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Abstract

The subject of this research is the time-domain scattering problem for a three-dimensional
layered elastic shell submerged in a two-layered fluid separated by an unbounded rough sur-
face. The essence of the problem is to model the scattering interaction between the given
elastic shell and some incident wave in a two-layered medium. Using the exact transpar-
ent boundary condition (TBC), we reformulate the unbounded scattering problem into an
equivalent initial-boundary value problem. The well-posedness is proved for the problem by
the Laplace transform and variational method in the s-domain. Moreover, we show that the
reduced problem has a unique weak solution by the energy method. The priori estimates
with explicit dependence on the time are derived for the acoustic pressure and the elastic
displacement in the time domain.

Keywords: Elastic shell scattering, Unbounded rough surface, Wave equation, Navier
equation, Transparent boundary condition, Variational method.

1 Introduction

The hollow elastic shell is a common structure for various underwater vehicles. The acoustic
scattering of these targets is a concerned question in many fields for a long time. It can be cate-
gorized into the class of fluid-solid interaction scattering problems, and it is also the foundation
for targets reconstruction in underwater acoustics. Recently, there has been an increasing interest
in the mathematical study about the scattering of an underwater elastic shell in understanding
their distinctive behaviors and wildly applications [1,2,31] and the references therein.

In the scattering problem of fluid-solid interaction, most often a linear elastic (viscoelas-
tic) bounded obstacles that are surrounded by an inviscid compressible fluid are considered (see
e.g. [3-7] and the references therein). In this case, the boundary integral equation method can be
used to prove the well-posedness of the solution for smooth boundaries. The system of integral
equations is solvable, using the theory of systems of multidimensional singular integral equa-
tions. For the time-harmonic acoustic-elastic interaction problems, there are a lot of available
mathematical and numerical results see, e.g. [9-11]. The time-domain problems have received
considerable attention due to their capability of capturing wide-band signals and modeling more
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general material and nonlinearity. However, comparing with the time-harmonic scattering prob-
lems, the time-domain problems are less studied due to the additional challenge of the temporal
dependence. Some approaches are attempted to solve numerically the time-domain problems
such as coupling of boundary element and finite element with different time quadratures [12-14].
The mathematical analysis of the time-dependent acoustic, elastic and electromagnetic scattering
problems can be found in [15-17].

Among the various scattering phenomena, we are particularly interested in the case of layered
elastic shells scatterer immersed in an unbounded structure and its associated scattering effects.
The scattering behavior includes multiple scattering processes that are not only determined by
the distribution and structure of the elastic materials in shells but also by the shape and prop-
erties of rough surfaces. In fact, the scattering properties of hollow, coated elastic shells, such
as submarine, are more interesting and challenging. Mathematically, the wave propagation and
interaction with elastic shells in layered media that described by coupling the Navier equations
with the wave equations to govern the various physical phenomena. For example, Lame’s param-
eters of the differential operator will affect the properties of wave propagation. A large number
of investigations dealing with various aspects of the transient response of submerged and/or
fluid-filled elastic shell structures with simple geometrical configuration (closed-form analytic
solution for spherical or cylindrical shells) have been reported in literature, see, e.g. [18-20]
and the references therein. Meanwhile, when an unbounded interface is considered, it would
bring additional difficulties. In [21,22], the integral equation method, and variation method are
used to prove the existence of solution in elastic wave scattering by unbounded rough surfaces.
In [23,24], a homogeneous obstacle composite acoustic (electromagnetic) scattering and inverse
scattering problems have been considered. The well-posedness is proved by using the integral
equation method for the scattering problem, and the obstacle and the infinite rough surface can
be uniquely determined by the measured wave fields is also obtained.

In this paper, we consider a time-domain acoustic wave incident onto an interface of the
two-layered medium from above. The medium above the surface is supposed to be filled with
homogeneous fluid with a constant mass density (air), whereas the region below is occupied by
another homogeneous fluid (water) containing submerged the layered elastic shells with general
shape. The acoustic wave passes through the interface from the air into the water, then it acts on
the elastic shells, an elastic wave is incited inside the shells, while the acoustic wave is scattered
in the fluid. This leads to the fluid-solid interaction on the shells between acoustic and elastic
waves. We reduce the scattering problem into an initial boundary value problem by using the
exact Transparent boundary condition (TBC). The well-posedness and stability are established
for the reduced problem. To the best of our knowledge, our results are the first theoretical result
about the analysis of composite scattering problems for general shape elastic shells in two-layered
medium wgeneralith unbounded air-liquid interface.

The paper is organized as follows. In Section 2, we formulate the scattering problem for the
three-dimensional layered elastic shell immersed in an unbounded structure. Introducing an exact
transparent boundary condition and suitable interface conditions, we study an initial boundary
value problem for the coupling of the acoustic and elastic wave equations. The related Sobolev
spaces and useful lemmas are given. In Section 3, the existence and uniqueness of the reduced
scattering problem are established based on the Laplace transform and variational method in
both the frequency and time domains. Furthermore, a priori estimates with explicit dependence
on the time are obtained for the acoustic pressure and the elastic displacement with detailed
analysis by the energy method.
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o) Figure 1: Geometry of the scattering problems
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2 Scattering Problems

on:formulation) Thig section first establishes a mathematical model for the three-dimensional time-domain s-

cattering by the elastic shell in a two-layered unbounded structure. The model problem is
equivalently converted into an initial boundary value problem with TBC in a bounded domain.
Some useful lemmas and notations for the model problem are also introduced.

2.1 Mathematical model

Figure 1 shows the geometry of the scattering problem. The unbounded rough surface S = {x =
(r,x3) € R3| 23 = f(r) € WH*(R?)} divides the whole space R? into the upper half space
Q? = {x € R3| 23 > f(r)} and the lower half space Qf = {z € R?| 23 < f(r)}. Let vg denote
the unit normal vector to the boundary S directed into the exterior of QF. The elastic shell
D =Dy UTyUDyUTI'3U Q3 is composed of the bounded domains D; (j = 1,2) and €23 with
Lipschitz boundaries I'1,T'2,I's, where D; (j = 1,2) are filled with the homogeneous isotropic
elastic material with Lamé moduli A; + %,uj > 0 and p; > 0, Poisson’s ratio —1 < v; < %, and
mass density p; > 0. It embedded in Qf, i.e. D CC Qy. Denote by I'y = {x € R?| 23 = hy}
the plane surface above the unbounded rough surface and below the obstacle, respectively.
Define Q; = Q\D, Y ={zeR: f(r) <as < hi}, Qf = {x € R®: 23 > hy} and
Qo={zeR:h_<z3< f(r)}\D, Q, ={xcR®: 23 <h_}. Assume that the open spaces
Q?, QJZ and Qg are filled with the compressible inviscid fluid. We will describe the scattering



problem by the elastic shell in a two-layered unbounded structure as:

