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Recently, an infinitesimal approach for finding reciprocal transformations has been proposed. The
method uses the group analysis approach and consists of similar steps as for finding an equivalence
group of transformations. The new method provides a systematic tool for finding classes of reciprocal
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i. Introduction

Nonlocal transformations play a significant role in continuum mechanics and mathematical physics. One such nonlocal

transformation is the generalized Sundman transformation, which is defined by the formulae
U= F(z,u), dX = G(z,u)dx.

Using this transformation a function u(z) is mapped into the function U(X). This type of transformations was first
proposed by the Finish astronomer K. F. Sundman [1], who used it to solve the 3-body problem. Later, Sundman’s
approach was used in solving various problems of continuum mechanics. The generalized Sundman transformation
can be applied to equations with a single independent variable. In particular, the Sundman type transformation is
effective for solving nonlinear ODEs. For example, it has been applied for linearization problems of ordinary differential
equations [2, 3, 4, 5], and for finding families of analytical solutions [6, 7]?

As for equations with two independent variables (z,y), one can use the following transformation. Let a system
with the two independent variables (z,y) admit two conservation laws. Writing the conservation laws in the form of
differentials

Pidx + Pody =0, Vidx + Pady =0,
one can construct a transformation

U=F(z,y,u),
(1)
dX = ®rdx + Bady, dY = Vidx + Uady.

A single conservation law can also be considered here, assuming, for example, U1 = 0, and ¥y = 1. Transformations
(1) can be considered as the extension of the generalized Sundman transformations to two independent variables.

In 1938 Bateman [8] established the invariance of the two-dimensional isentropic irrotational gasdynamics equations
under a multi-parameter class of relations of the form (1), which later became known as reciprocal transformations.
These transformations leave invariant the governing equations, up to the equation of state. In nonlinear continuum
mechanics, reciprocal transformations have likewise proved to have diverse physical applications [9, 10}? The preceding
attests to the importance of reciprocal transformations in physical applications.

Just as for the generalized Sundman transformations, transformations (1) were applied for mapping equations
to a simpler form or to well-studied equations. In these cases transformations (1) were also called reciprocal. The

literature on this subject is very extensive. For example, the nonlinear heat equation

U = (quuZ)I

TSee also references threin.

¥The literature on invariant reciprocal transformations is very extensive. A short review can be found in [11].
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is mapped into the classical linear heat equation us = uz, by the transformation [12, 13]

Uzu_l7 dX:udm—i—u_qudt, dT = dt.

Applications of reciprocal transformations to the spectral problems of Korteveg de Vries (KdV) and modified Korteveg
de Vries (mKdV) equations, and advantages of the reciprocal transformations can be found in [14].

The present paper deals with invariant reciprocal transformations, where a nondegenerate change (1) maps a
system of differential equations of a given class into a system of the same class (only arbitrary elements can be
changed). In the group analysis method such these types of transformations are called equivalence transformations.
A link between a one-parameter subclass of infinitesimal reciprocal-type transformations in gasdynamics and the
Lie group approach was established in [15], where it was shown that the transformations found in [16] can compose
a Lie group of transformations. This idea was also applied in [11] for relativistic gas dynamics equations, where
a connection between one-parameter subclasses found recently in [17, 18] and a Lie group procedure was shown.
The results of [15, 11] led to the development of a method for finding reciprocal transformations by using the Lie
group approach. In [19] this method was applied to the one-dimensional magnetogasdynamics equations of an ideal
perfect gas with infinite electrical conductivity. It has been shown there that the magnetogasdynamics equations have
reciprocal transformations different from the Bateman type.

In the present paper, the method used in [19] is combined with the automorphism-based algebraic method
[20, 21]§. This combination allows finding all reciprocal transformations (not only those composing a group). As for
an illustration, the method is applied to the two-dimensional stationary gas dynamics equations. Equivalence group,
group of reciprocal transformations, and all discrete reciprocal transformations are presented in the present paper. It
is proven that the reciprocal transformations found in [25] compose a complete set of reciprocal transformations, up
to equivalence transformations.

The paper is organized as follows.

The next Section discusses results obtained in [25, 15, 26]. Section 3 deals with the equivalence group of the
two-dimensional stationary gas dynamics equations. Section 4 discusses applications of the first method for seeking
reciprocal transformations using the infinitesimal approach. This method uses two conservation laws written in the
form of differentials. Section 5 provides a generalization of the first method, where none of the assumptions about the
differentials are necessary. Section 6 is devoted to the application of the results of the previous section for finding all
reciprocal transformations for the two-dimensional stationary gas dynamics equations. Summary of the results is also

given in this Section. The last Section gives the Conclusions. Some necessary formulas are given in the Appendix.

$Further development and extensions of the algebraic method can be found in [22, 23, 24].
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. The Bateman-type reciprocal transformations of 2D stationary gasdynamics

The two-dimensional gas dynamics equations considered in the present paper have the form (see, for example, [27])

Py = (pu)e + (pv)y =0, F2 = p(uue +vuy) +pz =0, @)
F3 = p(uve +vvy) + py =0, Fy =uSz +vSy, =0,

where g = (u,v) is the gas velocity, while p is the gas pressure, p is the gas density and S is the specific entropy. An

appropriate state equation must be added to system (2)
p=G(p,5). (3)
System (2) implies the pair of conservation laws

(puv)z + (p + pv?)y =0,

(p+ PUZ)x + (puv)y =0.

