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method uses the group analysis approach and consists of similar steps as for finding an equivalence

group of transformations. The new method provides a systematic tool for finding classes of reciprocal
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1. Introduction

Nonlocal transformations play a significant role in continuum mechanics and mathematical physics. One such nonlocal

transformation is the generalized Sundman transformation, which is defined by the formulae

U = F (x, u), dX = G(x, u) dx.

Using this transformation a function u(x) is mapped into the function U(X). This type of transformations was first

proposed by the Finish astronomer K. F. Sundman [1], who used it to solve the 3-body problem. Later, Sundman’s

approach was used in solving various problems of continuum mechanics. The generalized Sundman transformation

can be applied to equations with a single independent variable. In particular, the Sundman type transformation is

effective for solving nonlinear ODEs. For example, it has been applied for linearization problems of ordinary differential

equations [2, 3, 4, 5], and for finding families of analytical solutions [6, 7]�.

As for equations with two independent variables (x, y), one can use the following transformation. Let a system

with the two independent variables (x, y) admit two conservation laws. Writing the conservation laws in the form of

differentials

Φ1dx+Φ2dy = 0, Ψ1dx+Ψ2dy = 0,

one can construct a transformation

U = F (x, y, u),

dX = Φ1dx+Φ2dy, dY = Ψ1dx+Ψ2dy.
(1)

A single conservation law can also be considered here, assuming, for example, Ψ1 = 0, and Ψ2 = 1. Transformations

(1) can be considered as the extension of the generalized Sundman transformations to two independent variables.

In 1938 Bateman [8] established the invariance of the two-dimensional isentropic irrotational gasdynamics equations

under a multi-parameter class of relations of the form (1), which later became known as reciprocal transformations.

These transformations leave invariant the governing equations, up to the equation of state. In nonlinear continuum

mechanics, reciprocal transformations have likewise proved to have diverse physical applications [9, 10]�. The preceding

attests to the importance of reciprocal transformations in physical applications.

Just as for the generalized Sundman transformations, transformations (1) were applied for mapping equations

to a simpler form or to well-studied equations. In these cases transformations (1) were also called reciprocal. The

literature on this subject is very extensive. For example, the nonlinear heat equation

ut = (u−2ux)x

†See also references threin.
‡The literature on invariant reciprocal transformations is very extensive. A short review can be found in [11].

2 Copyright © 2021 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2021, 00 1–21

Prepared using mmaauth.cls



P. Siriwat and S. V. Meleshko

Mathematical

Methods in the

Applied Sciences

is mapped into the classical linear heat equation ut = uxx by the transformation [12, 13]

U = u−1, dX = u dx+ u−2ux dt, dT = dt.

Applications of reciprocal transformations to the spectral problems of Korteveg de Vries (KdV) and modified Korteveg

de Vries (mKdV) equations, and advantages of the reciprocal transformations can be found in [14].

The present paper deals with invariant reciprocal transformations, where a nondegenerate change (1) maps a

system of differential equations of a given class into a system of the same class (only arbitrary elements can be

changed). In the group analysis method such these types of transformations are called equivalence transformations.

A link between a one-parameter subclass of infinitesimal reciprocal-type transformations in gasdynamics and the

Lie group approach was established in [15], where it was shown that the transformations found in [16] can compose

a Lie group of transformations. This idea was also applied in [11] for relativistic gas dynamics equations, where

a connection between one-parameter subclasses found recently in [17, 18] and a Lie group procedure was shown.

The results of [15, 11] led to the development of a method for finding reciprocal transformations by using the Lie

group approach. In [19] this method was applied to the one-dimensional magnetogasdynamics equations of an ideal

perfect gas with infinite electrical conductivity. It has been shown there that the magnetogasdynamics equations have

reciprocal transformations different from the Bateman type.

In the present paper, the method used in [19] is combined with the automorphism-based algebraic method

[20, 21]§. This combination allows finding all reciprocal transformations (not only those composing a group). As for

an illustration, the method is applied to the two-dimensional stationary gas dynamics equations. Equivalence group,

group of reciprocal transformations, and all discrete reciprocal transformations are presented in the present paper. It

is proven that the reciprocal transformations found in [25] compose a complete set of reciprocal transformations, up

to equivalence transformations.

The paper is organized as follows.

The next Section discusses results obtained in [25, 15, 26]. Section 3 deals with the equivalence group of the

two-dimensional stationary gas dynamics equations. Section 4 discusses applications of the first method for seeking

reciprocal transformations using the infinitesimal approach. This method uses two conservation laws written in the

form of differentials. Section 5 provides a generalization of the first method, where none of the assumptions about the

differentials are necessary. Section 6 is devoted to the application of the results of the previous section for finding all

reciprocal transformations for the two-dimensional stationary gas dynamics equations. Summary of the results is also

given in this Section. The last Section gives the Conclusions. Some necessary formulas are given in the Appendix.

§Further development and extensions of the algebraic method can be found in [22, 23, 24].
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2. The Bateman-type reciprocal transformations of 2D stationary gasdynamics

The two-dimensional gas dynamics equations considered in the present paper have the form (see, for example, [27])

F1 = (ρu)x + (ρv)y = 0, F2 = ρ(uux + vuy) + px = 0,

F3 = ρ(uvx + vvy) + py = 0, F4 = uSx + vSy = 0,
(2)

where q = (u, v) is the gas velocity, while p is the gas pressure, ρ is the gas density and S is the specific entropy. An

appropriate state equation must be added to system (2)

p = G(ρ, S). (3)

System (2) implies the pair of conservation laws

(ρuv)x + (p+ ρv2)y = 0,

(p+ ρu2)x + (ρuv)y = 0.
(4)

Using these conservation laws, new independent variables can be introduced by the formulas

dx′ = β−1
1 [(p+ β2 + ρv2)dx− ρuvdy],

dy′ = β−1
1 [−ρuvdx+ (p+ β2 + ρu2)dy]

(5)

subject to the requirement that

p+ β2 + ρq2 ̸= 0. (6)

In [25] it was established that the gasdynamic system (2) is invariant under the 4-parameter class of the Bateman-type

reciprocal transformations

u′ =
β1u

p+ β2
, v′ =

β1v

p+ β2
,

p′ = β4 −
β2
1β3

p+ β2
, ρ′ =

β3ρ(p+ β2)

p+ β2 + ρq2
, S′ = F (S).

