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Summary

We investigate Schwarz lemma in the framework of bicomplex numbers, which
are pairs of complex numbers making up a commutative ring with zero-divisors.

The bicomplex is a generalization of complex which has closed relation with Frac-

tal geometry, Minkowski Space-Time, Maxwell’s equations, Schrodinger equation
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plex spheres and bicomplex ball, preserving the inverse points with respect to the
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bicomplex sphere B(0, 1). Then we obtain the Poisson integral formula in bicom-
plex setting, and by using the Poisson integral formula, we give the Schwarz lemma
for bicomplex holomorphic functions in bicomplex setting. Finally, we shall give
the Schwarz lemma and the Schwarz-Pick type lemma for holomorphic functions in
bicomplex analysis. These results may give new energy for the development of quan-

tum mechanics.
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1 | INTRODUCTION

The bicomplex BC is a generalization of complex which has closed relation with Fractal geometry, Minkowski Space-Time,
Maxwell’s equations, Schrédinger equation and Gaussian pulse wave %% The theory of bicomplex numbers is a matter
of active research in recent times and there are many further discussions in this direction. A. Banerjee studied Bicomplex
Fourier transform®, Bicomplex Laplace transform®, Bicomplex indefinite inner product modules™ and Bicomplex Harmonic
and Isotonic Oscillators™. R. Agarwal discussed Bicomplex Maxwell’s equations”, Bicomplex Mittag-Leffler function™ and
Bicomplex polygamma function™. In addition, Bicomplex Riemann Zeta Function, finite and infinite dimensional Bicomplex
Hilbert Spaces , Bicomplex Hardy Space and Bicomplex Quantum Mechanics were discussed in"#-=>-1%H0

Developing the corresponding theories in bicomplex analysis framework comparing with the theories in complex anal-
ysis is necessary. M. E. Luna-Elizarrards has been generalized some classical complex analysis theories to bicomplex
analysis, for example: Bicomplex Riemann mapping theorem™ Theorem862 "Bicomplex Weierstrass™ theorem ™ Theorem 10.2.3
Bicomplex Abel’s theorem ™ Theorem 1041 " Bicomplex Cauchy integral theorem ™ Theorem 1111 Bjcomplex Borel-Pompeiu for-
mula™: Theorem 1122 " Bicomplex Cauchy integral representation™: Theorem 1123 “Bicomplex Laurent Theorem” Theorem 3.2 apq

20, Theorem 6 G0 MLLULILY o for more details.

Bicomplex Residue Theorem
Motivated by these developments, we will investigate Schwarz lemma in the framework of bicomplex numbers. The Schwarz
lemmas play very important role in classical complex analysis and there are many further discussions. In*"**>=*5 "the Schwarz

type lemmas were built in Euclidean space, linear space C(V,,,0), octonionic space and complex geometry. In this paper, we

O Abbreviations: Math Meth Appl Sci, Math Meth Appl Sci; Math Meth Appl Sci, Math Meth Appl Sci; Math Meth Appl Sci, Math Meth Appl Sci factor
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obtain the Poisson integral formula in bicomplex setting, and by using the Poisson integral formula, we give the Schwarz lemma
for bicomplex holomorphic functions in bicomplex setting. Finally, we shall give the Schwarz lemma and the Schwarz-Pick type
lemma for holomorphic functions in bicomplex analysis.

The structure of the paper is as follows. Section [ preliminaries present the basic and necessary concepts and results about the
bicomplex numbers. In Section B, we first construct a type of bicomplex Mdbius transformation and give detailed presentation
of basic properties of bicomplex Mobius transformation. In Section B , we obtain the Poisson integral formula for the theory
of bicomplex functions. In Section B , we shall give the Schwarz lemma and the Schwarz-Pick type lemma for holomorphic
functions in bicomplex analysis.

2 | PRELIMINARIES

The commutative ring BC of bicomplex numbers is defined as
BC :={Z =z, +jz,|z;,z, € C()},

where C(i) and C(j) are different commutative imaginary units , that is

2

i#j, ijj=ji=k, P=j7=-1

and C(i) is the set of complex numbers with imaginary uniti . If z, = x, is a real number and z, = y,i is a purely imaginary
complex number, then Z = x; + y,k is an element of the ring of hyperbolic numbers D.