( (A — BIy)p1(x,t) = gz, t) in Q}r, t >0,
1

(A 72(%)])2(:1:,15) =0 in QF, t>0,
(A V"&t)p:s(ﬂﬂ»t) =0 in Qs, t>0,
(M1A+()\1+M1)VV —plat) 1(x,t) =0 in Dq, t>0,
(2A + (Mg + p2) VV - —pgat) 2(x,t) =0 in Do, t>0,
b1 = p2, auspl = 8V5p2 on Sv t> 07
Oup p2 = —0ovr, - Ofw1, —pavr, =vr, -oi(u) on Ty, t>0, (2.1) 7inode1?
u; =u2, vr, oi(u;)=urr,- oa(uz) on Iy, t>0,
Oup,p3 = —03Vry - Ofuz, —p3 vry =vry-o2(uz)  on T3, t>0,
P1lt=0 = Op1li=0 = 0 in QF,
P2lt=0 = Oip2li=0 = 0 in 0,
p3lt=0 = Oip3li=0 = 0 in (g,
Ui lt=0 = Oru1|t=0 =0 in D,
Uzli—0 = Opuali—o =0 in Dy,

where g is the force, which is assumed to have a compact support contained in €4 x (0,7") for any
T >0. p (I =1,2,3) is the pressure and u; (j = 1,2) is the displacement vector in respective
domain. g; (I =1,2,3) > 0 is the constant density, ¢; (I = 1,2,3) > 0 is the speed of sound and
v (I =1,2,3) > 0 is the damping coefficient. Here oj(u;) (j = 1,2) is the symmetric stress
tensor, defined by

O'j(’u,j) = )\th‘ (S(UJ)) I+ 2/13‘5(11]‘) = Aj(V . uj)I + iy [Vuj + (VU,J')T], (2.2) ?sig?

and satisfies

Veoi(u)) = (A + (A + 1) VV-)u;. (2.3) 7nsig?

Noting that the unbounded structures, the usual SilveraASMiiler radiation condition is no
longer valid. We will introduce an exact time-domain transparent boundary condition (TBC)
to establish an initial boundary value problem to ensure uniqueness. For the function p(x,t),
define the Laplace transform by

oo
p(x,s) = ZL(p)(x,s) = / e tp(x, t)dt. (2.4) 7LA7
0
where s = s1 + ise with s; > 0,89 € R. It follows from the integration by parts that
t
/ p(x, 7)dr = L7 (s p(x, 5)), (2.5) 7LA-17
0

where .Z~! is the inverse Laplace transform. Therefore, from the inverse Laplace transform we

have
p(x,t) = F e L(p)(x, 51 + is2)), (2.6) 7LA-27



where .# ~! denotes the inverse Fourier transform with respect to so. For the Laplace transform,
the Plancherel or Parseval identity (cf. [29, (2.46)]) is

1 oo

p(x, s)q(x, s)dse = / e 21p(x, t)q(x, t)dt Y s1 > oy, (2.7)[LA-3]

27 —00 0

where p = Z(p), ¢ = Z(q), and g > 0 is the abscissa of convergence for the Laplace transform
of p and ¢. Since the force g is supported in €; and the medium is homogeneous in €;", hence,
the Helmholtz equation with respect to p; is reduced to

1
(a- 20t -Zo)n@n=0 e (2.8)[pites 1
1 1

It follows from (2.8) and those essential of Laplace operator .Z that

_s2+’ylsv

Api(x,s) — ——5—p1(z,5) =0 in Q. (2.9) [piLeq]

51

For any s = s1 + isg with s1 > 0, s2 € R, taking the Fourier transform of (2.9) with respect to
r = (z1,x2) yields

d?p 2 .
pl(gi,g&S) - (S tgls + ’£|2> p1(€7m31 S) = 0; xr3 > h+,

P&, 23, 8) = p1(€, hy,y 5), x3 = hy,

(2.10) [piLF|

where € = (&1,&) " € R? and py (€, x3,5) = % Jxe p1(r, x3,5)e” " €dr. Then, solving (2.10) and
using the bounded outgoing wave condition, we obtain

PL(&, x3,8) = Pr(&, by, s)e PrO@s=he) 0 pp S (2.11) ?p106e?

where 2 (€) = <415 1 |€]% with R(54(€)) > 0. Thus, we have
1

= 5 _ < —B+(€)(w3—hy) & T e 2192
pile.s) = pa(roass) = [ i€ b S (2.12) piSE

After introducing the boundary operator %, and taking the normal derivative of (2.12) on
I't, we can get

vy D1(,8) = — /2 Bi(&)pr(&, hy,5)e€Tde = B, (p1)(z, s) onTy, (2.13) ?p1SLnd?
R _
which leads to a transparent boundary condition on I';
8Vr+pl = B(h) onl'y, (2.14) 7p1B+?

Similarly, it can be seen that

Ovr_p2(x,8) = - B_(€)pa(&,h_, 5)e®TdE = B_(po)(x,s)  onT_, (2.15) 7p1SLnd1?



where 52 (¢) = 32?# + |€|? with R(B_(&)) > 0. Thus, we have established the following initial
2
boundary value problem:

([ (A - %83 — Z—%@t)pl(a:,t) = g(z,t) in Qp, t>0,

(A — 502 — Lo)pi(x, 1) =0 in O, t>0,1=23,
1 1

(1A + (N + ) VV - —p;j02)u;(z,t) = 0 in Dj, t>0, j=1,2,
P1 = P2, aIJspl = 8V5p2 on 57 t> Oa
Oup, P2 = —0avr, - Ofur, —pavr, =vr, -oi(w) on Iy, >0, (2.16) (18]
u; =u2, vr,-oi(u;)=vr,- o(uz) on I'y, t>0,
Our,P3 = =03V, - Ofuz, —p3 vry =vry-o2(uz)  on T3, t>0,
pl‘t:O = 8tpl‘t:0 =0 in Qb l= 172737
’U,]‘|t:() = 8tuj|t:0 =0 n D], j = 1, 2,
v ;= T4p1 on I'y, t>0,
al,r_pg = yfpg on I'_, t>0,

where 7; is the time-domain TBC operator on I'y which satisfies 7. = £ 7! o B4 0o £, and
A is the Dirichlet-to-Neumann (DtN) operator on I'y in the s-domain.

