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initial value problems with fractional
derivative involving Mittag-Leffler kernel:
epidemic model case study
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In this paper, we propose a numerical scheme of the predictor-corrector type for solving nonlinear fractional initial value
problems, the chosen fractional derivative is called the Atangana-Baleanu derivative defined in Caputo sense (ABC). This
proposed method is based on Lagrangian quadratic polynomials to approximate the nonlinearity implied in the Volterra
integral which is obtained by reducing the given fractional differential equation via the properties of the ABC-fractional
derivative. Through this technique, we get corrector formula with high accuracy which is implicit as well as predictor formula
which is explicit and has the same precision order as the corrective formula. On the other hand, the so-called memory term
is computed only once for both prediction and correction phases, which indicates the low cost of the proposed method.
Also, the error bound of the proposed numerical scheme is offered.

Furthermore, numerical experiments are presented in order to assess the accuracy of the new method on two differential
equations. Moreover, a case study is considered where the proposed predictor-corrector scheme is used to obtained
approximate solutions of ABC-fractional generalized Sl (susceptible-infectious) epidemic model for the purpose of analyzing
dynamics of the suggested system as well as demonstrating the effectiveness of the new method to solve systems dealing
with real-world problems.
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1. Introduction

Despite the fact that fractional calculus has a lengthy history in mathematics, it has only recently seen a considerable number of
real-world applications. Fractional derivatives are important due to their attractive characteristics (e.g. memory effect), including
their wide dynamical range [1, 2, 3]. Many definitions of fractional derivatives and integrals exist, including Riemann-Liouville,
Caputo Grunwald-Letnikov [4]. In 2015, Caputo and Fabrizio (CF) have suggested a new idea of fractional derivatives based on the
exponential decay [5]. Following that, Atangana and Baleanu (AB) proposed a novel concept of fractional derivatives with non-
singular and non-local kernel based on the Mittag-Leffler function [6]. Due to the difficulty or impossibility of obtaining to obtain
exact solution of fractional differential equations, numerical techniques are required to provide approximate solutions. Over the
past few decades, numerical methods to solve initial value problems have attracted great interest from the research community,
which support various disciplines, including medicine, chemistry, biology, physics, business, and the arts, etc. Where computational
algorithms are implemented. Moreover, numerical analysis techniques are the perfect tools to evaluate the behavior of real-life
complicated models. Therefore, the implementation of accurate numerical methods is suibtle in the problems representing real
world phenomena [6, 7, 8, 9]. Over 2000 years ago, the simplest method in the literature was introduced with the concept of
interpolation. In contrast, several other techniques were introduced for nonlinear systems, such as Newton's method, Euler's
method, Gaussian elimination, and Lagrange interpolation [10, 11, 12, 13]. Over the past few years, several numerical tools
have been developed for solving fractional ordinary differential equations with general nonlinearity [14, 15, 16, 17, 18, 19, 20].
Such as the fractional Adams-Bashforth method, which is the most popular scheme in which the basis of Lagrange interpolation
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is used [22, 23] and the fractional Adams-Bashforth/Moulton method developed with Newton linear/quadratic interpolations
[24, 25]. Baleanu et al. [17] used the definition of the Atangana-Baleanu derivative in the Caputo sense to produce a predictor-
corrector approach for fractional differential equation as well as to prove the existence and uniqueness of such problem. They have
converted the ABC-fractional ordinary differential equation into a Volterra Integral equation, then they have used the rectangle
rule for the predictor and the trapezoid rule for the corrector. On the other hand, based on the techniques and approximations
appeared in [18, 19] for finding approximate solutions of fractional differential equations with Caputo and Caputo-Fabrizio
fractional derivatives, respectively. We can to propose a new and efficient predictor-corrector method for solving ABC-fractional
initial value problems by using quadratic lagrange interpolation, memory term, and second-order Taylor's expansion.

The following is a breakdown of the paper’s structure. Basic definitions and notations, including the Atangana-Baleanu
fractional derivatives and integral, are introduced in section 2. In section 3, a new numerical method is proposed for solving
fractional initial value problems involving the Atangana-Baleanu fractional derivative in Caputo sense. The schemes’ error
estimates are obtained in section 4. Finally, in section 5, we present numerical examples to demonstrate the efficacy of the
proposed scheme, and we also compare the solutions with other methods [8, 17]. Also, the stability analysis of the ABC-
fractional-order S| (Susceptible-Infection) epidemiological model and its comparison with the numerical results obtained via the
proposed scheme, which investigates the significance of disease prevalence in the community, is discussed in the last section.