D:={x+y)k|x,yeR}
Both the ring BC and the ring D have zero-divisors. In the case of bicomplex numbers , the set of zero-divisors is
i 2, .2 _
@ :={Z|Z#0,z7+z5=0}

and by definition

©, ;=G uU{0}.
There are two special zero-divisors e := % and e’ := % which have the properties:
et+e =1, e—el =k; €))

ee’ =0; ee=e; and efel = ef.
Consider the sets:
BC, = {p,elp, € C()} and BC, = {pe'|p, € C(i)} .
Obviously, the set of zero-divisors in BC is given by

@0 = BCe U IBCeT.
Each bicomplex number Z = z, + jz, can be written as

Z = (z;— zyi) e+ (z; + z,i) " = pe + p,e’ where g, p, € C(i).
The following conjugations were introduced on bicomplex numbers ™ 7795
i) Z := 7, + z,j (the bar-conjugation);
(i) ZT := z, — z,j (the F-conjugation );
(iii) Z* := (Z)! = Z' = Z; — Z,j (the %-conjugation ).
all of them are automorphisms on the ring BC,
Besides, the above conjugations suggest to consider the three moduli for bicomplex numbers:
WIZ? :=Z-Z" =22+ 22 € Cl);
(ii)|Z|j2 :=Z - Z =n} +n} € C(), where Z = n, +mi = (x; +x,5) + (v, + »2i) i:
()| Z]2 =2 -2 = |ﬂ1|2e + |/32|2eT € D*, where the set D*can be described as D* = {ve + e’ | v, u > 0} .
The following partial order on hyperbolic numbers, introduced by Luna-Elizarrards ME in™=-*!,
Given hyperbolic numbers 3 and o, we say that 3 < w if i — 3 € D*. When o — 3 € D*\ {0}, we write z < .
The properties of k-modulus are as follows:
1.|Z], = 0if and only if Z = 0.
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2.it satisfies the multiplicative property:
[ ZW | = |Z]i - IW |
3.the k-modulus satisfies the triangle inequality:

|Z+ W 2| Z]+ W]

Once we have this partial order, it is possible to define a bicomplex circumference S (ZO, R) of hyperbolic radius R = r e +
r,e’ € D*\{0} and center Z,:

S(Zy.R) :={Z eBC|Z - Z)|, = R}.
The extended set of bicomplex numbers was introduced in”. The extended set of bicomplex numbers is

BC :=me+meT

where C(i) is the well-known compactification of the C(i)-complex plane.

3 | MOBIUS TRANSFORMATION AND PROPERTIES

It is well known that the M6bius transformation plays an important role in the study of complex analysis and there are many
further discussions. John A. Emanuello® studied the M&bius transformation in R%! and discussed its conformality, transitivity,
and fixed points. A. Golberg™® defined the D—Mobius transformation in D" and came to the conclusion that D—Mobius transfor-
mation can be expressed as a product of the six elementary Mobius transformations. C. Ghosh™ defined the bicomplex Mbius
transformation and discussed its fixed points . We will construct a type of bicomplex Mobius transformation and discuss some
of its properties. The bicomplex Mdbius transformation F,(Z) is denoted by:

— AZ*

1
F(Z)=(Z-A1-A"Z2)"'=(Z - A)——=_ (2)
A 11— A*Z)?
where A = Aje+ Aye’, Z = pe+ pe’ € BC, |A| #0,1and A*Z # 1.
Theorem 1. F,(Z) can be rewritten as when |A|, # 0.
A (-]A]pA? ( A -
Fy(2)=- + : - AlkZ €)]
A | Al 1A Al "
Proof. By (1), we have
1-AZ*
Fu(2)=(Z-A)——
A 11— A*Z|
1-8,A 1-5,A
=(f— A)——="e+(f— A)——¢ )
11— A5 12 11— Ayp, 17
Since
1 - §,A,
(ﬂi - A,‘)f
|1 - Aiﬂilz
1 - |Ai|2)(Ai - A?Ei) -1 _Ziﬁilz
4,12 11— 4,81
Ai (1 - |A1|2)A12 Ai A -l 1 2 5
= — —+ _ Ap. S | = ,2.
AL AP (IA,-I |A;1B; ) i ®)
Combining (4) with (5), (3) follows. L]

Remark 1. By Theorem 3.1, Mobius transformation F,(Z) can be expressed as a product of the following three elementary

Mobius transformations: (i) F(Z) = Z + A, A € BC. (ii) F(Z) = % = é_lz Z eBC,|Z|, #0.Gi) F(Z)=¢Z,{ € BC.
k
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Theorem 2. Mobius transformation F;l(Z ) satisfies:

_ 1+ AZ*
Fi(z)= (Z+A)— =F (2Z)
g i+aszp
Proof. Our approach is to verify directly F,(F_,(Z)) = Z
1+ AZ*
F(F_,(2)=F,\(Z+A)——————
W(F_A(Z)) A<( )|1+A*Z|i>
1 - A(Z* + A% A2
* 14+4*Z
=<(Z+A)|11 +:ZZ|2 : ) A
+ A* " 1+AZ*
K |1 AZ+ HHT|
((ﬁl + AN+ B1A) — A1+ A4, |2> (|1 + A B = AL+ A, B)(A, +El))

_ e
||1 +A B 12— (B + AU +51A1)|2

((/32 + A+ BrAy) — Ayll + Zzﬁ2|2> (|1 + A,017 — Al + A, 5,)(A, +Ez)) T
+ e
||1 + AL 12 — (B + A1 +E2/42)|2

|1+ A 8,128, (1 — |A|»)? et |1+ A5, 12 B5(1 — | A2 ol
- — — 2 — — 2
1T+ A8 =B+ ADA+B A [T+ A8 = By + A1 +Bay)
_ILHABPAA—AP? L+ ABP A = AP

|1+ A8y 2(1 = A, 2 |1+ 4,8, 2(1 — | 4,]2)2
=pe+ p.e’ = Z.
The eauality F,(F_,(Z)) = Z is verified. O

; —+
In™, the bicomplex spheres were introduced. Let Z, = f, je + f, ¢’ € BCand R = rie + rye' €D, .
Ifr; >0,r,>0,r #+00 #ry,

B(Zy, R) ={Z = pe+ pe € BCIO< B, — Bl <ri,0< |8, = Bogl <rp}

—C T

B(Zy, R) ={Z = e+ pre’ €BC| — Biol >ry. 18, — Pogl > 12}
U{Z =pe+ pe €BCIO< |8 — Biol <rp. 1By —Brol > 12}
U{Z = pe+ pre’ €BC||B — fiol > r,0< |8 — Prol <1}
:=B,(Zy,R) UB,(Zy,R) UB;(Zy,R) .

Theorem 3. Mobius transformation F,(Z) satisfies the following mapping properties:
1.F(Z) maps S(0, 1) one-to-one onto itself.
2.If |Al, < 1, then
(1) F4(Z) maps B(0, 1) one -to-one onto itself.

(i1) F4(Z) maps [EB(O 1) one-to-one onto itself.
3.If |Al, > 1, then

(1) F4(Z) maps B(0, 1) 01C1e to-one onto B, (0, 1)C
(i1) F4(Z) maps B,(0, 1) one -to-one onto B(0, 1) .
(iii) F4(Z) maps B, (0, l) one-to-one onto B;(0, 1)
(iv) F4(Z) maps B5(0, 1) one-to-one onto B, (0, 1)

Proof. Foritem 1,
|Z — Al |Z — Al 1
|F\(2)] = " = PR = =
[l-A*Z|, |ZZ*-AZ|c |Zlk
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For item 2,
ar 2
L= Fy(DIg = =22k |22 r
[1-A*Z]|,
(U817 = D1 = A1) (UB17 = (1 = |A, D) "
= — e+ — €
I1—Ap [1— A5
If |A| < 1, we have
{lFA(Z)lk <L|Z|y<1
|FA(D)l > L Z] > 1
Similar discussions as above will obtain item 3. O

In™, a reflection with respect to S(Z,,, R) is defined as
R¥(Z - Z,)
|Z - Zyl;

2 2
_ rl(ﬂl - ﬁl,o) "z(ﬂz - ﬂz,o) ¥
- <ﬂ1'°+ 1B = Prol? >°+<ﬂ2’°+ 18— Pool? >e

F§(ZO,R)(ZO) = Opc F§(ZO,R)(°°[EBC) =Zy,

Fez, 0\ Z) = Zy+

where oo = ooe + ooe’.

Remark 3.2. Fg; /(Z)is also called the inverse point of Z with respect to S(Z,, R).