Taking the Laplace transform of (2.16) and using the initial conditions, we obtain the fol-
lowing problem in the s-domain:

(A - 2”18)191 =g in 0

(A—SZWS)plzo in Q, 1 =2,3,

(i A+ (Nj + ) VV - —p;s*)ia; =0 in Dj, j=1,2,

P1 = P2, OpsP1 = OpgPo on S,

Ovp, P2 = —028*vr, -1, —pPavr, =vr, -oi1(w) on T4, (2.17)[ D8]
u] = Uy, v, o1(t)=rr,- o(t) on I,

Our,P3 = —035°Vry - U2, —P3 Vry = vr, - 0a(da)  on T,

Ov D1 = B on Iy,

Ov,. P2 = PB_p2 on I_.

2.2 Sobolev spaces and some Lemmas

In this subsection, we introduce some notations, Sobolev spaces and useful Lemmas. For any
a € R, define

HY('y) := {q € L*(I'y)

/Rz(l +€17)14(&, he)?dg < OO}, (2.18) 7ssH1?

where (€, he) = 5= g2 q(r, ha)e ™ Edr. The dual space of H*(I'y) is the space H~%(I'y) under
the dual paring (-, -)r, defined by

ealrs = [ e heyatri Tl = [ (56 ha)TE Ralde (2.19) roe1?



Define H%(S) ={q:8 = C|qlr f(r) € H%(]RQ)} For | = 1,2,3, denote by H%(Fl)
and H'(Q;) the standard Sobolev spaces. Let H%(Fl)?’ (1=1,2,3) and HY(D;)3 (j = 1,2) be
the Cartesian product spaces equipped with the corresponding 2-norms of H > (I'y) and H'(D;),
respectively. For any v; = (vj1,vj2,v;3) " € HY(D;)?, define

3 3
||vaj|Lz<Dj>sxs=[Z / |wjk<w>|2dm], j=12 (2.20) 7
k=1"Dij

Define Q) = {x € R®: f, < x3 < hy} C Qy, where fy = sup f(r). Using Fourier coefficient,
reR?2

we can get an explicit characterization of the norm in H'(;) as follows:

h
a0 = [ [, L0+ 160046 20" + 0006, 23) s, (221) 2687

obviously, it satisfies ||q < lq|l51/6.y- Then, from Lemma 2.3 in |8] and Lemma 2.2 in |16
Hl(Q ) H (1)
1

we readily obtain the following trace regularity results

(Lel) Lemma 2.1. There ewist some positive constants v; (j =1,2,3,4) such that
lall 3, , < Ml ), loll3 oy < 72llazllr oz
latll 3.5y < sl e, laall 3,5, < llezliron)

With the aid of the trace theorem, we have

(Le2) Lemma 2.2. There ewist some positive constants 7; (j = 1,2,3) such that

lo1ll 3 e < Ftllvilla s, lvallyg g s < A2llv2lla oy, el g ) < Tsllaslaes)-

H3 (T,

Proceeding as in the proof of the previous Lemma [16, Lemma 2.4, 2.5, 3.3|, we can derive
the following lemmas

{Le3) Lemma 2.3. Let s — s1 +1is9,81 > 09 > 0,82 € R. The DtN operator B(s) : H%(Fi) —

1 . . .
H™2(T'y) is continuous, i.e.,

r% >~ 2 < 2]~ 2 c@_v 2 < 2
1Beml? g <AlsPUIRy o Bl <AlsPlEy

where v = max{c; 2(1 + y105 1), c5 2(1 + 7205 1), 05 2}
(Led) Lemma 2.4. Let s = 81 + 189,51 > 0,59 € R. Then we have
~R(s 1 Byp1,p1)r, >0, —R(s 1 B_pa, po)r_ > 0.

{Le6) Lemma 2.5. Given n; > 0 and p; € HY(Q;) (j = 1,2), we have

afe/m /Om (/Ot zpl(-,T)dT) B1(, D)dtdr < 0,
m/r /0"2 (/Ot 3_p2(-,7)d7> Bo(-, B)dtdr < 0.



{Le8) Lemma 2.6. For p; € H'(Q;) (j = 1,2), we have

t t
R / (Zop)(@p)drdr <0, R / / (T po)(Bypa)drdr < 0.
0 Jry 0 Jr_

Proof. Let p1 be the extension of p; with respect to 7 in R such that p; = 0 outside the interval
[0,¢]. By the Parseval identity (2.7) and Lemma 2.4, we get

§R/ ey (T p1,Opr)r,dr = §R/ o (Z4p1)(Oip1)drdr
Iy

—§R/ o= 2517 9+ﬁl)(at51)drd72 §R/ / e*2slr(g+ﬁ1)(8tﬁ1)d7-dr
Iy

_ %/m/ L(T4p1)L (Oppr1)dsodr = 1%/ /Z (B4 0 ZL(01)] [L(0ip1)]dsadr

/F / @erl _Z 1)dsedr = §R/ %.‘.ﬁl}%ldrdSQ
+
— %%/_m |s|2/F+ s B, pip1drds, = 27r/_oo |s|*R(s™ B p1, p1)r, ds2 <0, (2.22) [Le5-1]
which yields after taking s; — 0 in (2.22) that
R /0 t [ (Zep)@m)ardr = /O (Topr, e dr < 0. (2.23) 7Le5.27
+
O

Similarly, we can prove that

{Le7) Lemma 2.7. For p; € HY(Q;) (j =1,2), we have

)

t t
R / (Z.0p))(02p)drdr <0, R / / (T Oups) (02 drdr < 0.
0o Jry 0o Jr_

3 The main results

tion: 1t . . . .
ection:results) Now we are ready to establish our main result on the scattering problem includes the well-

posedness and stability in the s-domain and time domain.

3.1 Well-posedness in the s-domain

In this subsection, consider the reduced problem (2.17) in the s-domain. Multiplying (A —
%)[)1 = § by the complex conjugate of a test function ¢; € H'(Q). Taking the inner

products, using the Lemma 2.2 in [8], the integration by parts and boundary conditions, which
include the TBC condition 8,,F LP1=%Bypp on 'y, we arrive at

/ (Vﬁl'vql + C2p1q1> dx — (AB1p1,qi)r /8usp1q1dr = —/ ggrdz.  (3.1)[vpP1]
Ql Q1



From continuous conditions on S in (2.17), we rewrite (3.1) in the form

1 1_ . - S+ . < 1, _ L 1 L=

— <Vp1 Vg + — p1q1> de — — (s ' Byp1,d1)r, — — / OpsP2q1dr

02 Jo; \S (&) 02 025 Js
1 _

= s Jgq1dex, Vg € HY (), (3.2) [ve2]
2 (o

and similarly it can be shown that

1 1 . s 7 1, _ L 1 L=

— (Vﬁz Vi + —5—p 62) dz — — (s ' B_p2, Go)r_ + — / Oy sPagodr

02 53 \S 2 02 028 Js

— S/ (VFl . ﬂl)égdsw =0, Y go € Hl(Qg), (3.3) ?7VP3?