Using these conservation laws, new independent variables can be introduced by the formulas

da’ = By [(p+ B2 + pv°)da — puvdy],
dy’ = By [—puvdx + (p + B2 + pu®)dy]

subject to the requirement that

p+ B2+ pg° #0. (6)

In [25] it was established that the gasdynamic system (2) is invariant under the 4-parameter class of the Bateman-type

reciprocal transformations

W = Blu o = 51”

s " B ™
I o P1P3 1 _ P3p(p 2 r_
p=Fh p+ B’ p+ B2+ pg®’ §=FS).

This result has its roots in work of Bateman on lift and drag functions in planar irrotational gasdynamics [8, 28, 26].
Short review of the analysis and applications of these transformations can be found in [15].
In [15], a link between a one-parameter subclass of infinitesimal reciprocal-type transformations in gasdynamics

and a Lie group approach was established. It was observed that if one sets

B1:ﬂ2:542671a 53:1a (8)

then the one-parameter class of reciprocal transformations

’ (Y ’ v

u :1+Ep7(f :1)—"—6177 (9)
/ p / pl +ep /
= , =——"— S =F(S
p 1+ep 1+ e(p + pg?) ()
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together with

dz’ = €[(p + pv?)dz — puvdy] + dz,
[(p+ pv7)dz — puvdy] (10)

dy' = e[—puvdz + (p + pu®)dy] + dy
composes transformations similar to the Lie group of transformations. This observation led to establishing a method
[11, 29] for constructing reciprocal transformations by using procedures developed in the group analysis method.
According to [29], transformations (9), (10) are called by the group of reciprocal transformations. Similar to the
classical theory of Lie group of point transformations, it is convenient to present these transformations by the

infinitesimal generators X = F(S)0s and

Y = p’q*0p + pudu + pvds + p°0p + (—(p + pv*)dz + puvdy) du + (puvdz — (p + pu®)dy) day,

where F(S) is an arbitrary function.

3. Equivalence point transformations

Equivalence transformations preserve a structure of equations. The problem of finding an equivalence transformation
consists of the construction a transformation of the variables (x,y, u, v, p, S, G) that preserves the equations changing
only their representative G = G(p, S). For this purpose there are several methods. One of these methods is the direct
solution of the equations determining such transformations (see for example [30]). Despite its complexity this method
gives a complete set of the equivalence point transformations [31]. The determining equations become simpler for the
equivalence transformations composing a Lie group [32], which is called an equivalence group.

Consider an equivalence group preserving system (2). A generator of a one-parameter group of equivalence

transformations is assumed to be in the form [32, 33]

X = €0y + €90y + ("0 + C“0u + €0y + (05 + ("0,

where all coefficients of the generator depend on (z,y, p,u,v,S,p), and p = G(p, S) is considered as an arbitrary
element.

For finding the equivalence group of transformations the infinitesimal criterion [32] is used. For this purpose the
generator X is prolonged, and using the prolonged generator, applied to equations (2), the determining equations
of the equivalence transformations are derived. The solution of these determining equations gives the general form
of the elements of the equivalence group. Calculations show that the basis elements of the corresponding Lie algebra

are

X{ =0z, X5=0y, X§=—00y+u0y —y0s +x0y, Xi =10+ y0y, (11)
X5 = p0p +p0p, X6 =0p, Xj =h(S)(=2p0, + udu +v0y), Xi = F(5)0s

where h(S) and F(S) are sufficiently differentiable arbitrary functions.
The transformations corresponding to the generators X7, (i =1,2,...,4) and Xr are well-known in the gas

dynamics. The generators X{, and X3 define the shifts with respect to z and y, respectively, X5 corresponds to
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the rotation transformation, X§ and X define scalings, X§ corresponds to the shift of p. The generator X defines

the projective transformations

=% u =uw, v =y, (12)

" ¢ is the group-parameter, and only changeable variables are presented. This transformation corresponds

where 1) = €€
to the Munk—Prim transformation [34], which is also well-known in the gas dynamics. The transformations related
to the generator X§ allow one to change S’ = ¥(S), where ¥(S) is a sufficiently differentiable arbitrary function.

There are also known two obvious involutions

For further presentation it is convenient to introduce the following generators

X1 = —v0y + uby — dyOiz + dxday, X2 = dx0as + dyday,

X3 = p*q*0p + pudu + pvdy + p*0p + (—(p + pv*)dz + puvdy) duz (13)

+ (puvdz — (p + pu®)dy) day,

X4 = 1 (2p0p 4 udu + vy — dxdie — dyday), X5 = Op.

One notices that among these generators only the generator X3 =Y substantially defines reciprocal
transformations: the transformations corresponding to other generators are equivalent to the transformations

belonging to equivalence group.

4. The first infinitesimal approach

For constructing a group of reciprocal transformations one can apply the following two methods.