2. Preliminaries

The Atangana-Baleanu fractional derivative in the Caputo sense (ABC) is defined as (cf. [6]):

ABC D F(t) = AB(O‘) (%(t - s)a) ds, (2.1)

where a € (0,1), AB(a) > 0 is a normalization function obeying AB(0) = AB(1) =1 <e.g. AB(a)=1-— F( )> E.(.)
denotes the Mittag-Leffler function of order o defined by

% K
z
Z)—;m, Z,O(G(C, and Re(a)>0, (22)
and '(.) denotes Gamma function, defined as
+o0
MNa) = / t* e tdt, Re(a) > 0. (2.3)
0

The fractional integral for the ABC, which is newly defined with a nonlocal kernel and does not have singularities at t = s, is
defined as follows (cf. [27]):

ABC 1= a /t ol
olef(t) = AB(a )f(t) + == AB(a)F (@) J, f(s)(t—s)* "ds. (2.4)
We consider the initial-value problem with Atangana-Baleanu derivative
ABODRy (t) = f (t,y (1)), 0<t<T< oo,
(2.5)

y (0) = yo,

where f is a smooth nonlinear function that guarantees the existence of a unique solution for (2.5), with the fractional order
a €(0,1), and yo € R. A continuous function y(t) is the solution of (2.5) if and only if it is the solution of following Voltera-
integral equation:

W) =90+ G YO + A [ Fs @) (=) ds (26)
At point tp41 = h(n+1), n=0,1,..., N € N with h = £, we get

Yo =0+ AB( S A . Gt =5 s

a " a—1 i a—1
AB( )f"*”As(a)r(a) ([ reren o ass [T rsr@n-oes) @)

tn

AB( ) fn+1 + yn+1 + yr’lg'cl
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where, Y#E and y,‘;”fl are called lag term and increment term respectively, which take the following forms:

yﬁfl = m /0 n(t,,+1 —5)*7 (s, y(s))ds, (2.8)

and
thy1

(tn1 — 5)* (s, y(s))ds. (2.9)

inc
Y1 :

AB(a)F(a) /

3. Predictor-corrector scheme with quadratic interpolation

To start presenting the proposed numerical method to solve the initial-value problem (2.5), we need the following lemma:

Lemma 1 ([18]) Assume that ¢ € P»([0, T]), where P>([0, T]) is the space of all polynomials of degree less than or equal to
two. Let Pk, k=0, ..., N be the restricted value of ¥(t) on tx (0 < k < N ). Then there exist reals b3, b1 and b2, such
that

th1 2 .
[ =9 p(s)ds = B Bt o (3.1)
tn =0
h a+4 20 4+ 9o + 12

Where, B = br = —2(a+3), b2y =

.
ala+ D(at2) "= 2
Now, we use quadratic Lagrange polynomial of f(s, y(s)) over the intervals [ti_1, tix1] , 1 < i< N —1:

i+1

F(s.y(s) = Y figi(s). (3.2)
I=i—1
where
i+1 s_t
i — Lk
as)= I 7— (3.3)
k=i—1 / k
I£k

But, on [to, t:] we can interpolate f(s, y(s)) with the points { o, ty, t1 }, then we get

f(s,y(s)) ~ hao(s) + f1 q% (s) + fgi(s), (3.4)
where
By = ST el n) g TRET) (35)

(= )t~ ty)° (t; — t)(5; — &)’ (t— &)t — ty)

The approximation of y(t,+1) denoting by y,+1, according to (3.2)-(3.5), ya+1 takes the following form:

eq216Yn+1 =Y + ﬁ7+1 +y,,+1 + }7,'7161 (3.6)
where )
—a ~
ABfnJrl AB(O{) f(t"+1ryr’:r1)' (37)
o 2 2 n-1
~la j,
Y% = AB(@) () (Z SR B BE AN ) (3:8)
Jj=0 Jj=0 k=1
and
~in o
Yt = AB(@) (@) (Z @ Foj1 + gl fn+1> (3.9)
J=0
with
k et a—1 _k .
a{vﬂ = / (tht1—s) (s)ds for j€4{0,1,2}, (3.10)
tk
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where,
if k=0,
J+k—-1 if1<k<n.

J= (3.11)

The predictor term can be approximated as follows:

2
Vs apprx ~la Oéha ~
Vren = Yo+ "R+ 7% + AB@)T (@ 13) D Bhaafori-2, (3.12)
Jj=0
where
AB Fapprx 1-
fott = = AB(a )(fn 2—3fh1—3f), n>2 (3.13)

4. Error analysis

Throughout this section, we need the following lemmas:

Lemma 2 Let f € C""*([a, b]) and P, € P,([a, b]) (where P,([0, T]) is the space of all polynomials of degree less than or equal
to n) interpolate the function f at tx, 0 < k < N, with ty = a, tn = b,, then there exists £ € (a, b)such that, for any s € [a, b]

n+1
F(s) — Py(s) = + +(15)| H(S — 1), (4.1)
Lemma 3 ([18]) For § > 0, we have
Z/tk“(tn+1 ~ o) lds < %5 (4.2)

Lemma 4 ([21]) (Discrete Gronwall’s Inequality) Let {an}/n\’:0 , {bn},/:':O be non-negative sequences with second one is monotonic
increasing and satisfy that
n—1
an < by + MK (n—k)’a, 0<n<N, (4.3)
k=0

where, M > 0 is independent of h > 0, and 0 < 6 < 1. Then,

an < baEs (MT(8)(nh)?). (4.4)

Lemma 5 ([18]) There exist K1, K> > 0 such that for a € (0,1), and j =0, 1,2, we have