(7)

This result has its roots in work of Bateman on lift and drag functions in planar irrotational gasdynamics [8, 28, 26].

Short review of the analysis and applications of these transformations can be found in [15].

In [15], a link between a one-parameter subclass of infinitesimal reciprocal-type transformations in gasdynamics

and a Lie group approach was established. It was observed that if one sets

β1 = β2 = β4 = ϵ−1, β3 = 1, (8)

then the one-parameter class of reciprocal transformations

u′ =
u

1 + ϵp
, v′ =

v

1 + ϵp
,

p′ =
p

1 + ϵp
, ρ′ =

ρ(1 + ϵp)

1 + ϵ(p+ ρq2)
, S′ = F (S)

(9)
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together with

dx′ = ϵ[(p+ ρv2)dx− ρuvdy] + dx,

dy′ = ϵ[−ρuvdx+ (p+ ρu2)dy] + dy
(10)

composes transformations similar to the Lie group of transformations. This observation led to establishing a method

[11, 29] for constructing reciprocal transformations by using procedures developed in the group analysis method.

According to [29], transformations (9), (10) are called by the group of reciprocal transformations. Similar to the

classical theory of Lie group of point transformations, it is convenient to present these transformations by the

infinitesimal generators X = F (S)∂S and

Y = ρ2q2∂ρ + pu∂u + pv∂v + p2∂p +
(
−(p+ ρv2)dx+ ρuvdy

)
∂dx +

(
ρuvdx− (p+ ρu2)dy

)
∂dy,

where F (S) is an arbitrary function.

3. Equivalence point transformations

Equivalence transformations preserve a structure of equations. The problem of finding an equivalence transformation

consists of the construction a transformation of the variables (x, y, u, v, ρ, S,G) that preserves the equations changing

only their representative G = G(ρ, S). For this purpose there are several methods. One of these methods is the direct

solution of the equations determining such transformations (see for example [30]). Despite its complexity this method

gives a complete set of the equivalence point transformations [31]. The determining equations become simpler for the

equivalence transformations composing a Lie group [32], which is called an equivalence group.

Consider an equivalence group preserving system (2). A generator of a one-parameter group of equivalence

transformations is assumed to be in the form [32, 33]

Xe = ξx∂x + ξy∂y + ζρ∂ρ + ζu∂u + ζv∂v + ζS∂S + ζp∂p,

where all coefficients of the generator depend on (x, y, ρ, u, v, S, p), and p = G(ρ, S) is considered as an arbitrary

element.

For finding the equivalence group of transformations the infinitesimal criterion [32] is used. For this purpose the

generator Xe is prolonged, and using the prolonged generator, applied to equations (2), the determining equations

of the equivalence transformations are derived. The solution of these determining equations gives the general form

of the elements of the equivalence group. Calculations show that the basis elements of the corresponding Lie algebra

are

Xe
1 = ∂x, Xe

2 = ∂y, X
e
3 = −v∂u + u∂v − y∂x + x∂y, X

e
4 = x∂x + y∂y,

Xe
5 = ρ∂ρ + p∂p, X

e
6 = ∂p, X

e
h = h(S)(−2ρ∂ρ + u∂u + v∂v), X

e
F = F (S)∂S

(11)

where h(S) and F (S) are sufficiently differentiable arbitrary functions.

The transformations corresponding to the generators Xe
i , (i = 1, 2, ..., 4) and XF are well-known in the gas

dynamics. The generators Xe
1 , and Xe

2 define the shifts with respect to x and y, respectively, Xe
3 corresponds to

Math. Meth. Appl. Sci. 2021, 00 1–21 Copyright © 2021 John Wiley & Sons, Ltd. 5
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the rotation transformation, Xe
4 and Xe

5 define scalings, Xe
6 corresponds to the shift of p. The generator Xe

h defines

the projective transformations

ρ′ = ρψ−2, u′ = uψ, v′ = vψ, (12)

where ψ = eϵh, ϵ is the group-parameter, and only changeable variables are presented. This transformation corresponds

to the Munk–Prim transformation [34], which is also well-known in the gas dynamics. The transformations related

to the generator Xe
F allow one to change S′ = Ψ(S), where Ψ(S) is a sufficiently differentiable arbitrary function.

There are also known two obvious involutions

E1 : x′ = −x, u′ = −u,

E2 : y′ = −y, v′ = −v.

For further presentation it is convenient to introduce the following generators

X1 = −v∂u + u∂v − dy∂dx + dx∂dy, X2 = dx∂dx + dy∂dy,

X3 = ρ2q2∂ρ + pu∂u + pv∂v + p2∂p +
(
−(p+ ρv2)dx+ ρuvdy

)
∂dx

+
(
ρuvdx− (p+ ρu2)dy

)
∂dy,

X4 = 1
2
(2p∂p + u∂u + v∂v − dx∂dx − dy∂dy) , X5 = ∂p.

(13)

One notices that among these generators only the generator X3 = Y substantially defines reciprocal

transformations: the transformations corresponding to other generators are equivalent to the transformations

belonging to equivalence group.

4. The first infinitesimal approach

For constructing a group of reciprocal transformations one can apply the following two methods.

The first method consists of two steps. First, using invariance of the conservation laws, one finds the coefficients of

the generator of the group of reciprocal transformations related with the differentials. Then, using this coefficients, one

defines the prolongation formulas for the group of reciprocal transformations. Applying the prolonged generator to

the studied differential equations, one derives determining equations for the coefficients of the infinitesimal generator

related with the dependent and independent variables. The general solution of the determining equations gives the set

of generators of one-parameter groups of reciprocal transformations. Solving the Lie equations corresponding to these

generators, one finds the one-parameter reciprocal transformations. As in the classical group analysis method, the

multi-parameter transformations are constructed by the composition of the one-parameter reciprocal transformations.