Iy

1 s+ ’Y < ~ < « 1

” SVP?) Vs + —5—D3¢3 (vry - 2)g3dsy = 0, Ve H (Q3). (3.4)[vp4]
3 3 I's

For j = 1,2, multiplying (u;A 4+ (\j + p;) VV - —pjs?)@; = 0 by the complex conjugate of
a test function ©; € H'(D;)3. Taking the inner products, using the integration by parts and
boundary conditions, we arrive at

S (T 950 + )7 -)(F 50 + )

— /Fl D1 - (vr, - o1 (111))dsg — 5 D1 - (vr, - o1(i11))dsy =0, V¥, € H'(Dy)?, (3.5)[vps]
and

/DQ [MQ(W@ : Vg) + (Ao + p2)(V - 112)(V - D) +p232(a2-52)] dx

+/ ’1_22 . (VF2 . O'Q(ﬁg))dsw — / /l:JQ . (VF3 . Ug(ﬂg))dsw = 0, V 172 S Hl(DQ)g. (3.6)
F2 FS

By combining (3.5), (3.6) and the continuous conditions on I'; (j = 1,2,3) in (2.17), we
obtain

/ §|:[L1(V’l7,1 :V'vl) (A1+u1)(Vﬁ1)(V ’01)+p18 (’EL '171):|d13

D,

+ 5/ (]521/{‘1) . ﬁldsm — 5/ ’l:Jl . (VF2 . G'Q(ﬂg))dsm = 0, Y 'le1 S Hl(Dl)?’, (37)
Iy Iy

and

/ |: VUQ V’Ug) ()\2 + ug)(v . ﬁz)(v . ’52) + p282(ﬁ2 . 52):| dx
+

VAl

/ 132 (I/F2 . Ug(ﬂg))dsm + S/ ( 3VF3) ﬁgdsm = 0, Y 'le2 S Hl(Dg)?’. (3.8)

s



We assume that ¢ = g2 on S and ©¥; = D2 on I's. Then, adding these equations (3.2)-(3.4)
and (3.7)-(3.8) to obtain an equivalent variational problem: to find p; € H*(€;) (I = 1,2,3) and
u; € HY(D;)? (j = 1,2) such that

e 1 <
a(pl)p2ap37u17u2;q17q25q3)’v17v2) = _@ g(J1dx7 (39)
931
where the sesquilinear form
a(ﬁlva)p?n ’a'la ’&'27 ql7 (j?) (137 '{)17 {72)
1 1_ . - s+ . < 1, _ o 1 o
== <Vp1 Vi + 2D p1q1> de — — (s ' Bip1, qi)r, — — (s ' B_pa2, Go)r_
02 Jo, (&) 02 02
1 + '7 1 1 . < S + 3. %
+— < Vps - Vi, + pm) dz + — (Vpg Vg3 + 27 P3q3
02 JO, \S 2 03 Jas \S C3

+ /D 5[,u1(V111 1 VD) + (A1 4 ) (V@) (V- B1) + prs®(da - 51)] de
+ /D g[ug(vag VDo) + (A2 + p2) (V- ) (V - B2) + pas® (s - 52)] da
- /F [s(vr, - 1)G2 — 5(Pavry) - T1]dsz — /F [s(vry - @2)G3 — 5(Pavry) - Daldsz.  (3.10)[vPit]

(EUT) Theorem 3.1. The variational problem (3.9) has a unique weak solution (p1,pa, P3, @1, Us) €
HY(Q) x HY(Q2) x HY(Q3) x HY(D1)? x HY(D3)? satisfying

3
) ) (1+]s)2,
3 [nw%ml)g n \splu%mo} <3 S g, (3.11) [20701]
=1
2 (1+ |s))?
> [HVU’JHL? joxs + IV - jll72 ) + 15851 72p, s } < MQWHQH%Q(Ql)a (3.12)[EvTo2]
1

Jj=1
where My and Mo are positive constants.

Proof. Using the CauchyaASSchwarz inequality, Lemma 2.1, Lemma 2.2 and Lemma 2.3, show
that there exists a positive constant M such that

10



la(p1, P2, P3, @1, ©2; 41, G2, G3, D1, D2)|

§ y |s| +’)’1
< VD1l 22(0,)3 IV @1l 2201y + 1911l 2y 101l 22()
02 S| 2 1
1 . . |s | + 72
+ ol VD2l L2(0.)3 IV @2l L2 (02,3 + 192l 22 (2 1921 22 (20)
|s ‘ + ’Y3

1 g g
+ m“vﬁ’)”m(ggpHVQ3HL2(93)3 + 1931l £2 (02 193 1] £2(25)

sl {mnvmupmsxs||W1HL2<D1>3X3 O+ 1)1V -] g [V - mnmn]
+ |s] [MHV%HL?(DQ)M V02| L2 (g8 + (A2 + p2) IV - @72, IV - ﬁzlle(Dz)]
T s [mualumnsHMLZW ; pzuazrrL2<D2>sHﬁzumw}

b1l o s, 120, el ]

o)
+ |s| |:||VF1 || 2o l@2ll 2y + llvr, '61’L2(F1)‘Z§2”L2(F1):|

+ [s] {ng ~2| 220y 163l L2(rs) + oy 'U2’L2(F3)‘p3HL2(F3)}

< Cilpill v lldil zru) + Callp2ll o) ld2l 21 92) + CallPsll (s 1031 21 (03)

+ Call@ || g1 (pyy3 11l a1 (pyys + CsllB2ll g (py)sl| D2l 51 (Dy)s

+Cslll quHm(F y FOllB2l g el g
+08||u1||H2(F 1921l 3,y + CollDnll gy o ysllP2ll g
+ Crollta]l 4y )3H(13||H2(F yteulvall g oslivsll gy