Theorem 4. Let Mobius transformation F,(Z) be as above in (2). Then for any Z € BC,
F,(Fs01)(Z)) = Fs1)(Fa(2))

Proof. According to the expression for Mobius transformation, we have

z >: (1= AZ*)(Z - A)

Fy(Fs01y(Z)) = Fy <

1ZI} |1Z - A}
(1— A*Z)*
= Zoay - Fsenal)

O

Let we write the bicomplex function as F = f; +if}, +jf;, + Kfy, in terms of its real components, which are all real
functions of a bicomplex variable. For Mobiusbius transformation F,(Z), donote

_ 011 frs fars fano)
TEZD = O(xXp, Y1 X0 12,) ©

where F,(Z) = fi, +if, +jfo1 +Kfo. Z = x; +iy, +jx, + Kkyyy

Lemma 1. Suppose that F(Z) = % , then
1

-
(k45

J(F(2)) =

Proof. Since

; — le + le+
pre+pret B /]

X +y, X1—» 1 (x+y X—)
b ) el ()
a 1,12 AR T2\ 12 15,12

2
Xo=Y1 Xyt 1 [(x1+Yy, X1—=)»
f =_< " > f =—< - ) )
S ANTAE 1,12 272\ 152 AR

F(Z) =

1_
Z
we have

1
1
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Combining (6) with (7),
a—-b —c d
b a —d —c
J(F(Z2)) = e -d a —b
d ¢ b a
=((b+c)+(@—d)?)  ((b—c)+(a+d)),
where
0= l ((yl - x2)2 - (xl +J’2)2 _ (xl - .VQ)2 + (x2 - y1)2>
2 1By |* 1B, 1*
_ = x)(xp +y5)  (xp = y)(x3 + 1)
15114 15,14
(Y1 - x2)(x1 + YQ) (x1 - yZ)(xz + yl)
- +
Vi 15,14
d=l<(yl_x2)2_(xl+y2)2 (xl—y2)2+(x2—y1)2>
2 15y 14 1B,1*

This leads to the conclusion easily.

O
Theorem 5. Suppose that F,(Z) = (Z — A)(1 — A*Z)™! , then
22
||1 — 14l i
J(F(2)) = s
[ -4z}
where A, Z € BC, |A|, #0,1 and A*Z # 1.
Proof. It is easy to check that
1 F(Z)=Z+ A, A€BC ®

T = { AGEP F(Z)=¢Z. E= e+ el € BO

According to Theorem [, lemma [ and (8), we have

A - |A|]2()A2 < A >_l
JF(Z2)=J| - + . —AlLZ
(Fa2) ( [ Al |A|13< | Al 14k

1—1|4? 2 -1
=J k.A2.<A _IAIkZ>
Al 1A \IAlk

_ 201 _ 2 -1
_ 4= 14D°d =~ 145D J < A —|A|kz>
[A Ay |Alx

_ (= A D( = [4)° I A
- AT Hﬁ—lAlkZLZrJ('A"‘ IA"‘Z>
-
_HI—A*Z_24
1
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4 | THE BICOMPLEX POISSON INTEGRAL FORMULA

Theorem 6. Let f be a function BC-holomorphic in B(0, 1) U S(0, 1). Then
1 / (R = |Z - Zy[H)f(Y)do N 1 (R = |Z - Zy[))f(Y)do :

f(Z)=+— e+ —
2 1 Y - Z2 2z ) Y -Z|;

k)

where
I :={Ye e BC,|

Y - Zo)e|k = Re)

and
I, :={Ye' € BC,| ’(Y - Zo)ef|k = Re')

0 =0e+0,e",Y =By e+ fy,el, 0, =argh, .0, = argfy,.

30, Theorem 7.3

Proof. Since f is a BC-holomorphic function, by*
1(Z) = f(Bre+ bre") = f1(Be + fr(By)e’

, we have

where
fi : Dy = C(@) and f, : D, — C(i)

are C(i)-holomorphic functions, with
Dy =By, € COl|By. = Bro| <71} and Dy := (fy, € COI|By o= hro| < 7o}
Now we can apply the complex Poisson integral formula to the functions f, and f,, then

(2 = 19, = Brol) 1By )0
o e e
i, 18, = By.i|

and

1 (r3 = 1By = B 1) f1(By ,)d6
f2(ﬂ2)=ﬂ/ 2 2 20 |12 Y2 2.