K1 nfk)"’lho‘ fO<k<n-—1,
Al |< == 45
= if k= n. (45)
Let TH a1 be the truncation error of prediction at point t,41, defined by
TPy =% /t"“(t — S (s, y(s))ds — iaj'o f (4.6)
AR (@) Sy Y AB(a)T (@) < 't '
= ah®
ak.f —— b o]
AB(a)F(a) ZO:; LT AB ()T (o + 3) JZ:O: n1 i
Theorem 1 Assume that (., y(.)) € C3([0, T]). Then, there exists C > O (independent of all grid parameters) such that:
Tr1 < CH. (4.7)
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Proof: We set the notation, ABy = AB()T (@)’ then
3
T <> T, (4.8)
j=1
where,
t 2
7, = ABg/ (s — )% [ (s, () = 3 £, (5)] s, (4.9)
0 =
ol ety 1 2 B
o= A8,y [ (= 97 (s (5) = 3 fiyadhiy i (5)]ds, (4.10)
k=1 "tk j=0
tht1 a1 ha 2 bj
Ty = ‘ABg /t (tor1 — $)* L F (s, y(s)) —I’(a)ABngO n+1fn+j,2‘. (4.11)
Thanks to lemma 2, there exists C; > 0, such that
I <Gk, j=1,2. (4.12)
The Taylor expansion of f around t, gives:
1 "
f(t) = P(t) + gf' (€t —tn)* +O(K), &n € (ta 1), (4.13)
where, )
Ps(t) = fo+ F'(ta)(t — ta) + 5f”(tn)(t —t,)% (P €Ps([0, T])). (4.14)

According to lemma 2 and (4.11), we have

tht1
Ts :‘ABQ/ (tn1 — 5)* H(Pa(s) + %f’(&n)(s —t.) +O(h*))ds
[~

b{7+1 fn+]*2" (4-15)
0

Jj=

it follows that

ha
Is < r(a)ABgm( | B3y || Potn2) — fao — oo | + | bpyy || Po(tao1) — foo1 | )
1 a—1 1 " 3 3
+ ABy / (toy1 —s) (gf (€n)(s — tn) )ds + O(h°). (4.16)
t”
According to (4.8) and (4.13), we have
3
Po(tp—2) — fa2|< 4"2”’ where M 1= max {| (&) | : 0 < k < N}, (4.17)
and "
|Pa(tr-1) = foa|< T (4.18)

We thus obtain the estimate

h* o 4Mh® 1 M, Mp3te 3
< - .
T < T(@)ABy ey 55 (an o+ || B ) + 5ABT@) T O (4.19)
Consequently, there exists C; > 0 such that
T < Coh°. (4.20)
According to (4.8), (4.12) and (4.20), proof of theorem is achieved. O

Theorem 2 (Global Predictor Error) Assume that £(., y(.)) € C3([0, T]) and is Lipschitz continuous in its second argument, i.e.
3L >0, such that |f(t,y1) — f(t,y2)| < Llya —y2|. Yy, y2 €R. (4.21)

Then, there exist K1, Ko > 0 such that, the global predictor error satisfies

n

Ely = |y — 37”’11‘ < T + KiABGLH®Ey + K2 ABgLh™ D> (n—k+ 1) B+ O(R). (4.22)
k=1
o
Where, ABy = ——————.
e A5 = AB(a) (@)
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l-a
Proof: We set AB fn+1 = mf(tn+1,yn+1). Thus

n+1
oa— a, rx ~la AB
EII:H = ‘Asfnﬂ + ABQ/ (th+1 —5) lf(S-Y(S))d ABfnff - y,gfl [_(oz + g) z: bfvﬂ f'H—J 2 (4.23)
0

therefore

thy1
E5+1 = ‘ABan +ABQ/ (tn1 — ) (s, y(s))ds — ABQZ il
0

2 n-1
—ABg DY aiferj1 — ABgh Z B sz + ABg Z aaf)

j=0 k=1 j=0 j=0
- j F(a)AB apprx ~la
+ ABy Z Z afvvilfkﬂfl a ¥ g Z bﬁH—lfnﬂ 2= iz fnff - yr/7+gl
Jj=0 k=1
_ [(a)ABgh*
b f 4.24
r(a+3) Z n+1'n+j-21, ( )
it follows that
Efn < Tn+1+\ P = AR (4.25)
2 n-1 _
+ ABg Z aﬁil‘ fi Z Z ajnf—l‘ ‘fkﬂfl - fkﬂ'*l
=0 j=0 k=1
F(a)AB
F(a ¥ g) Z n+1‘ f"+] 2= ﬁ7+j*2
Hence, according to the lemma 3 there exist C;, K1 > 0, such that
2
Evii ST+ C1Y Enjoo + KiABgLA®n* Y (Ey + E1)
J=0
2
a a—1 r(a)ABtha j 3
+ K1ABgLh ; ;(n — K)* By + “rat3) ; Byor| Ensja + O(R?). (4.26)
On the other hand, for a € (0, 1) we have
(n+1-N*1T+m-1D* 1 +h—-i-D**<6(n+1-)*t 1<i<n-2. (4.27)
Consequently, there exists K> > 0 such that the estimate (4.26), becomes
EﬁlgIﬁy+MA&LWE{+&A&LW§:m+1—kf4Ep+OM5. (4.28)
k=1
O