< Cilpill v lldillzr ) + Callb2ll o) ld2ll 21 02) + CallPsll a1 (s 1031 21 (025)
+ Call@1]| (o3l 1 (y)y3 + Csll @2l (Do)l D2]l 1 (Dy)s
+ Collp1ll i ) Gt 1 0y + CrllB2ll i (o) 102l 1 ()
+ Csl|a || g1 (py 2 lldell 51 020) + Coll D1l (pyye 152l 11 (620
+ Choll@al| g1 (py)s 113l 11 s) + Crtll®2ll 1 (pyys 1]l a1 ()
= (C1 + Co)llp1ll @i ldrll many + (C2 + Collp2ll 5o @2l 1) + CallDsll s 3l as)
+ Call@ || g1 (py 3101l 51 (D)3 + CsllB2ll 5 (py)3l|D2] 51 (Dy)e
+ Csl|a || g1 oy lldell 11 00) + Collvall e oy 152l 1 ()
+ Choll@al| 1 (py)slldsl i1 s) + Crtllvall i (py)s s 1 ()
< M (1l o lldr |z oy + 152l i o) lld2ll 11 (00) + 1830 1 () 10311 1 (025)
+ @1 g1 (pyys lvll e () + 12l 51 (py)3 102 1 (Dy)s
+ |21 | o)z lazll m1 (o) + 1911 51 (13 [1P2]] 71 (0

+ ol g1 (pyyslldsll o) + 19211 (Do) 15311 (03)) (3.13) 7EUTO?
11



which implies that the sesquilinear form is bounded.
Letting ¢ =p; (1=1,2,3) and ¥; = 4, (j = 1,2) in (3.10), then we get

a(p1, P2, P3, 1, Uo; P1, P2, P3, U1, U2)

1 1, s+ . 1 ol 1 .
=— <|Vpl|2 + 2%|P1|2> dz — — (s ' Bp1,p1)r, — — (s B2, Po)r_
02 Jao, \$ 1 02 02
1 1, S+, . 1 1, S+ 3, .
L Gremp 2 aw o [ (4 T P
02 JO, \S Cy 03 Jas \S C3
+/ §[M1’Vﬂ1\2+(/\1+M1)\V-ﬁ1\2+p182\ﬂ1’2}d$
D1
+/ s[M2|Vﬁ2|2+(A2+u2)|v'ﬁ2|2+P252m2|2}d$
Do
- 21/ S[spy(vry - @1)]dse — 21/ S[sps(vr, - B2)]dsg. (3.14)[EUT1]
Iy I's

It follows from lemma 2.4 and (3.14) that

Rla(p1, 2, P, W1, B2; P1, Po, P3, 1, Wa)]
> ﬁ”vmﬂiz(gl)s + mllsmﬂiam)

+ ol VBl + sl
+ ﬁ’wﬁs”%mg)a + mllsﬁsﬂi%ng)
o [#1||V111H%2(D1)3X3 + (A )|V 1}’1”%2(1)1) + p1||s111||%2(D1)3]

+ 51 [/,LQHV’ZLQH%Z(DZ)SXS + (/\2 + M2)Hv : "12H%2(D2) + p2||5"12||%2(D2)3]

! <12 Lo = 12 Lose
= sk [valﬂm(gl)ﬁ» + C?||5P1HL2(91) +IVP2ll12(0,0s + C%HSPZHLQ(Qz)]

51

+ - =
03]s]?

~ 1 >
|:HVP3HQL2(Q3)3 + %HSIBH%/?(Q;;)
+ 51 |:;L1||V?11|%2(D1)3x3 + (A1 + 1) ||V - "7'1”%2(1)1) + p1||3111||%2(D1)3:|
+ 51 |:/‘2||v'&2‘%2(D2)3X3 + (A2 + )|V - 272, + p2||sa2||§2(02)3] ' S

Then, combining the above inequalities with the help of the Lax-Milgram theorem, we find that
the variational problem (3.9) has a unique weak solution (p1, p2, p3, %1, o), here p; € H' () (I =
1,2,3) and @; € H'(D;)3 (j = 1,2). Moreover, we have from (3.9) that

12



1 _
la(p1, P2, P3, W1, Ua; P1, P2, P3, U1, Uz)| = ' - / gprde
028 Jo,
1 1 . .
< oals |2|!9”L2(91)||5P1HL2 o < 2|8|2HQHL?(Ql)HSleHl(Ql)
1

N

|

1 1
< 2l [+ [sDlgll 220 (1551172 (0,) + 1VBLIZ2(0,)8) 2] (3.16) [EUT3]

= sl 1911200y (15811 7200y + 15V D117 2(0,y2)

Case 1: 0 < ¢} < 1. By Young’s inequality, we have

1

e [+ DIl (157 + VA 0,0) ]

< O LD (Vetalzzan) (S (1l + 195110, )

< T (gl + sy + 197 o)

= G (P D g+ s (o By + 19 0))

= C D i + s sl + 19 ) (3.17) [z

Case 2: ¢} > 1. By Young’s inequality, we have

1 5 y .
W [+ IsDIgll 20y (511720 + VP17 2(0,)2)

N|=

]

(T+|s]) 1 . .
"(rmmm»<ﬁmwﬁ;@ywwmﬁmma

02|52

(14 s]) L y
=~ 2@ | |2 < ” ”L2(Ql E(HSPI”%E(Q”"‘ val”%2(91)3)>

N

)

(L+s]) (201 + |s|)cf 51
= 2Q2|S|2 51 ” ”L2(Ql) + (1+| |) (”Sp1||L2 () + ||vp1HL2 (€1)3 )
_ (A + s 1 2 2
= ol 130172,y + dos|sP3 (Isp1ll7200) + 1VELIZ2(0,))- (3.18)[EuTS]

13



Combing (3.15), (3.16) and (3.17) , for the case 0 < ¢} < 1, we yield that

S]_ 3 o 2 ]. 1 o 2 - 2 1 o 2
s |:4||VP1HL2((21)3 + <c% 1 lsp1ll72(0,) + VP2l 72002 + EHSPQHH(QQ)
51 <12 L9
19l + ol |

+ 51 |:/JJ]_”V11]_||%2(D1)3><3 + (A1 +p) ||V - a1||%2(D1) + p1|’8ﬂ1H%2(D1)3:|

+ 51 [/LQHVMII%Q(DZ)axg + (A2 + w2) ||V - 112”%2(132) + P2HS712H%2(D2)3}

_ (tls)?

12
= mHgHLQ(Ql)' (3.19) 7EUTE?