Equations (4) can be rewritten in the form of differentials

S1 = q11
(
(p+ q12 + ρv2)dx− (ρuv + q13) dy

)
= 0,

S2 = q21
(
−(ρuv + q23) dx+ (p+ q22 + ρu2)dy

)
= 0.

(14)
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where qij , (i = 1, 2; j = 1, 2, 3) are constant such that q11q21 ̸= 0.

Consider the transformations defined by the generator

X = ζρ∂ρ + ζu∂u + ζv∂v + ζp∂p + ζS∂S + ζdx∂dx + ζdy∂dy, (15)

where the coefficients ζρ, ζu, ζv, ζp and ζS depend on the variables (x, y, ρ, u, v, p, S), ζdx and ζdy are linear forms

with respect to the differentials dx and dy with the coefficients xζdx, yζdx, xζdy and yζdy also depending on the

variables (x, y, ρ, u, v, p, S):

ζdx = xζdx dx+ yζdx dy, ζdy = xζdy dx+ yζdy dy.

Requiring that equations (14) are invariants of the generator X:

XSi = 0,

one finds that

ζdy = ∆−1((ζuρv(p+ q12 + ρv2) + ζvρ(pu+ q12u− 2q23v − ρuv2)

+ζρv(pu+ q12u− q23v)− ζp(q23 + ρuv))dx

+(ζuρ(−2pu− 2q12u+ q23v − ρuv2) + ζvρu(q23 + ρuv)

+ζρu(−pu− q12u+ q23v)− ζp(p+ q12 + ρv2))dy)

ζdx = ∆−1((ζuρv(q13 + ρuv) + ζvρ(−2pv + q13u− 2q22v − ρu2v)

+ζρv(−pv + q13u− q22v)− ζp(p+ q22 + ρu2))dx

+(ζuρ(pv − 2q13u+ q22v − ρu2v) + ζvρu(p+ q22 + ρu2)

+ζρu(pv − q13u+ q22v)− ζp(q13 + ρuv))dy),

where

∆ = p2 + (q12 + q22)p+ pρ(u2 + v2) + q12q22 − q13q23 + ρ(q12u
2 + q22v

2)− (q13 + q23)ρuv.

The next step consists of finding the coefficients ζρ, ζu, ζv, ζp and ζS , satisfying the determining equations

(XFi)|(2) = 0, (i = 1, 2, 3, 4). (16)

Here X is the prolongation of the generator (15) with the prolongation formulas

ζfx = Dxζ
f − fx

∂ζdx

∂(dx)
− fy

∂ζdy

∂(dx)
, ζfy = Dyζ

f − fx
∂ζdx

∂(dy)
− fy

∂ζdy

∂(dy)
, (17)

where f = ρ, u, v, p, S, Dx and Dy are operators of the total derivatives with respect to x and y

Dx = ∂x + ∂ρρx + ∂uux + ∂vvx + ∂ppx + ∂SSx,

Dy = ∂y + ∂ρρy + ∂uuy + ∂vvy + ∂ppy + ∂SSy,

Math. Meth. Appl. Sci. 2021, 00 1–21 Copyright © 2021 John Wiley & Sons, Ltd. 7
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the derivatives
∂ζdx

∂(dx)
,
∂ζdx

∂(dy)
,
∂ζdy

∂(dx)
and

∂ζdy

∂(dy)
mean the coefficients of the 1-forms ζdx and ζdt. The prolongation

formulas (17) are derived by using the invariance of the differentials df during the transformations. Using this

invariance, one finds formulas for transformation of derivatives, differentiating them with respect to the group-

parameter, and setting them to zero, one obtains the prolongation formulas (17).

Calculations show that for solving the determining equations, it is necessary to consider three cases (a) ζp = 0,

(b) ζpq13 ̸= 0, and (c) ζp ̸= 0 and q13 = 0.

The case ζp = 0 gives that X = Xe
h +Xe

F , which means that there are no reciprocal transformations for this case.

4.1. Case ζpq13 ̸= 0

In this case one obtains that q23 = −q13, q22 = q12, and the general solution of the determining equations (16) gives

that

X = k(X3 + 2q12X4 + q13X1 + (q212 + q213)X5) +Xe
h +Xe

F ,

where k is an arbitrary constant, h(S) and F (S) are arbitrary functions. For finding reciprocal transformations the

generators Xe
h and Xe

F can be excluded. One first notices that ζdx = −k(q−1
11 S1 + 2q13dy) and ζdy = −k(q−1

21 S2 −

2q13dx). As S1 and S2 are invariants, then dx′ = −ϵk(q−1
11 S1 + 2q13dy) + dx and dy′ = −ϵk(q−1

21 S2 − 2q13 dx) + dy or

dx′ = −ϵk
(
(p+ q12 + ρv2)dx− (ρuv − q13) dy

)
+ dx,

dy′ = ϵk
(
(ρuv + q13) dx− (p+ q12 + ρu2)dy

)
+ dy.

(18)

It is more convenient to obtain transformations of the dependent variables in polar coordinates for the velocity

defined by the change

u = R sin(θ), v = R cos(θ).

The solution of the Lie equations becomes

R′ =
q13R

√
1 + λ2

q13 − λ(p+ q12)
, θ′ = θ − ϵq13, ρ

′ = ρ
λ(p+ q12)− q13

λ(p+ q12 + ρR2)− q13
,

p′ =
q13p+ λ(pq12 + q212 + q213)

q13 − λ(p+ q12)
, S′ = S,

(19)

where λ = tan(ϵq13).