The first method consists of two steps. First, using invariance of the conservation laws, one finds the coefficients of
the generator of the group of reciprocal transformations related with the differentials. Then, using this coefficients, one
defines the prolongation formulas for the group of reciprocal transformations. Applying the prolonged generator to
the studied differential equations, one derives determining equations for the coefficients of the infinitesimal generator
related with the dependent and independent variables. The general solution of the determining equations gives the set
of generators of one-parameter groups of reciprocal transformations. Solving the Lie equations corresponding to these
generators, one finds the one-parameter reciprocal transformations. As in the classical group analysis method, the
multi-parameter transformations are constructed by the composition of the one-parameter reciprocal transformations.

Equations (4) can be rewritten in the form of differentials

S1=qu ((p+ qr12 + pv°)da — (puv + q13) dy) =0, 14)

Sz = ga1 (—(puv + q23) dz + (p + g2 + pu’)dy) = 0.

n Copyright (©) 2021 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2021, 00 1-21
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where ¢;5, (i =1,2; j =1,2,3) are constant such that gi11g21 # 0.

Consider the transformations defined by the generator
= CP0p + C“Ou + ("0 + €Oy + (05 + (" Oz + (™ Oy, (15)

where the coefficients ¢*, ¢%, ¢”, ¢? and ¢° depend on the variables (z, ¥, p,u,v,p,S), ¢*® and ¢% are linear forms
with respect to the differentials dz and dy with the coefficients *¢4%, ¥¢4®, *¢% and Y¢% also depending on the
variables (z,y, p,u,v,p, S):

C—dz :zcdz dx+ycdz dy7 Cdy :zgdy dx+ycdy dy

Requiring that equations (14) are invariants of the generator X:

one finds that
CW = ATH(CHpv(p + qua + pv*) + CUp(pu + qrau — 2¢a3v — puv?)
+C¢Pv(pu + qr2u — q23v) — (P (q23 + puv))dz
+(¢" p(=2pu — 2q12u + g23v — puv?) + ¢ pu(ges + puv)

+¢Pu(—pu — qrau + qasv) — CP(p + qu2 + pv°))dy)

¢* = ATH(¢"pv(qrs + puv) + ¢ p(—=2pv + quau — 2g220 — pu’v)
+CP0(=pv + quau — g22v) — CP(p + g2z + pu?))da
+(¢"p(pv — 2q13u + ga2v — puv) + (" pulp + o2 + pu®)

+¢Pu(pv — qizu + g22v) — ¢P(q13 + puv))dy),
where

A= p2 + (q12 + q22)p + pp(u2 + 112) + q12q22 — q13Q23 + p(Q12U2 + q22'112) — (q13 + g23) puv.

The next step consists of finding the coefficients ¢, ¢¥, ¢?, ¢? and ¢°, satisfying the determining equations
(XFi)2) =0, (i=1,2,3,4). (16)

Here X is the prolongation of the generator (15) with the prolongation formulas

= Dl — fu s~ o, =D~ e - a7
where f =p, u, v, p, S, D, and D, are operators of the total derivatives with respect to  and y
Dy = 0p + Oppz + Outia + OpVz + Oppa + 05,
Dy = 0y + 9ppy + Outy + dovy + Oppy + IsSy,
Math. Meth. Appl. Sci. 2021, 00 1-21 Copyright © 2021 John Wiley & Sons, Ltd.
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the derivatives — and mean the coefficients of the 1-forms ¢%* and ¢%. The prolongation

d(dzx)’ O(dy)’ O(dx) 9(dy)
formulas (17) are derived by using the invariance of the differentials df during the transformations. Using this

invariance, one finds formulas for transformation of derivatives, differentiating them with respect to the group-
parameter, and setting them to zero, one obtains the prolongation formulas (17).

Calculations show that for solving the determining equations, it is necessary to consider three cases (a) ¢? =0,
(b) ¢Pq13 # 0, and (c) ¢ # 0 and ¢13 = 0.

The case (P = 0 gives that X = X}, + X1, which means that there are no reciprocal transformations for this case.

4.1. Case (Pqus #0

In this case one obtains that gas = —q13, g22 = ¢12, and the general solution of the determining equations (16) gives
that

X = k(Xs + 2q12Xa + 13 X1 + (qi2 + 13) Xs) + X5 + X5,

where k is an arbitrary constant, h(S) and F(S) are arbitrary functions. For finding reciprocal transformations the
generators X¢ and X§ can be excluded. One first notices that ¢4* = —k(q;S1 + 2qu3dy) and W= —k(g5;'S2 —

2qi3dz). As S1 and Ss are invariants, then dx’ = fek(qﬁlSl + 2q13dy) + dz and dy’ = fek:(q;llsg — 2q13dx) + dy or

dx/ = —ck ((p + q12 =+ pv2)d$ — (puv — qlg) dy) + diU, (18)

dy' = ek ((puv + qi3) dz — (p + qu2 + pu®)dy) + dy.

It is more convenient to obtain transformations of the dependent variables in polar coordinates for the velocity
defined by the change
u = Rsin(0), v = Rcos(h).