Theorem 3 Assume that f(., y(.)) € C3([0, T]). Then there exists positive constants C; and C» (independent of grid parameters)
such that:

T, < Gl + GEEF., (4.29)
where,
c fnt1 1 : .0
T = A8y [ (tres = ) (s, y())ds — ABS S
0 =
2 n-1 1
— ABy (Z Bafsior + Y @y s 1+an+1fn+1) : (4.30)
Jj=0 k=1 Jj=0
. a
W/th, ABg = m
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Proof: It follows immediately that,

2

C < / _ cxl 0
Tra S ABy | (tra =) |f(s.9(9) = Y al (o),

J=0

nmlooeten
48,5 [ s = 9 sv(e) - 3 qtﬂ-,l(s)mﬂ\ds
k=1 " tk Jj=0

tht1 L
+ AB, / (tni1 — s)a*\f(s,y(s» = a1 () i1 — Gnia(S)fa|ds (4.31)
tn j=0
Thus, according to the lemma 2, there exist C,C > 0 such that
cTe Che
T < h Efy +O(h%). 4.32
" S 5AB(a)T (@) T AB(a)r(a) ot H O (4.32)
The desired estimate (4.30) can be derived by direct consideration of the last inequality (4.32). g

Theorem 4 (Global Error of the proposed method) With the same assumptions as those of Theorem 2. Then, we have
Ent1 = |Yn1 — Vo] < ch®, (4.33)
where C > 0 (independent of grid parameters), given E1, Ex < Cih3, and E% < Coh®™, with CA?l, 62 > 0.

Proof: By taking into account the previous results, there exist C; > 0 (with j =1, ..., 10), such that
L(1-a) 2 ~
Env1 < Tior + ABy |5y — 74| + Bl B +ABQ; || -7,
+ABgZZ ajmk.l ’fkﬂ 1= fk+j 1 +ABgZ 21,7_7_1‘ fotj—1 — ﬁwf—l
Jj=0 k=1
L(l — Ol) P Clha P
ST+ — 2 Efy + ABgLW®Es + =~ Ef
= Tot gy B T AR Bt e (@) T
+ ABCLA* Y “(n— k+1)* " Ex + O(K?)
k=1
LA-a) o
< Ch*+ GEl + ———2 AB() Exi + ABgLhE,
AL + AByCoLh® i(n —k+1)*E
AB( ) n+1 6 st k
< GCh® + CeTH + 59h°‘E% +Cioh® > (n— k+1)*Ex. (4.34)
k=1
Consequently, by the discrete Gronwall’s inequality (i.e. lemma 4) the desired result holds. O

Remark 1 Since the global error indicated in the Theorem 4 is dependent on that of the start-up (E%, E1, and E,). We suggest
employing the start-up scheme described in Appendix A to generate approximate solutions for the first stages (i.e. )7% . y1, and
).

5. Numerical lllustrations and Simulation

In this section, we give some numerical experiments through the proposed predictor-corrector scheme (PPC) (3.6)-(3.12), the
predictor-corrector method introduced by Baleanu-Jajarmi-Hajipour (BJH-PC) [17], and the explicit numerical scheme introduced
by Toufik-Atangana (TAE) [8], to show the efficiency and accuracy of our new method. The experimental order of convergence
(EOCQ) is computed by

AE (3)
EOC = /ngm, (5.1)
where AE is the absolute error, which takes the following form:

AE .= AE(N) = max, ly (te) — il . (5.2)
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Table 1. The absoluate error of various numerical methods for problem (5.3) with n =2, N=40, and various values of a.

| Methods \ a=05 a=07 | a=0.9 o =0.99
PPC (3.6)-(3.12) 5.3e—15 1.8e—15 3.6e—15 9.0e—16
BJH-PC [17] 4.1le—4 6.2e—4 7.7e—4 8.3e—4
TAE [g] 1.3e—1 7.4e-2 2.5e—2 6.1e—3

Table 2. The absolute error, experimental order of convergence, and CPU time in seconds (CTs) of various numerical methods
for problem (5.3) with n = 3.