4.2. Case ζp ̸= 0 and q13 = 0

One has that q23 = 0, q22 = q12, and the general solution of the determining equations (16) gives that

X = k2(X3 + 2q12X4 + q212X5) + k1(2X4 + 2q12X5 −X2) +Xe
h +Xe

F ,

8 Copyright © 2021 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2021, 00 1–21
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where k1 and k2 are arbitrary constants, h(S) and F (S) are arbitrary functions. One obtains that ζdx = −k2q−1
11 S1 −

2k1 dx and ζdy = −k2q−1
21 S2 − 2k1 dy. As S1 and S2 are invariants, then

dx′ = ϵ
(
k2

(
−(p+ q12 + ρv2)dx+ ρuvdy

)
− 2k1dx

)
+ dx,

dy′ = ϵ
(
k2

(
ρuvdx− (p+ q12 + ρu2)dy

)
− 2k1dy

)
+ dy.

(20)

The formulas for changing the dependent variables depend on k1.

For k1 ̸= 0, one finds

u′ = − 2k1uλ

k2(λ2 − 1)(p+ q12)− 2k1
, v′ = − 2k1vλ

k2(λ2 − 1)(p+ q12)− 2k1
,

ρ′ = ρ
k2(λ

2 − 1)(p+ q12)− 2k1
k2(λ2 − 1)(p+ q12 + ρ(u2 + v2))− 2k1

,

p′ =
k2q12(p+ q12)(1− λ2) + 2k1(q12(1− λ2)− λ2p)

k2(p+ q12)(λ2 − 1)− 2k1
,

(21)

where λ = ek1ϵ.

For k1 = 0, one has

u′ =
u

1− a(p+ q12)
, v′ =

v

1− a(p+ q12)
,

ρ′ = ρ
1− a(p+ q12)

1− a(p+ q12 + ρ(u2 + v2))
, p′ =

p− aq12(p+ q12)

1− a(p+ q12)
,

(22)

where a = k2ϵ.

5. Application of the second method

In the previous sections the differential forms S1 and S2 are used for constructing reciprocal transformations, while

this section shows that they are not needed. In the second method there is no separation in the two steps like in the

first method, as the second method does not use the conservation laws. The prolongation formulas of the generator of

the group of reciprocal transformations are constructed by using the general form of the coefficients related with the

differentials of the generator of the group of reciprocal transformations. This method is a little bit more complicated,

but it can also be applied to systems without knowing their conservation laws.

5.1. Group of reciprocal transformations of (2)

Consider the generator

X = ζρ∂ρ + ζv∂v + ζp∂p + ζS∂S + ζdt∂dt + ζdx∂dx, (23)

where the coefficients ζρ, ζu, ζv, ζp and ζS depend on the variables (x, y, ρ, u, v, p, S), ζdx and ζdy are linear 1-forms

with respect to dx and dy with the coefficients also depending on the variables (x, y, ρ, u, v, p, S):

ζdx = xζdx dx+ yζdx dy, ζdy = xζdy dx+ yζdy dy.

Math. Meth. Appl. Sci. 2021, 00 1–21 Copyright © 2021 John Wiley & Sons, Ltd. 9
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Requiring that equations (2) compose an invariant manifold of the generator X, one derives the determining equations

(uζρx + vζρy + ρxζ
u + ρyζ

v + ρ(ζux + ζvy ) + ζρ(ux + vy))|(2) = 0,

(ρuζux + ρvζuy + ρuxζ
u + ρuyζ

v + ζρ(uux + vuy) + ζpx)|(2) = 0,

(ρuζvx + ρvζvy + ρvxζ
u + ρvyζ

v + ζρ(uvx + vvy) + ζpy )|(2) = 0,

(
Sxζ

u + Syζ
v + uζSx + vζSy

)
|(2) = 0,

(24)

where the sign |(2) has the usual meaning of considering the relations in parenthesis on the manifold defined by

equations (2), where for ζfx and ζfy , (f = ρ, u, v, p , S) one has to apply the prolongation formulas (17).

Beside equations (24) one also has to satisfy the equations Dx

(
yζdx

)
−Dy

(
xζdx

)
= 0 and Dx

(
yζdy

)
−

Dy

(
xζdy

)
= 0, which are

−xζdxS Sy − xζdxp py − xζdxρ ρy − xζdxu uy − xζdxv vy − xζdxy

+yζdxS Sx + yζdxp px + yζdxρ ρx + yζdxu ux + yζdxv vx + yζdxx = 0,

−xζdyS Sy − xζdyp py − xζdyρ ρy − xζdyu uy − xζdyv vy − xζdyy

+yζdyS Sx + yζdyp px + yζdyρ ρx + yζdyu ux + yζdyv vx + yζdyx = 0.

(25)

The method of solving the determining equations (24), (25) is similar as in the classical group analysis method

[32]. Calculations show that, solving the determining equations (24), (25), one obtains that

X =

5∑
i=2

kiXi +Xe
h +Xe

F ,

where h(S) and F (S) are arbitrary functions, ki, (i = 1, 2, ..., 5) are arbitrary constants, and the generators Xi,

(i = 1, 2, ..., 5) are defined by formulas (13):

X1 = −v∂u + u∂v − dy∂dx + dx∂dy, X2 = dx∂dx + dy∂dy,

X3 = ρ2q2∂ρ + pu∂u + pv∂v + p2∂p +
(
−(p+ ρv2)dx+ ρuvdy

)
∂dx

+
(
ρuvdx− (p+ ρu2)dy

)
∂dy,

X4 = 1
2
(2p∂p + u∂u + v∂v − dx∂dx − dy∂dy) , X5 = ∂p.