The solution of the Lie equations becomes

A+ q12) — 13
p+ qi2 + pR?) — q13’

R — qi3RvV1+ A2

- 70/:9_6q137 pl:p
q13 — Ap+ q12) A(

(19)
o = WP Mpqz H iy £ty o g
@13 — AP+ q12) ’ '
where A = tan(eqi3).
4.2. Case (P #0 and g13 =0
One has that g3 = 0, g22 = ¢12, and the general solution of the determining equations (16) gives that
X = ko (X3 + 2q12 X4 + ¢12X5) + k1 (2Xa + 2q12X5 — X2) + Xf; + X7,
E Copyright (©) 2021 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2021, 00 1-21
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where k1 and ko are arbitrary constants, h(S) and F(S) are arbitrary functions. One obtains that (% = —k2q;;' S1 —

2kq dx and Cdy = —k2q2_115'2 — 2k1dy. As S1 and Sz are invariants, then

dz' = € (k2 (—(p+ qu2 + pv°)dz + puvdy) — 2k1dz) + da,

(20)
dy' = € (k2 (puwvdz — (p + q12 + pu®)dy) — 2kidy) + dy.
The formulas for changing the dependent variables depend on k.
For k1 # 0, one finds
u/ _ 2k1uA U’ _ 2k1vA
202~ D)(p+ g12) — 2k FaO — 1)(p+ q12) — 2kt
p/ =p k2()\2 - 1)(p + q12) - 2k1 (21)
k2(A2 — 1)(p + qu2 + p(u® +v2)) — 2k’
o= kaquz(p + qi2)(1 — A?) + 2k1(q12(1 — A?) — Ap)
k2(p+ q12)(A* = 1) — 2ky 7
where X\ = eF1€,
For k1 = 0, one has
= u o = v
1—a(p+q2)’ 1—a(p+q2)’ (22)
) =p 1—a(p+qi2) = P a2+ q2)
L —a(p + qiz + p(u? +v?))’ 1 —a(p+ qi2)

where a = kse.

5. Application of the second method

In the previous sections the differential forms S; and S2 are used for constructing reciprocal transformations, while
this section shows that they are not needed. In the second method there is no separation in the two steps like in the
first method, as the second method does not use the conservation laws. The prolongation formulas of the generator of
the group of reciprocal transformations are constructed by using the general form of the coefficients related with the
differentials of the generator of the group of reciprocal transformations. This method is a little bit more complicated,

but it can also be applied to systems without knowing their conservation laws.

5.1. Group of reciprocal transformations of (2)

Consider the generator

X =CP0 + 0y + (P + (%8s + ("0t + ¢ Oua, (23)

where the coefficients ¢”, ¢*, ¢7, ¢? and ¢° depend on the variables (x,y, p,u,v,p, S), (% and ¢% are linear 1-forms

with respect to dz and dy with the coefficients also depending on the variables (z,y, p, u, v, p, S):

C—dz :szz dx+y<-dz dy7 Cdy :zgdy dx+ycdy dy

Math. Meth. Appl. Sci. 2021, 00 1-21 Copyright (© 2021 John Wiley & Sons, Ltd. n
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Requiring that equations (2) compose an invariant manifold of the generator X, one derives the determining equations

(WP + 0GP + paC + pyC” + p(C* 4+ C) + CP(uz +v)) () = 0,

(puc™™ + puC™ + pua (" + puy (Y + ¢ (uus + vuy) + (7)) = 0,
(24)

(puC®® + puC¥" + Gt + puyCY + CP(uvs + vuy) + CPY) 15y = 0,
(SLCU + Sygv + u(f + va)W) =0,
where the sign |2y has the usual meaning of considering the relations in parenthesis on the manifold defined by
equations (2), where for ¢f* and ¢%v, (f = p, u, v,p, S) one has to apply the prolongation formulas (17).

Beside equations (24) one also has to satisfy the equations D, (yCdI) — Dy (““de) =0 and D, (ycdy) —

D, (z(jdy) = 0, which are

x ~dx x ~dx z ~dx z ~dx z ~dx z ~dx
—*(5" Sy — p Py — GCp Py — Cu Uy — Gy Uy — <y
d d d d d d
+yCSISfE + Y pzpfv + Y pzpz + yCuzul + Y vzvr + yC:cz = 07
x ~dy z ~dy z ~dy z ~dy x ~dy x ~dy
—"Cs" Sy = "G py — TG py — T Uy — TG vy — TG

+yC;inm_‘_y ;lypm+y<gypm+y<3yum+ycgyvm+ycgy =0.

