1%3 + (422 + Moo) X?]
(97) L2
(g1,f20) = E;[dD1X% + (Moo + M31) x7x2 + (2Moo +-A440)X3}
Such that
Vi Vi, j
Dy = 5 4j1,0 X%, O3 = 3]1’]2X1X2
(98) [34)1 70 3)1 ij
VZ' 2j 2 VOO 2 2
0y = T2 x Qoo = ——(x7 +2x3)
462)'1,J'2 " 4[30,0 ! 2

Substituting (97) into (90), we obtain the reduced (amplitude) equation (45).
We refer the interested reader to [17] for further detailed analysis on this case.
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