D, 1By — By »
Thus for any Z € B(Z,,, R) there holds that

F(Z) = fi(B)e+ fr(By)e’
L[ 1B = Bl Br)do

"2

2
9D, |ﬁ1 - ﬁY,l‘
1 [ G218 = o) oy 2)d0,
2 > e
oD, |ﬂ2 - ﬂy’2|
_ 1 [ 1= BBy oy
T 2r 2
> r, Iﬂl _ﬁy,1|
1 [ 3= 1B = Brol) fo(By 2)d0,
5/ 0
I 1B, — ﬂy,z‘
_ 1 [(R-1Z-Zpfado
2 Y -z

1

1 [ (R=1Z=Z)f)do
2n Y — Z|? ’
2 | I
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S | THE BICOMPLEX SCHWARZ LEMMA

Theorem 7. Let f be a function BC-holomorphic in B(0,1) U S(0,1) and f(0) =0, | f(Z)|, < 1,Z € B(0, 1). Then for any

Z e B@,1)

1
(D) = 72 1 Z .

Proof. By Theorem B,

1 (R*—|ZI)f(Y)de 1 (R = |ZI[Df(Y)do .
[(2)== / / e

e+ —
Y - Z|} 2z Yy -z}

S(0,R)e S(0,R)ef

Since f(0) = 0, we have
f0) = = / f(Y)do e+ 1 / f(Y)do ef
2r 2r

S(0,R)e S(0,R)et
Then
R —|Z|; 1 1
ﬂm=————5/" — L L ) royane
2 Y—zE Y
S(0,R)e
R*—|Z|} / 1 1
y— "k — L) fmaee
2 \ir—ze g
S(0,R)et

According to the triangle inequality and | f(Y)|? < 1,Y € B(0, 1),

1£(2)] D / ‘ ! L1 a6 e
k="og Y-z |YPh’ K
S@O,R)e k k
R -|Z|g 1 1
bk —  — | If()| db '
— /'MY—mi TRV Dk
S(0,Rye"
R*—\|Z|; z Yl +1Z
<— k / _ |Z|12(Y 1+| |kY2| Ik 10 e
T -
§(0,R)e| |k| |k | |k
R —|Z|; z Y|, +1Z
. : / Zh (12
2r . |Y_Z|k|Y|k |Y|k
S(0.R)e’
and 2 2 2 2
1 / (R —|Z|k)d9e+ 1 / (R _|Z|k)d6e*
2 Y -z 2z Y - Z|;
S(O.R)e S(0.R)e"
Combining (9) and (10), we have
(D)l < | Z ]y 1+R+|Z|k
K= R R '

Taking R — 1,
(D) 2N Z12 + [ Z]y).
For0 < |Z]|, < 1,
1
[f( Dy = =—I|Z]|.
Kz Tk

®

(10)



AUTHOR ONE ET AL 9

It is easy to check that

[f(Dl 2 1ZIx§ sup min{2+|ﬁll,i}e+ sup min{2+lﬁzl,i}eT
0<14,I<1 1811 0<1p,I<1 15,

1 1
<1Z| e+ el
k(ﬁ—l ﬁ—l)

1
= |Z|k'

V2-1

O

Theorem 8. (Schwarz-Pick lemma). Let f be a function BC-holomorphic in B(0, 1)US(0, 1) and f(A) =0, |A|, < 1, |f(Z2)], =
1,Z € B(0, 1). Then for any Z € B(0, 1)
1+ [Al |Z - Al

1/ (@)l < .
T V2o i-az

Proof. For |A| < 1, taking Mobius transformation

1-AZ*
Y=F,(Z2)=(Z-A)—————
D= =N
F,(Z) maps B(0, 1) one-to-one onto itself. For any Y € B(0, 1), denote
1+ A*Y _1
FY)=1-|AlW)————f(F () (11)
Al 1 +A*Y|if A

It is easy to check that F(0) = 0 since f(A) =0, |A|, < 1. Forany Y € B(0, 1),

=K, 1oy

F(Y)|, < <1
FOOl = 3

Y|, |1+ A*Y], '

According to™ Theorem7.2.6 e have F(Y) is also BC-holomorphic in B(0, 1) U S(0, 1). Using Theorem [, we obtain for any
Y € B(O, 1)

1

|F(Y)[ < 1Y |k (12)
Combining (11) with (12), we have
1+ A*Y ] 1

u—mn————vw(mﬂﬁ v

’ l(|1+A*Y|]2( A K v/2-1 K
Then

1+ A*Y ], VR PV AN
It follows that
1 |Z — Al |1+ A*Y|
|72, = —k k
KT 21 - AZL -4l

1 lz-aA, 1 1-14AR

V2 -1 I1-A*Z|, 1 - Al |1 - A*Z]
_ L+ 1Al |Z - Al
V2o -zl
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