The method of solving the determining equations (24), (25) is similar as in the classical group analysis method

[32]. Calculations show that, solving the determining equations (24), (25), one obtains that

5
X => kiXi+Xj + X,

i=2
where h(S) and F(S) are arbitrary functions, ki, (1 = 1,2,...,5) are arbitrary constants, and the generators X;,
(i=1,2,...,5) are defined by formulas (13):
X1 = —v0y +u0y — dyOQas + dzday, X2 = dxlgs + dyOay,

X3 = p2¢%0, + pudy + pvdy + p*0, + (—(p + pv?)dx + puvdy) Odx

(26)
+ (puvdz — (p + pu®)dy) Oay,
X4 = % (2p0p + uOy + VOy — dxday — dyday), X5 = Op.
Copyright (©) 2021 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2021, 00 1-21
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5.2. Algebraic properties of the Lie algebra Ly = {X1, X2, X3, X4, X5, X, Xr}

The commutator table of L,; is

X, Xo|Xs Xa X5 | Xn Xp
X0 oo o 0 0 0
X2l0 o]0 o 0 0 0
Xs| 0 0[]0 —Xs —X4| 0 0
X, 0 0]|Xs 0 -X5| 0 0
Xs| 0 0|Xs X5 0 0 0
X, o oo o 0 0 —Xn
Xp| 0 o]0 o0 0 | X O

where h; = h'F. From the commutator table, one concludes that the generators X; and Xo compose the center, the

generators X3, X4 and X5 compose an ideal, the derivatives of L,; are

L;t = [LTtvLTt] = {X3,X47X57Xh}7 L:"/t = [L;‘taL;”t} = {X33X43X5}'

6. Complete set of reciprocal transformations

For finding discrete reciprocal transformations, it is adapted the method, proposed in [20] for finding discrete
symmetries, and extended in [35] for equivalence transformations. The main idea of the method consists of using
invariant sets of a group of reciprocal transformations.

Let be given a system of differential equations (.5), and L be its (maximal) Lie algebra of reciprocal transformations,
where Aut(L) is the automorphism group. Any reciprocal transformation T provides an automorphism 7% € Aut(L)
of the Lie algebra L. The transformation 7T is defined by the change of the coefficients of a generator under the
transformation 7. Notice that the change of the coefficients of a generator of a group of reciprocal transformations
under a reciprocal transformation follows the same formulas as the change of the coefficients of a generator of
a group of point transformations under a point transformation [32]. The property that Ty € Aut(L) follows from
commutativeness of the operation of commutation of generators and the operation of the change of the variables.

For further study we use the following notations. Details and other properties one can see in [35] and references
therein.

A megaideal 7 of a Lie algebra L is a vector subspace of L, which is invariant under any mapping from the
automorphism group Aut(L). That is, for any megaideal 7 of L, and any transformation A from Aut(L) one has that
AT =T.

Some megaideals of L can be computed without knowing Aut(L). In particular, the center and the derivative of a
Lie algebra are its megaideals [35]. Hence, L' = [L, L] is a megaideal. We also use the property that a megaideal 7>

of a megaideal 7 of L is also a megaideal of L. In particular, L"” = (L)’ is also a megaideal [35].

Math. Meth. Appl. Sci. 2021, 00 1-21 Copyright © 2021 John Wiley & Sons, Ltd.

Prepared using mmaauth.cls



Mathematical
Methods in the
Applied Sciences P. Siriwat and S. V. Meleshko

|
Thus, one obtains the megaideals of L,; :

Ly = {X3, X4, X5, X0}, Ly ={X3,X4,X5}, C1={X1}, Co={X2}.

Notice also that the nonzero structure constants for L), are

3 4 5
¢y =—1, ¢35 = —1, cjs =—1.

Consider an invertible transformation 7" defined by the relations

p'=R(p,u,v,p,8), v =U(p,u,v,p,5), v =V(p,u,v,p,S),

p' = P(p,u,v,p,S), S'=H(p,u,v,p,S),

(27)
dm/ = zfdz(p7 u’ U’p7 S) dm + yfdz(p7u7v’p7 S) dy7
dy' =% (p,u,v,p,S) dx + ¥ f¥(p,u,v,p, 5) dy.
The transformation T is a reciprocal transformation if
—RUdy + RVdas' =0, (P+ RV?)da' — RUVdy =0, (28)
RUVdz' — (RU? + P)dy' =0, RHUdy' — RVHdz' = 0.
The transformation T acts on a generator X € L,
X = (P8, + ("0 + ¢y + (¥0s + " Oar + " Oua, (29)
as follows
T X =7 0y +C 0y + ¢ 0y + ¢ 05t + € g + ¢ O, (30)
where

¢ =Xp, ¢ =X, P =xp, 5 =X, M =X(d), ¢* = X(da).

One of the sets of equations for the invertible transformation 7" to be a reciprocal transformation is defined by the

conditions that dz’ and dy’ are differentials:

Dy("f*) = Du(* ™), Dy("f™) = Du("S™). 31)

Analysis of these equations is similar to the analysis of determining equations. As these equations have to be satisfied
for any solution of equations (2), then substituting the main derivatives of equations (2) into (31), and splitting them

with respect to parametrical derivatives, one derives the set of equations, which we also call determining equations.
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6.1. Use of the megaideal L,

Let X belongs to the megaideal L;, = {X35, X4, X5}. As Ty € Aut(L;,), then T. X € L,, which means that there
exist constants as, a4, as such that

T.X = agXé + (1,4X4/1 + a5Xé,
where prime in X means that it is the generator X; with the primed variables:
Xé — p/ 2q/ 280/ =+ p’u’@u/ + p,’l)laul + p/ 28],/

+( (p +p/'l)l2)d.1' +p/ I / /) 8dz’ _|_ (p'u/v'dz’/ _ (p +p/u/2)dy/) ady’7

X (2}')8 / +u8u/ +v8v/ —dz’ Ogzr — dylady/), Xé :8p/.

l\')\»—t

In particular,

T*Xi = G/SiXé + a4inll + a5iXé7 (Z - 3747 5)7 (32)

where the matrix

as3 Q34 ass
A= a43 Q44 Q45

as53 As4 G55

is nonsingular.