Methods a=05 a=0.7 a=0.9

N AE EOC CTs AE EOC CTs AE EOC CTs
PPC (3.6)-(3.12) 10 | 1.8e-3 - 3.8e—2 | 2.7e-3 — 24e—3 | 3.4e-3 — 2.2e—3
20 | 2.4e—4 294 T7.7e—3 | 3.6e—4 294 T73e—-3 | 44e—4 293 6.4e-3
40 | 3.1e-5 297 2.0e—-2 | 46e-5 297 21e-2 | 57e-5 297 2.1le-2
80 | 39e—6 298 7.5e—2 | 58e—6 299 76e—2 | 7.2e—6 298 7.5e-2
160 | 4.9e—7 2.99 0.31 7.2e—7 2.99 0.29 9.0e—7 2.99 0.29
320 | 6.2e—8 2.99 1.12 9.1e—8 3.00 1.14 1l.1e—7 3.00 1.15
BJH-PC [17] 10 | 2.4e-2 — 2.7e—2 | 3.4e-2 — 1.8e—3 | 3.9e-2 — 9.0e—4
20 | 6.3e—3 1.95 35e—3 | 86e—3 198 1.7e—3 | 9.7e—3 2.00 1.9e-3
40 | 1.6e—3 197 37e-3 | 22e—3 199 39e—3 | 24e—-3 2.00 4.0e-3
80 | 4.1e—4 198 93e—3 | 54e—4 199 1.0e—2 | 6.1e—4 200 1.0e-2
160 | 1.0e—4 199 26e—2 | 1.4e—4 200 3.1e—2 | 1.5e—4 200 3.1le-2
320 | 2.6e—5 1.99 8.4e—2 | 3.4e—5 2.00 0.10 3.8e—5 2.00 0.11
TAE [8] 10 | 1.5e-0 — 9.6e—3 | 9.5e—1 — 2.6e—3 | 4.1e—1 — 1.3e-3
20 | 7.7e—1 1.01 4.7e-3 | 45e—1 1.07 46e—3 | 1.7e—1 128 4.8e-3
40 39e—1 100 1.7e—2 | 22e—1 104 18e—2 | 7.4e—2 1.18 1.8e-2
80 | 1.9e—1 1.00 8.4e—2 | 1l.1le—1 1.02 7.0e—2 | 3.4e—2 1.10 7.0e-2
160 | 9.6e—2 1.00 0.27 54e—2 1.01 0.33 1.7e—2 1.06 0.29
320 | 4.8e—2 1.00 1.11 2.7e—2 1.00 1.13 8.1e—3 1.03 1.15

Example 1 Consider the following fractional Initial value problem (IVP):

MDY () =t" 0<t<2,

(5.3)
y(0) =1,
where a € (0,1), and n € N. On account of [17], the exact solution of (5.3) is given by
l—-a , al (n+1 atn
y(t)=1+ + ( ) o (5.4)

AB(@) TAB@T (atnt1)

In addition, the problem (5.3) is numerically solved. Table 1 and table 1 show the comparison of absolute error of different
numerical methods ((PPC) (3.6)-(3.12), BJH-PC [17], and TAE [8]) for (5.3) with n=2,3, t € [0,2] and various values of
fractional order ov € {0.5,0.7,0.9,0.99}, where we notice that our method is superior to them in terms of accuracy (i.e. PPC
(3.6)-(3.12) achieves a lower error than TAE and BJH-PC). Moreover, table 1 and table 1 offer that EOC for TAE are roughly
1, for BJH-PC are roughly 2, and for PPC (3.6)-(3.12) are roughly 3. Also, we note that the approximate solutions obtained
by our proposed scheme get closer to the exact solutions by the increase in . From Figure 1 and Figure 2, we note that
the approximate solution obtained by PPC (3.6)-(3.12) almost matches with the exact solution with small step size compared
to its counterparts. These figures and tables, indicate the efficacy of the current predictor-corrector numerical method (PPC)
(3.6)-(3.12).

Example 2 Consider the following Atangana-Beleanu-fractional differential equation:

ABGDRy () =t—y(t), 0<t<1,

(5.5)
y(0) =0,
where a € (0,1). According to [17], the exact solution of (5.5) is given by
- _ % e atl % e
y ()= AB(a)+1—«a ((1 @) tBaz ( AB(a)+1 —at ) +at™ Baatz ( AB(a)+1 —ozt )) ' (5.6)
E Copyright (© 0000 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 0000, 00 1-18
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Figure 1. Comparison of the exact and the numerical solutions of problem (5.3) with n =2, and N = 10.
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Figure 2. Comparison of the exact and the numerical solutions of problem (5.3) with n =3, and N = 10.
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with E4g(.) denotes the Mittag-Leffler function of two parameters v and 3, which defined by

00 K
z
Eop(z) = kEZO m, z,a,B €C, andRe(a), Re(B) > 0,

(5.7)

and the exact solution (5.6) is calculated using the algorithm mlf.m (see [28]) evaluated with accuracy 10~*2. Furthermore, the
problem (5.5) is numerically solved. Table 2 and table 2 show the comparison of absolute error of different numerical methods
((PPC) (3.6)-(3.12), BJH-PC [17], and TAE [8]) for (5.5) with AB(at) = 1, AB(a) = 1 — a + g, t € [0, 1] and various values
of fractional order o € {0.5,0.55,0.7,0.9,0.95}, where we notice that our method is superior to them in terms of accuracy (i.e.
PPC (3.6)-(3.12) achieves a lower error than TAE and BJH-PC). From Figure 3 and Figure 4, we note that the approximate
solution obtained by PPC (3.6)-(3.12) almost matches with the exact solution with small step size compared to its counterparts.
These figures and tables, again confirm the efficacy of the current predictor-corrector numerical method (PPC) (3.6)-(3.12).
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Table 3. The absolute error, experimental order of convergence, and CPU time in seconds (CTs) of various numerical methods

for problem (5.5) with AB(a) = 1.