(26)

10 Copyright © 2021 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2021, 00 1–21

Prepared using mmaauth.cls



P. Siriwat and S. V. Meleshko

Mathematical

Methods in the

Applied Sciences

5.2. Algebraic properties of the Lie algebra Lrt = {X1, X2, X3, X4, X5, Xh, XF }

The commutator table of Lrt is

X1 X2 X3 X4 X5 Xh XF

X1 0 0 0 0 0 0 0

X2 0 0 0 0 0 0 0

X3 0 0 0 −X3 −X4 0 0

X4 0 0 X3 0 −X5 0 0

X5 0 0 X4 X5 0 0 0

Xh 0 0 0 0 0 0 −Xh1

XF 0 0 0 0 0 Xh1 0

where h1 = h′F . From the commutator table, one concludes that the generators X1 and X2 compose the center, the

generators X3, X4 and X5 compose an ideal, the derivatives of Lrt are

L′
rt = [Lrt, Lrt] = {X3, X4, X5, Xh}, L′′

rt = [L′
rt, L

′
rt] = {X3, X4, X5}.

6. Complete set of reciprocal transformations

For finding discrete reciprocal transformations, it is adapted the method, proposed in [20] for finding discrete

symmetries, and extended in [35] for equivalence transformations. The main idea of the method consists of using

invariant sets of a group of reciprocal transformations.

Let be given a system of differential equations (S), and L be its (maximal) Lie algebra of reciprocal transformations,

where Aut(L) is the automorphism group. Any reciprocal transformation T provides an automorphism T∗ ∈ Aut(L)

of the Lie algebra L. The transformation T∗ is defined by the change of the coefficients of a generator under the

transformation T . Notice that the change of the coefficients of a generator of a group of reciprocal transformations

under a reciprocal transformation follows the same formulas as the change of the coefficients of a generator of

a group of point transformations under a point transformation [32]. The property that T∗ ∈ Aut(L) follows from

commutativeness of the operation of commutation of generators and the operation of the change of the variables.

For further study we use the following notations. Details and other properties one can see in [35] and references

therein.

A megaideal τ of a Lie algebra L is a vector subspace of L, which is invariant under any mapping from the

automorphism group Aut(L). That is, for any megaideal τ of L, and any transformation A from Aut(L) one has that

Aτ = τ .

Some megaideals of L can be computed without knowing Aut(L). In particular, the center and the derivative of a

Lie algebra are its megaideals [35]. Hence, L′ = [L,L] is a megaideal. We also use the property that a megaideal τ2

of a megaideal τ1 of L is also a megaideal of L. In particular, L′′ = (L′)′ is also a megaideal [35].
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Thus, one obtains the megaideals of Lrt :

L′
rt = {X3, X4, X5, Xh}, L′′

rt = {X3, X4, X5}, C1 = {X1}, C2 = {X2}.

Notice also that the nonzero structure constants for L′′
rt are

c334 = −1, c435 = −1, c545 = −1.

Consider an invertible transformation T defined by the relations

ρ′ = R(ρ, u, v, p, S), u′ = U(ρ, u, v, p, S), v′ = V (ρ, u, v, p, S),

p′ = P (ρ, u, v, p, S), S′ = H(ρ, u, v, p, S),

dx′ = xfdx(ρ, u, v, p, S) dx+ yfdx(ρ, u, v, p, S) dy,

dy′ = xfdy(ρ, u, v, p, S) dx+ yfdy(ρ, u, v, p, S) dy.

(27)

The transformation T is a reciprocal transformation if

−RUdy′ +RV dx′ = 0, (P +RV 2)dx′ −RUV dy′ = 0,

RUV dx′ − (RU2 + P )dy′ = 0, RHUdy′ −RVHdx′ = 0.
(28)

The transformation T∗ acts on a generator X ∈ Lrt

X = ζρ∂ρ + ζv∂v + ζp∂p + ζS∂S + ζdt∂dt + ζdx∂dx, (29)

as follows

T∗X = ζρ
′
∂ρ′ + ζv

′
∂v′ + ζp

′
∂p′ + ζS

′
∂S′ + ζdt

′
∂dt′ + ζdx

′
∂dx′ , (30)

where

ζρ
′
= Xρ′, ζv

′
= Xv′, ζp

′
= Xp′, ζS

′
= XS′, ζdt

′
= X(dt′), ζdx

′
= X(dx′).

One of the sets of equations for the invertible transformation T to be a reciprocal transformation is defined by the

conditions that dx′ and dy′ are differentials:

Dy(
xfdx) = Dx(

yfdx), Dy(
xfdy) = Dx(

yfdy). (31)

Analysis of these equations is similar to the analysis of determining equations. As these equations have to be satisfied

for any solution of equations (2), then substituting the main derivatives of equations (2) into (31), and splitting them

with respect to parametrical derivatives, one derives the set of equations, which we also call determining equations.
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6.1. Use of the megaideal L′′
rt

Let X belongs to the megaideal L′′
rt = {X3, X4, X5}. As T∗ ∈ Aut(L′′

rt), then T∗X ∈ L′′
rt, which means that there

exist constants a3, a4, a5 such that

T∗X = a3X
′
3 + a4X

′
4 + a5X

′
5,

where prime in X ′
i means that it is the generator Xi with the primed variables:

X ′
3 = ρ′ 2q′ 2∂ρ′ + p′u′∂u′ + p′v′∂v′ + p′ 2∂p′

+
(
−(p′ + ρ′v′ 2)dx′ + ρ′u′v′dy′

)
∂dx′ +

(
ρ′u′v′dx′ − (p′ + ρ′u′ 2)dy′

)
∂dy′ ,

X ′
4 =

1

2

(
2p′∂p′ + u′∂u′ + v′∂v′ − dx′∂dx′ − dy′∂dy′

)
, X ′

5 = ∂p′ .

In particular,

T∗Xi = a3iX
′
3 + a4iX

′
4 + a5iX

′
5, (i = 3, 4, 5), (32)

where the matrix

A =


a33 a34 a35

a43 a44 a45

a53 a54 a55


is nonsingular.