The constants a;j, (i, = 3,4,5) have to satisfy the following relations. As T\ € Aut(L},), then

5
[T X5, T X5) = Tu[Xs, X;] = Y T Xy, (1,5 = 3,4,5),
k=3

which lead to the conditions

5 5 5 5

Z Zazkajscks n Z Zcf]ankX':w (7'7] = 37475)

k=3 s=3 n=3 k=3 n=3

or after splitting
5

5 5
Z Z aikajchs = Z cfjanlm (i7j7n = 3,4, 5) (33)

k=3 s=3 k=3

Calculations show that equations (32) define the derivatives with respect p, u and p of all unknown functions
(27). The solution of equations (32) and the representation of equations (33) are given in the Appendix. Analysis of
equations (33) leads to the study of two cases (a) ass = 0, and (b) ass # 0.

All calculations were performed using symbolic manipulation system Reduce [36].
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6.2. Caseaszs =0

In this case, by virtue of that det A # 0, one derives from equations (33) that ass # 0 and

15 1
asz4 =0, a43 = asqa33, aaqa =1, as5 =0, as3 = 5054083, G55 = g3 - (34)

6.2.1. Using the megaideal {X1} The generator X; is a center of the Lie algebra L. As any center is a megaideal,

then there exists constant a11 such that

T*X1 = a11X{. (35)
Calculations give that the latter equation defines derivatives with respect to v of all unknown functions:

Ve . op 2 _
Rv — 07 Uv _ Uv V(Lllu7 V'u — Uajiu+Vwv P’u — a3z3v+2v(asgass p)7 Hv _ 07

u?+v2 u?402 7 a3z (u?+v?)
x pdx _ yfd”"-i,-”"fdyall yfdz :uwfdw_yfdyall (36)
v “2_'_1,2 ’ v u2+v2 ’
@ fdy — g I an VW oy pdy g VT ag g f
v 71‘24_712 ’ v u2+v2 .

The remaining equations are equations (31).

6.2.2. Analysis of equations (31) Splitting these equations with respect to parametric derivatives of equations (2), one

obtains the determining equations

afy =1, Vf¥ = T Wayy, =Y fWay,, (37)

“f¥an(p+ pu® — ass(P + RV? + asa)) + Y f%(a11puv — RUVass) = 0,
?f W (a1 puv + RUVass) + Y f%ar1(p + pv? — asz(P+ RV? + az4)) = 0,

(38)
—Ifdyan(RUVags + a11puv) + yfdy(p + pu? — ass(P + RU? + as4)) =0,

= f%an(p+ pv® — ass(P + RU? + as4)) + ¥ f*(a11 puv — RUVags) = 0,

Considering equations (38) as a system of linear algebraic equations with respect to T £ and Y f%, and because

of (*f%)2 4 (Yf%)2 £ 0, one derives that

1 (2p+ p(u® + v?) 2 2 u® +v°
P=-|—"———-RU 1% 2 R=pp—7F—5~ 39
5 ( p_~ (U™ + V" +2a54) | , MO T VE) (39)
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where 2 = 1, and equations (38) are reduced to the equations

I (rfdy(VQ _ U2) + 2yfdyUVaH) (U2 + 1)2)
(220 7 f R — ) (V2 4 U%) =0,

(—QIfdyu’U + yfdy(u2 _ 1}2)) (UQ + V2)
+p (VFH(V?—U?) =2 fYUVan) (u® +v°) = 0.

Integrating equations (32), which are presented in detail in the Appendix, and equations (36) for U and V, one
derives that

U=p""""2 (pru+ @av), V =a11p""""?(p1v — pou), (41)

where ¢1(S) and 2(S) are arbitrary functions such that ¢3 + 3 # 0. Equations (39) become

p (1—p) 2 2 ppt
P=——assa+—pu +v°), R=———F—5. 42
ass T 2ag; o ) as3 (7 + ¥3) (42)

Equations (37) give

de’ = an (Vf%dz — " fYdy), dy =" fYde+ Y fVdy. (43)

Further analysis of finding the coefficients * f%¥ and ¥ f*depends on p.

If 4 = 1, then equations (40) provide

o1+ Yoy = 0.

In a symmetric form one can represent a solution of the latter equation as

VI = ot TFW =~

where ¢(S) is an arbitrary function. Equations (31) require that

p1 = a1, p2 = P,

where o and 8 are constant such that a® 4+ 5% # 0.
Thus, one obtains that the transformation can be written in the form
P="L 4 R=— P U=dy(au+pv), V=and(aw—pu), H=F(5),

ass - azz?(a? + (2) (44)

dz’ = a11(adz + Bdy), dy = —Bdx + ady.