Methods a =0.55 a=0.75 a =0.95

N AE EOC CTs AE EOC CTs AE EOC CTs
PPC (3.6)-(3.12) 10 1.5e-3 — 3.4e—2 | 3.5e—4 — 1.1e-3 | 2.7e-5 — 6.0e—4
20 | 7.4e—4 1.03 29e—3 | 88e—5 199 1.1e—3 | 3.2e—6 3.05 1.1e-3
40 | 3.7e—4 0.99 35e—3 | 23e—5 193 3.0e—3 | 4.4e—-7 289 3.0e-3
80 1.8e—4 103 1.0e—-2 | 6.1e—6 191 1.0e—2 | 6.7e—8 270 1.0e-2
160 | 9.0e—5 1.03 38e—-2 | 27e—6 121 3.7e—2 | 1.2e—8 251 3.7e-2

320 | 4.4e—5 1.03 0.14 1.3e—6 1.03 0.14 2.3e—9 2.33 0.14
BJH-PC [17] 10 | 2.6e-2 — 1.7e—2 | 8.9e—3 — 8.0e—4 | 1.8e—-3 — 1.0e-3
20 1.2e—2 1.18 33e—-3 | 37e—3 126 15e-3 | 6.7e—4 141 17e-3
40 | 5.3e—3 1.13 34e-3 | 1.7e—3 1.16 33e—3 | 28e—4 125 33e-3
80 | 2.5e—3 1.09 82e—3 | 78¢e—4 109 83e—3 | 13e—4 115 8.2e-3
160 | 1.2e—3 1.06 25e—2 | 3.8e—4 1.06 24e—2 | 6.0e—5 1.08 2.4e-2
320 | 5.8e—4 1.04 79e—2 | 1.8e—4 103 79e—2 | 29e-5 1.04 7.7e-2
TAE [8] 10 | 3.6e-2 — 5.6e—3 | 2.5e-2 — 7.0e—4 | 9.6e—3 — 6.0e—4
20 1.7e—2 1.06 25e—-3 | 12e—2 1.12 22e—-3 | 3.7e—3 140 2.2e-3
40 | 8.4e—3 1.05 8.8e—3 | 55¢e—3 1.08 8.6e—3 | 1.5e—3 126 8.4e-3
80 | 4.1e—3 1.03 3.6e—2 | 26e—3 105 34e—2 | 6.8e—4 116 3.4e-2

160 | 2.0e—3 1.02 0.14 1.3e—3 1.03 0.13 3.2e—4 1.09 0.14

320 | 9.9e—4 1.02 0.55 6.4e—4 1.02 0.54 1.5e—4 1.05 0.55

Table 4. The absolute error,

experimental order of convergence, and CPU time in seconds

(CTs) of various numerical methods

for problem (5.5) with AB(a) =1 — o+ 5.
Methods a =0.55 a=0.75 a =0.95

N AE EOC CTs AE EOC CTs AE EOC CTs
PPC (3.6)-(3.12) | 10 | 23e—2 —  34e—2 | 55e—4 —  1.1e-3 | 29e-5 —  6.0e—4
20 9.7e—3 125 27e-3 | 1.3e—4 203 12e—-3 | 3.5e—6 3.05 1l.1e-3
40 | 43e—3 1.17 35e—-3 | 3.4e-5 199 3.0e—3 | 4.7e—7 288 3.1e-3
80 2.0e—3 112 1.1e—2 | 1.2e—5 145 1.0e—-2 | 7.3e—8 2.70 1.0e—-2
160 | 9.3e—4 1.09 3.8e—2 | 6.1e—6 1.01 3.7¢e—2 | 1.3e—8 251 3.7e-2

320 | 4.5e—4 1.06 0.14 3.0e—6 1.01 0.14 2.6e—9 2.33 0.14
BJH-PC [17] 10 4.9e—-2 — 1.6e—2 | 1.2e-2 — 9.0e—4 | 1.9e-3 — 8.0e—4
20 | 2.1e—2 123 32e—3 | 49e—3 126 15e—3 | 6.9e—4 141 1.5e-3
40 9.5e—3 1.15 33e-3 | 22e—-3 117 3.4e—-3 | 29e—4 125 3.2e-3
80 44e—3 1.10 8.2e—3 | 1.0e—3 1.11 83e—3 | 1.3e—4 1.15 8.3e-3
160 | 2.1e—3 1.07 24e—2 | 48e—4 1.07 24e—-2 | 6.2e—5 1.08 2.4e-2
320 | 1.0e—3 1.05 7.8e—2 | 2.4e—4 1.04 7.8e—2 | 3.0e—5 1.04 8.5e-2
TAE [8] 10 4.2e—-2 — 5.5e—3 | 2.8e—-2 — 6.0e—4 | 9.9e-3 - 6.0e—4
20 2.0e—2 106 25e-3 | 13e—2 111 22e—-3 | 3.8e—3 139 23e-3
40 9.7e—3 1.04 88e—3 | 6.1e—3 1.08 8.5e—3 | 1.6e—3 126 8.7¢e-3
80 48e—3 1.03 35e—2 | 3.0e—3 105 34e-2 | 7.0e—4 1.16 3.4e-2

160 | 2.3e—3 1.02 0.14 1.4e—3 1.03 0.14 3.3e—4 1.09 0.14

320 | 1.2e—3 1.02 0.56 7.2e—4 1.02 0.55 1.6e—4 1.05 0.57

Example 3 (Dynamics of a generalized susceptible-infectious model with ABC-fractional derivative)