Combing (3.15), (3.16) and (3.18), for the case ¢? > 1, we yield that

51 1 < 112 3 s 2 < 12 Lo e
PR [ (1 - 40%> IVPLl|72 0,8 + TC%HSZHHLQ(QQ +IVD2ll72 (0,08 + %HSP2||L2(Q2)

51 < 112 1, . 9
s [ i
+ IVl + il

+ 51 [u1||V111\|%2(D1)3x3 + A+ )1V - @lf7zp,y + pl||3ﬁ1H%2(D1)3}

+ s1 |:,LL2||V’112||%2(D2)3><3 + ()\2 + N2)||v : 712‘|%2(D2) + p2||5ﬁ2”%2(D2)3:|

(1+ s, 0
= WHQHLQ(QH' (3.20) 7EUL6?
These complete the proof. 0

Proceeding as in the proof of the previous theorem 3.1, we can derive the following results.

?(SET)? Theorem 3.2. The solution (p1, P2, D3, W1, W) of the variational problem (3.9) satisfying

: (1 + s])?
> [HSVﬁlHQH(Ql)i5 + ’32@\@2(@)] < Mlsi%HSQH%Z)(Ql), (3.21) 7sETO1?
=1
and
& (1 +[s])?
[HsVﬂjHiz(D,-pxa + sV - all72 p,) + ”SQ'ELJ'”%?(DJ-P] < MszSQHi%w (3.22) 7sET02?
j=1 1
or
2 (1 + s])?
> {Hszvfajn;wj)gxs + 18V - 5132, + ”53%@2@)3} < Mngng;(m). (3.23) 7SET02-17
Jj=1 1

14



3.2 Well-posedness in the time domain

We now consider the problem (2.16) in the time domain. Taking the partial derivative of the
equations about u; (j = 1,2) with respect to t in the problem (2.16), we obtain a new reduced

problem:
(A 82 I at)pl(mvt) = g(wvt) in Qla
1
(A — 1 82 wat)pl(gc,t) =0 in Q, t>0,1=2,3,
(1A + (Nj + ;) VV - —p;0)0puj(z,t) = 0 in Dj,t>0j=1,2,
P1 = D2, OpsP1 = Ougp2 on S, t>0,
Oup, 2 = —0ovr, - Ofur,  —(9p2) vr, = vr, -o1(ur)  on Ty, ¢ >0,
Oyuy = Oyug, vr, - 01(0iu1) = vr, - 02(Jiuz) on Iy, ¢>0, (3.24)[TEUTY |
Our,p3 = =030y - Ofuz, —(Oip3) vry = vry - 02(uz)  on Ty, t >0,
Pilt=0 = Opift=0 = 0 in Q, 1=1,23,
uj’t:() = 8t’u’j|t:0 =0 in D]7 j = 1727
8ur+p1 = 94—]71 on P+7 t> 07
Ov. P2 = T_p2 on I'_, ¢t>0.
?(TEUT)? Theorem 3.3. We assume that
g, 0?g € L'(0,T; L*(Q)), Org € L°°(0,T; L*(Q)). (3.25)[gsc-1]

Then, the initial boundary value problem (2.16) has a unique solution (p1, p2, p3, w1, w2) satisfying
1=1,2,3, T>0
j=1,2,T>0.

pi(e,t) € L*(0,T; H' () N H'(0,T; L*(%)),
uj(z,t) € L?(0,T; HY(D;)?) N HY(0,T; L?(D,)3),

Proof. From Theorem 3.1, noting that the solution (p1,p2,ps, @1, @2) of the reduced problem
(2.17) in the s-domain satisfy the estimates (3.11) and (3.12), respectively.
[25] that p; (I = 1,2,3) and @, (j = 1,2) are holomorphic functions of s on the half-plane
R(s) > o¢. Hence, with the help of [16, Lemma 2.1], we see that the inverse Laplace transform

of (p1,p2,Ps3, U1, W) exists and is supported in [0, 00).

boundary value problem (2.16) has a unique solution (p1, p2, p3, w1, u2).
Since for p; (I =1,2,3) we have

/Z 19010 200 + 191320 )
0

T 3
< /0 2D N (IVpl ey + 10132y )

~

=1
3
= e251T/ Y (HVPZ||%2(QZ)3 + ||3tPlH%2(Ql)> dt

1=

—_

3
< 6281T/ —281t Z (HVPZH%2(QZ)3 + Hatle%Z(Ql)) dt,

=1
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It follows from

Thus, we have proven that the initial

(3.26) [TEUTOL



using the Parseval identity (2.7), (3.11) and (3.25), shows that

3 3
o 1 [ . -
A M) (LS LA Ty B of (LR T e
=1 =1
My [ ((L+]s])* .o My [~ 2\115112
<5 [ (a0 ) e < 5 [ (20 1Pl 0,)
My [ . .
=5 [ (1ol +131200,) do
My [
= | (12000, + 120 Ex,) s
2My [ og 2 2
=25t [ e (10l + lole ) dt

T
< C/O 6_251t (Hé?tg\\%z(gl) + HQH%Z(Ql)) de.

Then, combining (3.26) and (3.27), we find

T3 T
/0 Z (va”%?(ﬂz)3 t ”atle%Z(QzD dt < C/o e ! <”6t9H%2(Ql) + HQH%%QO dt,
=1

where C' > 0 are some constants. Then, from (3.28), we obtain
pi(m,t) € L*(0,T; H' () N H'(0,T; L*($Y)), 1=1,2,3.

Similarly, for u; (j = 1,2), we can obtain

T 2
/0 Zl (HatujH%Z(Dj):s + HV’U,J‘H%Q(DJ_);;X3 + HV . uj”%z(Dj)) dt
J:

2

o

<t [T Y (10, + IV g, oo + 19 5 g, ) .
j=1

16

l):| d52

(3.27) [1E0T2]

(3.28) [1E0T3,

(3.29) [1E0TS,



and

oo 2
) DA [T RSP R R A
7=1
co 2
= g |22 (Il + 19y s + 19 -l [

J

> (14 |s])? My [ y
(S talan, ) asa < 5 [ (20004157 al0,) dis

oo
- / (1l + o) dse

My > 2 2
= Z(0 Z d
st | (1200 0y + 1200, deo
WMy [ _,,
= 3‘11/0 e 2t <HatgH%2(Ql) + HQHQLZ(Ql)> dt
T
<C [ e (10la + ol ) (3.30) 18075

Then, combining the last two inequalities (3.28) and (3.30), we get
wj(zx,t) € L*(0,T; HY(D;)*) n HY0,T; L*(D;)*),  j=1,2.