The constants aij , (i, j = 3, 4, 5) have to satisfy the following relations. As T∗ ∈ Aut(L′′
rt), then

[T∗Xi, T∗Xj ] = T∗[Xi, Xj ] =

5∑
k=3

ckijT∗Xk, (i, j = 3, 4, 5),

which lead to the conditions

5∑
k=3

5∑
s=3

5∑
n=3

aikajsc
n
ksX

′
n =

5∑
k=3

5∑
n=3

ckijankX
′
n, (i, j = 3, 4, 5)

or after splitting
5∑

k=3

5∑
s=3

aikajsc
n
ks =

5∑
k=3

ckijank, (i, j, n = 3, 4, 5) (33)

Calculations show that equations (32) define the derivatives with respect ρ, u and p of all unknown functions

(27). The solution of equations (32) and the representation of equations (33) are given in the Appendix. Analysis of

equations (33) leads to the study of two cases (a) a35 = 0, and (b) a35 ̸= 0.

All calculations were performed using symbolic manipulation system Reduce [36].
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6.2. Case a35 = 0

In this case, by virtue of that detA ̸= 0, one derives from equations (33) that a33 ̸= 0 and

a34 = 0, a43 = a54a33, a44 = 1, a45 = 0, a53 =
1

2
a254a33, a55 = a−1

33 . (34)

6.2.1. Using the megaideal {X1} The generator X1 is a center of the Lie algebra L. As any center is a megaideal,

then there exists constant a11 such that

T∗X1 = a11X
′
1. (35)

Calculations give that the latter equation defines derivatives with respect to v of all unknown functions:

Rv = 0, Uv = Uv−V a11u
u2+v2 , Vv = Ua11u+V v

u2+v2 , Pv = 2Pa33v+2v(a54a33−p)

a33(u2+v2)
, Hv = 0,

xfdx
v = −u

yfdx+xfdya11
u2+v2 , yfdx

v = u
xfdx−yfdya11

u2+v2 ,

xfdy
v = u

xfdxa11−yfdy

u2+v2 , yfdy
v = u

yfdxa11+
xfdy

u2+v2 .

(36)

The remaining equations are equations (31).

6.2.2. Analysis of equations (31) Splitting these equations with respect to parametric derivatives of equations (2), one

obtains the determining equations

a211 = 1, yfdx = −xfdya11,
xfdx = yfdya11, (37)

xfdya11(p+ ρu2 − a33(P +RV 2 + a54)) +
yfdy(a11ρuv −RUV a33) = 0,

xfdy(a11ρuv +RUV a33) +
yfdya11(p+ ρv2 − a33(P +RV 2 + a54)) = 0,

−xfdya11(RUV a33 + a11ρuv) +
yfdy(p+ ρu2 − a33(P +RU2 + a54)) = 0,

−xfdya11(p+ ρv2 − a33(P +RU2 + a54)) +
yfdy(a11ρuv −RUV a33) = 0,

(38)

Considering equations (38) as a system of linear algebraic equations with respect to xfdy and yfdy, and because

of (xfdy)2 + (yfdy)2 ̸= 0, one derives that

P =
1

2

(
2p+ ρ(u2 + v2)

a33
−R(U2 + V 2 + 2a54)

)
, R = µρ

u2 + v2

a33(U2 + V 2)
, (39)
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where µ2 = 1, and equations (38) are reduced to the equations

µ
(
xfdy(V 2 − U2) + 2 yfdyUV a11

)
(u2 + v2)

+
(
−2 yfdyuv + xfdy(v2 − u2)

)
(V 2 + U2) = 0,

(
−2xfdyuv + yfdy(u2 − v2)

)
(U2 + V 2)

+µ
(
yfdy(V 2 − U2)− 2xfdyUV a11

)
(u2 + v2) = 0.

(40)

Integrating equations (32), which are presented in detail in the Appendix, and equations (36) for U and V , one

derives that

U = ρ(1−µ)/2 (φ1u+ φ2v) , V = a11ρ
(1−µ)/2(φ1v − φ2u), (41)

where φ1(S) and φ2(S) are arbitrary functions such that φ2
1 + φ2

2 ̸= 0. Equations (39) become

P =
p

a33
− a54 +

(1− µ)

2a33
ρ(u2 + v2), R =

µρµ

a33(φ2
1 + φ2

2)
. (42)

Equations (37) give

dx′ = a11(
yfdydx− xfdydy), dy′ = xfdydx+ yfdydy. (43)

Further analysis of finding the coefficients xfdy and yfdydepends on µ.

If µ = 1, then equations (40) provide

xfdyφ1 +
yfdyφ2 = 0.

In a symmetric form one can represent a solution of the latter equation as

yfdy = φ1ψ
−1, xfdy = −φ2ψ

−1,

where ψ(S) is an arbitrary function. Equations (31) require that

φ1 = αψ, φ2 = βψ,

where α and β are constant such that α2 + β2 ̸= 0.

Thus, one obtains that the transformation can be written in the form

P =
p

a33
− a54, R =

ρ

a33ψ2(α2 + β2)
, U = ψ(αu+ βv), V = a11ψ(αv − βu), H = F (S),

dx′ = a11(αdx+ βdy), dy′ = −βdx+ αdy.

(44)

As the coefficients xfdx, yfdx, xfdy and yfdy are constant, then the transformation (44) is equivalent to an equivalence

transformation, in particular, composition of (12) with the rotation.
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If µ = −1, then (41), (42) become

P =
p

a33
− a54 +

1

a33
ρ(u2 + v2), R = − 1

a33ρ(φ2
1 + φ2

2)
, (45)

U = ρ (φ1u+ φ2v) , V = a11ρ(φ1v − φ2u). (46)

Equations (40) give that

xfdyφ2 − yfdyφ1 = 0,

In a symmetric form one can represent a solution of the latter equation as yfdy = φ2ψ
−1, xfdy = φ1ψ

−1. Equations

(31) require that φ1 = αψ, φ2 = βψ. Equations (28) in this case are only satisfied if the original solution is isentropic

and irrotational. Hence, the case µ = −1 also does not provide a reciprocal transformation.