As the coefficients ® f%® ¥ f4¢ @ £ and ¥ f% are constant, then the transformation (44) is equivalent to an equivalence

transformation, in particular, composition of (12) with the rotation.
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If p = —1, then (41), (42) become

1

p 1 2 2
P=——-ass+ —pu"+v°), R=——-+—5——57, 45
ass " ass ol ) az3p(e? + ¢3) (45)
U =p(pru+p2v), V=a11p(prv — pau). (46)

Equations (40) give that

Ty — VW =0,

In a symmetric form one can represent a solution of the latter equation as ¥ f% = @otp™!, *f% = 11~ 1. Equations
(31) require that 1 = a1), @2 = B1b. Equations (28) in this case are only satisfied if the original solution is isentropic

and irrotational. Hence, the case u = —1 also does not provide a reciprocal transformation.

6.3. Case ass # 0

For this case
2

a3y asa(assass — 2ass) a45034
= = = ddst g
ass = ; @43 = 3 ; Q44 = -4
20,35 2a35 ass
2 2 2 2
ai5a34 — 4assa3sass + 4azs a45(a45a34 — 2a3s) ais
as3 = 1 , Q54 = 902 ) G55 = o
ass ass ass

and the analysis of the equations defining the reciprocal transformations is similar to the case ass = 0, but more
cumbersome. Because of their cumbersomeness, we only describe the main steps of the finding the reciprocal
transformations.

Using the megaideal {X1}, one finds the derivatives Ry, Uy, Vi, Py, “fd®, Yfd® =fdv and Yf¥. After that
equations (31) give the relation u”f3” + v ¥ fd” = 0, and an algebraic system of ten homogeneous linear equations
with respect to © f4%, Y fa* T fW and YW, As (T fI)(VFY) — (V£ (T FY) #£ 0, then the rank r of the matrix with
respect to these variables satisfies the inequality » < 3. From the analysis of the minors of the latter system of linear
homogeneous equations one finds P and R. Integrating the overdetermined system of equations for the functions U
and V, one finds them. Substituting all the expressions of R, U, V, and P into a linear system for ® f@ ¥ fdz @ fdy

and Y f% one finds the reciprocal transformations

Y2azs(a? + 62)(p + pg? — g)’ azs  ass(p—g)’
U— w(ow—i—,b’u)’ V:allw(—ozu—F[')’U)7 H=F

dz' =k ((epuv — B(p+ pv° — g)) d + (—a(p + pu” — g) + Bpuv) dy) ,
dy' = kaii ((a(p + pv* — g) + Bpuv) dz — (apuv + B(p + pu® — g)) dy) ,
where g = azaazs, al1 = 1, a, B, and k are constant, ¢(S) and F(S) are arbitrary functions. Recall that as, and aus

are arbitrary constants, and ass # 0.

Notice that because of the equivalence transformation corresponding to the involution E> and the rotation, one
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can assume that a;; = 1 and a = 0. As a® + 82 # 0, one has that 8 # 0. By virtue of the equivalence transformation

(12), one can reduce ¢ from formulas (47). Introducing the constants 3;, (i = 1,2,3,4):

26s 2 261

-2 as4 = — ass B
B1Bs’ B3B3’

= , Q45 = — , ]4;:7—7
B2Bs” " T T BB, 2

formulas (47) coincide with (5), (7).
From the above study one can conclude that for finding all reciprocal transformations it was sufficient to use the

megaideal Lf,. = {X3, X4, X5} and the center {X1}. The final results obtained can be formulated as follows.

Theorem 6.1 The complete set of reciprocal transformations of the two-dimensional stationary gas dynamics
equations, considered up to the equivalence transformations corresponding to (11) and the involution Ea, consists

of the transformations (5), (7):

o = Biu o = Biv
p+ B2’ N p+ B’
_ 5%,33 ;o Bsp(p + B2) g — F(S), (48)

p+B P T+ Bt

dax’ = By (p + B2 + pv*)dx — puvdy], (49)

dy' = B [—puvdz + (p+ B2 + pu®)dy].
Remark 6.2 The transformations (49), (48) can be further simplified by the equivalence transformations
corresponding to (11). In particular, using the transformation corresponding to X§, one can assume that B2 = 0.

Because of the transformation corresponding to X5, one can assume that 51 = 1. The reciprocal transformations

(49), (48) become

37 p,:B‘l_&? p/: /Bsﬂp27 S/:F(S)7
p p D+ pq (50)

dz' = (p + pv?)dx — puvdy, dy = —puvdz + (p + pu?)dy.

7. Conclusions

Two methods for constructing a group of reciprocal transformations are presented in the paper. These methods
are demonstrated by the two-dimensional stationary gas dynamics equations. Both methods use the infinitesimal
approach. The first method requires two properties to be satisfied. The first property is that two conservation laws
written in the form of differentials are required to be invariant under these transformations. This property gives
the representation of the coefficients of the generator corresponding to the differentials. Using these coefficients, the
prolongation of the generator is obtained. The second method provides a generalization of the first one, where none
of the assumptions about the differentials are required. This method can also be applied to systems without knowing
their conservation laws.