O]

? ?
P(SE)? Theorem 3.4. The solution (p1,p2, ps3, w1, u2) of the initial boundary value problem (2.16) sat-

isfies the following stability estimates:
3

max 3 [||8tpl\|%2(gl) + V(@) 172 (s

< M;s |:||g||%1(O,T;L2(Ql)) + HatgH%w(OvT;LQ(Ql)) + ||81529H%1(07T%L2(91))]’ (3:31)[sot]
2

1el0T) = [”atujlli2(l>j)3 + IV - wjll T2, + HVWH%Q(DJ')M}

< M, |:||g||%1(O,T;L2(Ql)) + 110691 F e 0,7 22(00)) + ”839”%1(0,1’@2(91))]» (3.32)[sE02]

where Mg and My are posititve constants.

Proof. First, for Vt € [0,T], we define the energy function
E(t) = E1(t) + Eaft), (3.33) 7sE1?

where

1 1 1 1
Ei(t) = — 1011|320,y + — VD17 + — 10213200, + — VD213
1(1) QQC%H tp1||L2(Ql) Q2|| p1||L2(Ql)3 QQC%H tp2||L2(Q2) QQH p2HL2(92)3

1 1
g1l o Vsl ’ 3.34)[sE2]
+ 0363 H tp3HL2(Qg) + 03 H p3HL2(Q3)3 ( )

17



and

l 1 1
Ex(t) = [[(p)207will72(pyys + 1 + 11)2V - (Qewn) 122,y + 1 (11)2 V (ewn) [ 22,y

t

l 1 l

+11(p2)2 87 ual|72(pyys + (A2 + 12) 2V - (Bpua) |72 pyy + [l (112)2 V(Bew2) [ 72, yaxs
(3.35)[553]

With initial conditions, it is easy to note that F(0) = 0 and

E(t) = E(t) - E(0) = /0 B (r)dr = /0 (B! (r) + By(r)]dr. (3.36) (524

It follows from (3.34) that

/t ()dT
//Q< a|afp1|2+3\vplr)df+//92< 010" + 0.V ") ar

1
//Q (23 10psl? + s yvpng) dr
3

3
/ / ( 0210, + 251 0npn) + <<aTVp1>-<Vp1>+<aTVp1>«m))) dr

/ /Q ( 02padrpy + 2p2d,p) + (0-Vpa) - (Vpa) + (0:Vpa) - (Vo)) ) dr
) (Vps) ) d

/ /Q < 0230, p3 + 02530, p3) + ((0-Vp3) - (V3) + (0, Vp3) - (Vps
3

1
// (2 &2p1)(0:p1) + V1 - V(@m)) dr
Q1 \¢
§R// < 92p2)(0:p2) + V2 - V@rﬁQ)) dr
Q2
// <2 92p3)(0;p3) + Vps - V(arp:s)) dr.
Q3 \C3

Multiplying (A — 0%82 — Lo pi(x,t) = g(x,t) by a test function Op;, where p; €
1 1

L2(0,T; HY(Qq)) N HY(0,T; L?>(Q4)). Taking the inner products, using the integration by parts

and boundary conditions, which include the TBC condition 9, p1 = Z4p1, we arrive at

)
)
(3.37) 588

/ / [Vpl V(0,5 + <afpl><afm>+’€|afp1|2}dmdf
1951

/ (T4p1)(0rp1)drdr + — / / vsP1)(0rP1)dsdT — — / / 0-p1)daxdr.
F+ Q1

(3.38) 7sE6?

18



Similarly, we can obtain

// [VPQ V(0:p2) + 2(83]32)(67192)4—nganQ]Z}dmdr
Q, &

= / / (fpr) Tp2 deT - / / V5p2 Tp2 dSde
02 Jo -
t
+/ / (1/1"1 . aful)(&pg)dswdﬂ
0 JI'y

1 [t 1
[ {Vpg-vwgw2<63p3><afp3>+”3|0Tp3|2]dwd7
Q3 C3 C3

t
_ / / (1, - 0202) (9, p3) dspdr.
0 JI's

Then, combining (3.37)-(3.40) and the continuity conditions on S, we find

/0 "B (s

t
< 2%/ (Z4p1)(0rp1)drdT + 5)‘3/ / (T_p2)(0rp2)drdr
I _

— ?R/ / 0-p1)dadr
951

t
+ 2%/ / (VFl . Oful)(ﬁTpg)dswdT + 2%/ / (1/1"3 . 672.’112)(87-]33)(183;(17'.
0 Fl 0 F3

and

It follows from (3.35) that

/0 "B

=3 t [ [ @r(@Eun) - @20)) + (1 4+ )9+ (GEu)V - (0r)
0 JDy
+ 11 (V(02uy) : V(0,w1))|dedr
vom [ t [ [pal0r(@Rus) - 022)) + O+ 12)(V - (02ua)V - (0,2)
0 Do

+ 12(V(02us) : V(9,u2))|dzdr.

(3.39) 7sE7?

(3.40)

(3.41)[sE9]

(3.42)

For j = 1,2, multiplying (u;A + (A\j + pj) VV - —p;02)0puj(x,t) = 0 by a test function
OFu;, where u; € L*(0,T; HY(D;)?) N HY(0,T; L*(D;)3). Taking the inner products, using the

19



integration by parts and boundary conditions, we arrive at
0= / p(V(0w) = V(97a1)) + (M 4 pn) (V- Q) (V - (8751)) + p1(0:(Fwn) - (97 ) | dae
Dy L _

— / at2’l_l,1 . (l/pl . 0'1(875’11,1))(1893 — 83111 . (I/F2 . 0'1(875’11,1))(1893
F1 FZ

= /D -ul(V(atul) :V(0701)) + (M + 1) (V- (Our))(V - (07@1)) + p1(04(0Fus) - ((@217/1))- de

—I—/ (8tp2)(1/r1 . (9,5217,1)(18;3 — 015217,1 . (I/F2 . 0'1(61511,1))(18;3, (3.43) 7SE117
Iy Iy

and
0= /D [M2(V(8tu2) V(022)) + M2 + 12)(V - (Opu2))(V - (8282)) + po(0:(0%usy) - ((@217/2))} dx

— 6152’(_1,2 . (VF3 . UQ(@tUQ))dSm + 8,52’(_1,2 . (VF2 . Uz(atUQ))dSm
s 1)

= /D {uz(V(&:uz) : V(07 82)) + (A2 + p2)(V - (Oru2))(V - (87 @2)) + p2(0:(0Fuz) - ((@252))} de
-i—/r (8tp3)(1/1“3 . afﬁg)dsw + . 31521_1,2 . (I/F2 ~0'2(8t’u,2))d8w. (3.44)

Then, combining (3.42)-(3.44) and the continuity conditions on I's, we find

/ " B(r)dr

:—2§R/ (Owp2) (vry - 8tu1)dswdr—2§R// (Orp3)(vrs - atug)dswdT (3.45)[sE13]
Iy

From lemma 2.6, combining (3.36), (3.41) and (3.45) gives

E(t):/o E’(T)dT:/O [Ei(T)ﬁLEé(T)}dT.