6.3. Case a35 ̸= 0

For this case

a33 =
a234
2a35

, a43 =
a34(a45a34 − 2a35)

2a235
, a44 =

a45a34
a35

− 1,

a53 =
a245a

2
34 − 4a45a35a34 + 4a235

4a335
, a54 =

a45(a45a34 − 2a35)

2a235
, a55 =

a245
2a35

,

and the analysis of the equations defining the reciprocal transformations is similar to the case a35 = 0, but more

cumbersome. Because of their cumbersomeness, we only describe the main steps of the finding the reciprocal

transformations.

Using the megaideal {X1}, one finds the derivatives Rv, Uv, Vv, Pv,
xfdx

v , yfdx
v , xfdy

v , and yfdy
v . After that

equations (31) give the relation u xfdx
S + v yfdx

S = 0, and an algebraic system of ten homogeneous linear equations

with respect to xfdx, yfdx, xfdy, and yfdy. As (xfdx)(yfdy)− (yfdx)(xfdy) ̸= 0, then the rank r of the matrix with

respect to these variables satisfies the inequality r ≤ 3. From the analysis of the minors of the latter system of linear

homogeneous equations one finds P and R. Integrating the overdetermined system of equations for the functions U

and V , one finds them. Substituting all the expressions of R, U , V , and P into a linear system for xfdx, yfdx, xfdy,

and yfdy, one finds the reciprocal transformations

R =
2ρ(p− g)

ψ2a35(α2 + β2)(p+ ρq2 − g)
, P = −a45

a35
− 2

a35(p− g)
,

U =
ψ(αv + βu)

p− g
, V = a11

ψ(−αu+ βv)

p− g
, H = F,

dx′ = k
(
(αρuv − β(p+ ρv2 − g)) dx+ (−α(p+ ρu2 − g) + βρuv) dy

)
,

dy′ = ka11
(
(α(p+ ρv2 − g) + βρuv) dx− (αρuv + β(p+ ρu2 − g)) dy

)
,

(47)

where g = a34a
−1
35 , a

2
11 = 1, α, β, and k are constant, ψ(S) and F (S) are arbitrary functions. Recall that a34, and a45

are arbitrary constants, and a35 ̸= 0.

Notice that because of the equivalence transformation corresponding to the involution E2 and the rotation, one
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can assume that a11 = 1 and α = 0. As α2 + β2 ̸= 0, one has that β ̸= 0. By virtue of the equivalence transformation

(12), one can reduce ψ from formulas (47). Introducing the constants βi, (i = 1, 2, 3, 4):

β =
2

β1β3
, a34 = − 2β2

β2
1β3

, a35 =
2

β2
1β3

, a45 = − 2β4
β2
1β3

, k = −β3
2
,

formulas (47) coincide with (5), (7).

From the above study one can conclude that for finding all reciprocal transformations it was sufficient to use the

megaideal L′′
tr = {X3, X4, X5} and the center {X1}. The final results obtained can be formulated as follows.

Theorem 6.1 The complete set of reciprocal transformations of the two-dimensional stationary gas dynamics

equations, considered up to the equivalence transformations corresponding to (11) and the involution E2, consists

of the transformations (5), (7):

u′ =
β1u

p+ β2
, v′ =

β1v

p+ β2
,

p′ = β4 −
β2
1β3

p+ β2
, ρ′ =

β3ρ(p+ β2)

p+ β2 + ρq2
, S′ = F (S),

(48)

dx′ = β−1
1 [(p+ β2 + ρv2)dx− ρuvdy],

dy′ = β−1
1 [−ρuvdx+ (p+ β2 + ρu2)dy].

(49)

Remark 6.2 The transformations (49), (48) can be further simplified by the equivalence transformations

corresponding to (11). In particular, using the transformation corresponding to Xe
6 , one can assume that β2 = 0.

Because of the transformation corresponding to Xe
5 , one can assume that β1 = 1. The reciprocal transformations

(49), (48) become

u′ =
u

p
, v′ =

v

p
, p′ = β4 −

β̃3
p
, ρ′ =

β̃3ρp

p+ ρq2
, S′ = F (S),

dx′ = (p+ ρv2)dx− ρuvdy, dy′ = −ρuvdx+ (p+ ρu2)dy.

(50)

7. Conclusions

Two methods for constructing a group of reciprocal transformations are presented in the paper. These methods

are demonstrated by the two-dimensional stationary gas dynamics equations. Both methods use the infinitesimal

approach. The first method requires two properties to be satisfied. The first property is that two conservation laws

written in the form of differentials are required to be invariant under these transformations. This property gives

the representation of the coefficients of the generator corresponding to the differentials. Using these coefficients, the

prolongation of the generator is obtained. The second method provides a generalization of the first one, where none

of the assumptions about the differentials are required. This method can also be applied to systems without knowing

their conservation laws.

Another advantage of the second method is that the use of this method in the combination with the automorphism-

based algebraic method can also be applied for finding all reciprocal transformations (not only constituting a group)

of the equations under study. The present paper provides this algorithm and demonstrates it by the two-dimensional
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stationary gas dynamics equations, for which it is shown that, up to the equivalence transformations corresponding

to (11) and the involution E2, the complete set of reciprocal transformations consists of the transformations (50).

The proposed in the paper methods provide systematic tools for finding reciprocal transformations. The developed

approach can be also extended to equations with more than two independent variables, while, as far as the authors

know, there is only one example of reciprocal transformations of a system with three independent variables [37].