Another advantage of the second method is that the use of this method in the combination with the automorphism-
based algebraic method can also be applied for finding all reciprocal transformations (not only constituting a group)

of the equations under study. The present paper provides this algorithm and demonstrates it by the two-dimensional
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stationary gas dynamics equations, for which it is shown that, up to the equivalence transformations corresponding
to (11) and the involution Es, the complete set of reciprocal transformations consists of the transformations (50).
The proposed in the paper methods provide systematic tools for finding reciprocal transformations. The developed
approach can be also extended to equations with more than two independent variables, while, as far as the authors
know, there is only one example of reciprocal transformations of a system with three independent variables [37].

Further work is needed to explore the applications of the methods proposed in this paper.
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Appendix

Equations (32) can be written in the forms
R, = (R*U*(agsp” — 2as4p + 2as) + RV *(assp” — 2azap + 2as3))/(2p° (u” + %)),

Ry = (=Rov+ R?U?(—assp + ass) + R’V *(—assp + asa)) /u,
R, = R%a3s(U%+V?)/2,
Uy, = (PU(assp” — 2asap + 2ass) + U(aasp” — 2aaap + 2a43))/(2p° (u® + v?)),
Uu = (—Uyv + PU(—assp + asa) + U(—ausp + aua))/u,
U, = (PUass + Uaus) /2,
V, = (PV(assp” — 2asap + 2a33) + V(aasp” — 2aaap + 2a43))/(20° (u” + v?)),
Vi = (=Vov + PV (—assp + asa) + V(—aasp + aad)) /u,
Ve = (PVass + Vaus)/2,
P, = (P*(assp” — 2azap + 2a33) + 2P(a45p° — 2a4ap + 2a43) + 2(assp” — 2asap + 2as3))/(20° (u* + v°)),
P, = (—Pyv + P*(—assp + asa) + 2P(—aasp + aaa) + 2(—assp + asa)) /u,

P, = (P?ass + 2Paus + 2as5) /2,
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H,=0, H, = —H,v/u, Hy, =0,
¥ ,311 = ("f* P(—azsp® + 2a34p — 2a33) + " f* RV %(—azsp? + 2az1p — 2a33)
+% f9% (—a45p® + 2a44p — 2a43 + 2pv%) — 2V £ pup
+2fWRUV (azsp” — 2azap + 2a33)) /(20° (u” + 0?)),

I = (=T 4 T Plassp — asa) + “fRV *(assp — asa) + © f* (aas5p — aaa + 1)
+7 fWRUV (—assp + asa)) /u,

x pdx

= (_a:fdxpa35 _ arfdacRV 2a35 _ xfdxa45 + a:fdyRUVaSE))/Q’

VIS = (=2" f¥ puv + ¥ f9 P(—assp® 4 2asap — 2as3) + Y f4" RV *(—assp® + 2asap — 2as3)

+Y f9 (—assp? + 2a4ap — 2a43 + 2pu”) + Y FYRUV (assp® — 2asap + 2ass))/(20° (u® + v?)),

VI = (=Y + Y 9 Plassp — asa) + Y f RV *(assp — asa) + Y f* (aasp — aas + 1)
+Y [ RUV (—assp + asa)) /u,
Vfde = (=Y {9 Pags — Y f* RV 2ass — Y f™ass + Y fYRUV ass) /2,
Tfd = (" 9 RUV (assp® — 2azap + 2a33) + “ f% P(—assp® + 2azap — 2as3)

+2fWRU 2(—a3sp® + 2a34p — 2a33) + “fY (—asp® + 2a44p — 2a43 + 2pv?)

=2V [ puv) /(20° (u® + 07)),

Tf = (=T + T[T RUV (—assp + asa) + © [P Passp — asa) + “ P RU *(assp — aza)

+2 [P (assp — asa + 1)) /u,
I =T hY = (TFRUVass — * f% Pags — * fYRU *ass — " fVaus) /2,

VIS = (VS RUV (agsp® — 2azap + 2as3) — 2° f % puv + ¥ f¥ P(—assp® + 2azap — 2a3))

+Y f% RU *(—agsp® + 2azap — 2as3) + ¥ f¥ (—aasp” + 2a4ap — 2a43 + 2pu?))/ (207 (u” + v?)),

y pdy
u

= (=YfPv+ Y[ RUV (—assp + asa) + ¥ f* Passp — asa) + ¥ f* RU *(assp — az4)

+Y f % (assp — asa + 1)) /u,

yfgy = (yfdzRUVagf, — yfdyPa35 — yfdyRU2a35 — yfdya,45)/27

Equations (33) are

44033 — 43034 — a33 = 0, 514033 — a53a34 — @43 = 0, a54043 — a53a44 — as3 = 0,
a45a33 — aq3a35 — a34 = 0, assa33 — assass — aqsqa = 0, as5a43 — as4 — aszaqes = 0,

45034 — aq4a35 — a3s = 0, as5a34 — as4a35 — a45 = 0, ass5a44 — as5 — asaaqs = 0.
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