In the previous examples, we have considered some differential equations with known exact solutions. Let us now analyze a
realistic ABC-fractional epidemic model using qualitative analysis (Lyapunov theory) of solutions and validate the theoretical
results numerically by means of the proposed predictor-corrector method. We consider the epidemic phenomenon proposed in
[29], which is an extended version of the S| epidemic model with a nonlinear incidence ¢, and we include the fractional derivative
which involving Mittag-Leffer kernel. Thus, the novel system is described as follows:

AEGDEU(t) = A —yu(t)p(v(t)) — nu(t),
AEGDRV(t) = yu(t)p(v(t)) — av(t),
u(0) =uo >0, v(0) =w >0,

t>0,

t>0, (5.8)

where u(t), v(t) represent the numbers of susceptible individuals, and infective individuals at time t, respectively. \ is the birth

Copyright (© 0000 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 0000, 00 1-18

Prepared using mmaauth.cls



Mathematical
Methods in the
S. Aljhani, M.S.Md. Noorani, R. Douaifia, S. Abdelmalek Applied Sciences

“a = 0.55" “a=0.95"
0.7 T T T 0.4 T T T
Exact solution Exact solution
- - -PPC - - -PPC
& BJH-PC $  BJH-PC

06FL_O TAE i 0351 O TAE 1
D 0.3+ ]

0.5} - o/

/

0, /0o 0.25} 1

0.4r O 4
= / = L )

= o A = 0.2
0.3 o 4 4
/
O / 7 0.15 - N 4
(@]

0.2 b

(A 01} 1
/7
Qs
0.1} o O R 0.051 |
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Variable t Variable t

Figure 3. Comparison of the exact and the numerical solutions of problem (5.5) with N =10, and AB(a) =1 — o + %

“a = 0.557 “a=0.95"
0.5 T T T 0.4 T T T
Exact solution Exact solution
— — -PPC - — =PPC
045 $  BJH-PC $  BJH-PC
O TAE 035r| O TAE 1
0.4} R
° 0.3 ]
0.35f b
0.25¢ b
0.3 - b
o (o]
= 0.25 I = 0.2
o.2r YL | 0.15} , 1
0.15} o 1
0.1} b
0.1f O /5 1
00sf 1 0.05¢ |
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Variable ¢ Variable ¢

Figure 4. Comparison of the exact and the numerical solutions of problem (5.5) with N = 10, and AB(a) = 1.

rate of the population, 7y is the disease transmission rate, u is the natural death rate, and o := G + W, with & is the death rate
due to disease, which all are positive real numbers, and e € (0,1). The incidence function @(v) introduces a nonlinear relation
between the susceptible individuals and infective individuals. We suppose that ¢ € C*(R4;Ry), and satisfies:

(5.9)

©(0) =0,
0<ve'(v) <ep(v), Vv>0.

According to the above condition and [30, Lemma 1], it is classical task to prove the existence of unique solution for system
. I ) A .
(5.8) (see e.g. [31, 32]). As well as, the system (5.8) has a disease-free equilibrium Eo = (u°,0) with u° := m and a unique

endemic equilibrium E* := (u*, v*) if Ro := M—Z(p/(o) > 1 (cf. [29]). In the remainder, the following notation R, := [0, +o00) will
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be useful. The feasible region of the suggested model (5.8) is given by
2 /\
Ti=q(x) ERL:xi +x < il (5.10)

Now, we investigate the global asymptotic stability of the equilibrium points Eq and E*, which is determined by the reproduction
number Ry, as a result, the cases Ro < 1 and Ry > 1 are treated independently.
Firstly, we provide the global stability result of the disease-free equilibrium Eg.

Theorem 5 Leta € (0,1) and Ry < 1. Assume that (5.9) holds. Then, the disease-free equilibrium Ey is globally asympotatically
stable in the feasible region Y.

Proof: We begin by rewriting the first equation of the system (5.8), with taking into account this relationship A\ = wu®, such
that

#85DFu(t) = = (1 +70(1) (4 = th) = (V)uo (5.11)

We consider the following candidate Lyapunov function:

Vi{(uv)eT:u>0} — Ry, (5.12)
such that
B (LI _ UO)Z
V(u,v) = W + v. (5.13)

Thanks to the property of ABC-fractional derivative given in [33, Lemma 3.1], we get
ABC ~a (u— UO)ABC a ABC
0DFV < =G DRu(t) + PG D (1), (5.14)

Then, by employing (5.8)-(5.10), and [30, Lemma 1], we obtain

—yu’p(v) +yup(v) —ov,

. U — u0)2
ABGDEV < — (b +ve(v)) %

<—(u+v9(v)) % +7¢'(0)u’v —av,

_ ,,0)2 ’
=—(u+y9(v)) (u uou L (WA(Z(O) —U) v,

0)2

) (u fuou

=—(u+y0(v) —0(1—=Ro)v. (5.15)

Therefore, Ry < 1, guarantees that “B{D®V < 0 for a € (0,1). Consequently, by the Lyapunov stability theorem (see [33,
Theorem 2.7] and [34]), we conclude that the disease-free equilibrium E° is globally asymptotically stable in Y. O

Secondly, we provide the global stability result of the endemic equilibrium E*. Before do that, we state a lemma which will be
useful (cf. [29, Lemma 2]):

Lemma 6 Assume that the function @ satisfied (5.9) and

F(x)=x—-1-=In(x), Vx>O0. (5.16)
We thus get the following inequality
®(v) v
< —
F(Lp(v*)) _F<v*>’ Yv >0, (5.17)

where v* is the second component of the equilibrium point E*.