Further work is needed to explore the applications of the methods proposed in this paper.
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Appendix

Equations (32) can be written in the forms

Rρ = (R 2U 2(a35p
2 − 2a34p+ 2a33) +R 2V 2(a35p

2 − 2a34p+ 2a33))/(2ρ
2(u2 + v2)),

Ru = (−Rvv +R 2U 2(−a35p+ a34) +R 2V 2(−a35p+ a34))/u,

Rp = R 2a35(U
2 + V 2)/2,

Uρ = (PU(a35p
2 − 2a34p+ 2a33) + U(a45p

2 − 2a44p+ 2a43))/(2ρ
2(u2 + v2)),

Uu = (−Uvv + PU(−a35p+ a34) + U(−a45p+ a44))/u,

Up = (PUa35 + Ua45)/2,

Vρ = (PV (a35p
2 − 2a34p+ 2a33) + V (a45p

2 − 2a44p+ 2a43))/(2ρ
2(u2 + v2)),

Vu = (−Vvv + PV (−a35p+ a34) + V (−a45p+ a44))/u,

Vp = (PV a35 + V a45)/2,

Pρ = (P 2(a35p
2 − 2a34p+ 2a33) + 2P (a45p

2 − 2a44p+ 2a43) + 2(a55p
2 − 2a54p+ 2a53))/(2ρ

2(u2 + v2)),

Pu = (−Pvv + P 2(−a35p+ a34) + 2P (−a45p+ a44) + 2(−a55p+ a54))/u,

Pp = (P 2a35 + 2Pa45 + 2a55)/2,
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Hρ = 0, Hu = −Hvv/u, Hp = 0,

xfdx
ρ = (xfdxP (−a35p2 + 2a34p− 2a33) +

xfdxRV 2(−a35p2 + 2a34p− 2a33)

+xfdx(−a45p2 + 2a44p− 2a43 + 2ρv2)− 2yfdxρuv

+xfdyRUV (a35p
2 − 2a34p+ 2a33))/(2ρ

2(u2 + v2)),

xfdx
u = (−xfdx

v v + xfdxP (a35p− a34) +
xfdxRV 2(a35p− a34) +

xfdx(a45p− a44 + 1)

+xfdyRUV (−a35p+ a34))/u,

xfdx
p = (−xfdxPa35 − xfdxRV 2a35 − xfdxa45 +

xfdyRUV a35)/2,

yfdx
ρ = (−2xfdxρuv + yfdxP (−a35p2 + 2a34p− 2a33) +

yfdxRV 2(−a35p2 + 2a34p− 2a33)

+yfdx(−a45p2 + 2a44p− 2a43 + 2ρu2) + yfdyRUV (a35p
2 − 2a34p+ 2a33))/(2ρ

2(u2 + v2)),

yfdx
u = (−yfdx

v )v + yfdxP (a35p− a34) +
yfdxRV 2(a35p− a34) +

yfdx(a45p− a44 + 1)

+yfdyRUV (−a35p+ a34))/u,

yfdx
p = (−yfdxPa35 − yfdxRV 2a35 − yfdxa45 +

yfdyRUV a35)/2,

xfdy
ρ = (xfdxRUV (a35p

2 − 2a34p+ 2a33) +
xfdyP (−a35p2 + 2a34p− 2a33)

+xfdyRU 2(−a35p2 + 2a34p− 2a33) +
xfdy(−a45p2 + 2a44p− 2a43 + 2ρv2)

−2yfdyρuv)/(2ρ2(u2 + v2)),

xfdy
u = (−xfdy

v v + xfdxRUV (−a35p+ a34) +
xfdyP (a35p− a34) +

xfdyRU 2(a35p− a34)

+xfdy(a45p− a44 + 1))/u,

xfdy
p = xfdy

p = (xfdxRUV a35 − xfdyPa35 − xfdyRU 2a35 − xfdya45)/2,

yfdy
ρ = (yfdxRUV (a35p

2 − 2a34p+ 2a33)− 2xfdyρuv + yfdyP (−a35p2 + 2a34p− 2a33))

+yfdyRU 2(−a35p2 + 2a34p− 2a33) +
yfdy(−a45p2 + 2a44p− 2a43 + 2ρu2))/(2ρ2(u2 + v2)),

yfdy
u = (−yfdy

v v + yfdxRUV (−a35p+ a34) +
yfdyP (a35p− a34) +

yfdyRU 2(a35p− a34)

+yfdy(a45p− a44 + 1))/u,

yfdy
p = (yfdxRUV a35 − yfdyPa35 − yfdyRU 2a35 − yfdya45)/2,

Equations (33) are

a44a33 − a43a34 − a33 = 0, a54a33 − a53a34 − a43 = 0, a54a43 − a53a44 − a53 = 0,

a45a33 − a43a35 − a34 = 0, a55a33 − a53a35 − a44 = 0, a55a43 − a54 − a53a45 = 0,

a45a34 − a44a35 − a35 = 0, a55a34 − a54a35 − a45 = 0, a55a44 − a55 − a54a45 = 0.
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1. K. F. Sundman. Mémoire sur le problèm des trois corps. Acta Math., 36:105–179, 1912.

https://doi.org/10.1007/BF02422379.

2. L. G. S. Duarte, I. C. Moreira, and F. C. Santos. Linearization under nonpoint transformations. J Phys A: Math Gen,

27:L739–L743, 1994.

3. N. Euler, T. Wolf, P. G. L. Leach, and M. Euler. Linearizable third-order ordinary differential equations and generalized

Sundman transformations: The case X′′′ = 0. Acta Applicandae Mathematicae, 76:89–115, 2003.

4. W. Nakpim and S. V. Meleshko. Linearization of third-order ordinary differential equations by generalized sundman

transformations: The case X′′′ + αX = 0. Communications in Nonlinear Science and Numerical Simulation, 15:1717–

1723, 2010.

5. S. Moyo and S. V. Meleshko. Application of the generalised Sundman transformation to the linearisation of two second-order

ordinary differential equations. Journal of Nonlinear Mathematical Physics, 18(1):213–236, 2011.

6. D. I. Sinelshchikov, I. Yu. Gaiur, and N. A. Kudryashov. Lax representation and quadratic first integrals for a family of

non-autonomous second-order differential equations. Journal of Mathematical Analysis and Applications, 480(1):123375,

2019.

7. P. Guha, S. Garai, and A. G. Choudhury. Lax pairs and first integrals for autonomous and non-autonomous differential
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