Theorem 6 Let o € (0,1) and Ry > 1. Suppose that (5.9) holds. Then, the endemic equilibrium E* is globally asymptotically
stable in interior of the feasible region Y.
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Proof: The first two equation of system (5.8) at E*, clearly give

A= pu*+yure(v?), (5.18)
vio = yutp(vh). '
It follows that
ABC Dy = ,uu*(l - %) +yutp(v") (1 - t/(pf(\/i) ,
y W) uro(v*) (5.19)
ABC oo, __ * * up(v _ l
Dty = o) (g
We consider the following candidate Lyapunov function:
L:A(u,v)eT:u>0v>0} — Ry, (5.20)
such that U y
Lo = () +ve (2)
(u,v)=u o +v o ( )
We now apply the property of ABC-fractional derivative given in [33, Lemma 3.2], to obtain
ABC DaL < 1 i* ABC Da 1 L* ABC Da 522
obrL < - oDru+ - oDev (5.22)

From (5.19) and by immediately computation, we get
ABC o . u u v o [ up(v) v v
DL < (1_7) 1- 4 LA A
ort s (1) (1= ) e (G505 -5) (- F)
o oo (4 up(v) U
el (1 U*w(V*)) (1 u ) '
. u u* N u viup(v)
< — = =) - = AR SSES ,
<ow (F() 4 (5)) e (F(D) 4 (R55) o2
* * (,O(V) v
+yu (v (F( ) —F(—)). 5.24
ol ©(v*) v (524
Therefore, the nonnegativity of function F (defined in (5.16)) on (0, +00), and the lemma 6 ensure that “BSD2L < 0 for
a € (0,1). Consequently, by the Lyapunov stability theorem (see [33, Theorem 2.7, Theorem 2.8] and [34]), we get the desired
result. g
Next, we present some numerical simulation of the general model (5.8) through several sets of parameters (see table 3) to

examine the effectiveness of the proposed predictor-corrector scheme in the current work (i.e. PPC (3.6)-(3.12)), as well as the
feasibility of the theoretical findings in this example.

Table 5. Diverse sets of system’s (5.8) parameter values used in numerical simulations.

Set of parameters A o w G Ro (with ¢'(0) = 1) |
Set 1 0.3 0.1 0.44 0.38 0.0831
Set 2 0.03 0.4 0.0365 0.0135 6.5753
Set 3 0.3 0.1 0.32 0.5 0.1143
Set 4 0.03 0.4 0.032 0.018 7.5

The following is a description of the results:

e According to the first set of parameters in table 3, with p(v) = v (resp. ¢(v) = mﬁ)' and (up, vo) = (0.52, ﬁ — O.52>,
the Theorem 5 guarantees (for o € (0,1) and any positive initial data belongs to 1) the global asymptotic stability of
the disease-free equilibrium Eq = (up, 0) = (0.6818, 0), which is confirmed by the numerical results depicted in Figure 5
(resp. Figure 7) with various values of fractional order oo € {0.8,0.85,0.9,0.99}.

e According to the second set of parameters in table 3, with ¢(v)=v (resp. p(v) = where

oo )
(to, vo) = (0.6, % 70.6>, the Theorem 6 guarantees (for a € (0,1) and any positive initial data belongs to T)
the global asymptotic stability of the endemic equilibrium E* = (u*, v*) = (0.125, 0.5087) (resp. E* = (0.1256, 0.5083)),
which is confirmed by the numerical results depicted in Figure 6 (resp. Figure 8) with various values of fractional order
a € {0.8,0.85,0.9,0.99}.
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Figure 5. The approximate solution of model (5.8) by PPC (3.6)-(3.12), subject to the first set of parameters in table 3, with ¢(v) = v and (uo, vo) =

(0.52, ﬁ — 0.52), considering different values of fractional order a.

e According to the third set of parameters in table 3, with p(v) = v (resp. ¢(v) = tg577). and a = 0.99, the Theorem
5 guarantees (for any positive initial data belongs to T ) the global asymptotic stability of the disease-free equilibrium
Eo = (uo,0) = (0.9375, 0), which is confirmed by the numerical results depicted in Figure 9 (resp. Figure 11) with various
values of initial data.

e According to the fourth set of parameters in table 3, with p(v) = v (resp. ¢(v) = m), and a = 0.99, the Theorem
6 guarantees (for any positive initial data belongs to T ) the global asymptotic stability of the endemic equilibrium
E* = (u",v*) =(0.125,0.52) (resp. E* = (0.1256,0.0.5196)), which is confirmed by the numerical results depicted in
Figure 10 (resp. Figure 12) with various values of initial data.
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