| A

t
2?)?/ (Z4p1)(0rp1)drdr + 3‘8// (T_p2)(0rp2)drdr

Ly
— §R/ / O0rp1)dadr
Q1

< —ﬂ?/ / Orp1)dadr < / |g D1 |d.’13d7’
Ql Q1
< (tgf(?x] 10tp1 1l L2 o)l L1 0,7522(01))
2
< — % (19ep1 | Loe 0,13 22(021)) + IV (Bep1) | oo (0,122 (020 ))) 191 L1 0.7522 (01 (3.46)[sE14]
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Taking the first partial derivative of (3.24) with respect to t, we get

(A - %83 - Z*%aaatpl(wvt) = 8tg<x7t)
(A = 507 — %0,)0pi(e,t) = 0
1 l
(1A + (N + 1) VV - —p;07)0fuj(z, t) = 0
Oip1 = Op2, 31/5(315}91) = aus (3tp2)

aful zﬁfu% V[‘2 -al(aful) :IJF2 -0'2(8?’1112)

Opili=o0 = OFpili—o = 0
Ofujli=o = 0(0fuj)i=0 = 0
aur+ (atpl) = ‘7+(atp1)
Ov._ (O1p2) = T_(9¢p2)

For Vt € [0, T], we define the energy function

E(t) = Ex(t) + Ea(t),

where

r

Our, (Orpa) = —oavr, - OF(Bywr),  —(8Fpa) vr, = vr, - o1(Ffw)

Our, (Oip3) = —osvry - 07 (Orua),  —(97p3) vry = vry - 02(0Fuz)

in
n
in
on
on
on
on
n
in
on
on

Qq, t >0,

O, t>0, l:2,3,

D;, t>0, j=1,2

S, t>0,
Iy, t>0,
[y, t >0,
I3, t >0,

Q, 1=1,2,3,
Dj;, j=1,2,
F+a t>0a
T, t>0.

(3.47) [180Ti-1]

(3.48) 7sE1-17

= L oia2 2 2 L oiq2 2 1 2
Ey(t) = QTC%”atleLQ(Ql) + IVl + QTC%”atPQHLQ(Qg) + o, IV Op2)lL20,)5

Loz 2 1 2
+QTC§||atp3||L2(Qg)+g||v(3tp3)||1:2(93)3,

and

(3.49)[sE2-1

1 1 1
Ex(t) = [1(p1) 207 (Beun) T2 (pyys + (A1 + 11)2 V - ()72, + [1(11) 2 V(OF ) [[72(p, yaxs

1 1 1
+ [[(p2)2 07 (Bpua)l|T2(pyys + I (A2 + p12)2V - (Ffw2) (|72 py) + [1(112)2 V(97 u2) |72y ysxs

With initial conditions, it is easy to note that E(0) = 0 and

t
0

21

B(t) = B(t) - E(0) = /0 B (r)dr = / (B! (r) + Bb(r)]dr.

(3.50) [5E3-1]

(3.51) (5841,



It follows from (3.49) that

t ~
/ E{(r)dr
0
1 1 2,12 2 L[ 1 212 2
= — —0-107p1]" + 0-|V(0rp1)|” | dxdT + — — 07|07 p2|” + 0-|V(0rp2)|” | dxdT
22 Jo Jo, \ 02 Jo Ja, \C3
1t 1 212 2
— ; —2(9T|8Tp3\ + 0|V (0:p3)|” | dedr
3
/ | (@@ + 9@ - Vio.m) ) dedr
o9 \4
o[ ] (G
02 0 JQo
2 t
JNE
0 JQ3
Multiplying (A — 6%8? - Z—%@t)atpl(:c,t) = Oig(x,t) by a test function 9?p;, where p; €
1 1
L2(0,T; H'(Q1)) N HY(0,T; L?>(Q1)). Taking the inner products, using the integration by parts

and boundary conditions, which include the Boundary condition d, ., (Otp1) = Z4(0ip1), we
arrive at

1
5 (02pa) (92p2) +V(33P2)'V(3TP2)> dadr
5
1
7 Tp
C3

3)(62p3 +V(63p3)~V(aTﬁ3)> dzdr. (3.52)[SE5-1]

/ /ﬂl [ Orp1) - V(O2p1) + 1%(871)1)( 1) + | pl‘z] dedr
/0 (Z4(0rp1)) (071 d’"dTJr/ / bs (0:p1))(07p1)dsqdT

Ty
1 t
_1 / / (0:9) (0251 )dadr. (3.53) 75E6-17
2 J0 951

Similarly, we can obtain

1 [t 1
[ [T @) 0+ (02102 + B0l e
2
// (0-p2)) (922 deT—// s (0-p2))(02p2)dszdT
+ / / (vr, - 02(Bru1)) (025 dsdr, (3.54) 758717
0 JIy

and

1
/ / [ Orps) <83ﬁ3>+2<a$p3><azﬁg>+”§|a$pﬂ dadr
Q3 C3 C3

- / [ e, 32(0rua)) @po)dsadr. (3.55) (8881
0 JI'g
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Then, combining (3.52)-(3.55) and the continuity conditions on S to obtain

/0 B (n)dr

2 t
< §R/ (Z4 (0:p1))(0%p1)drdr + §R/ / (0:p2))(8%p2)drdr
Iy

- §R/ / 0-9)(8%p,)dxdr
Q1

t
+ 2R / / (v, - 02(8ru1)) (025 )dsndr + 2R / / (v, - 02(Byu2))(82p3)dspdr. (3.56)[EE0-1)
0 JIy 0 JI's
It follows from (3.50) that

/ Bl(r)dr = 23%/ /D p1(0%u1) - (05T1)) + (1 + 1) (Y - (82u0)V - (0%r))
(V@) : V(02E))] dadr
20 [ @) @) + 0 )V @)V - @)
V() : V(07E)] dedr, (3.57) 8101
For j = 1,2, multiplying (,u]A + (A\j + ;) VV - pjaf)afuj(:r,t) = 0 by a test function

d¥u;, where u; € L?(0,T; HY(D;)?) N H'(0,T; L?(D;)3). Taking the inner products, using the
integration by parts and boundary conditions, we arrive at

0= /D [m(v@?ul) YV (0P1)) + M 4 1) (V- (02ur))(V - (8P@1)) + p1((Ofuy) - (agﬁl))] da

— 8?17,1 . (I/F1 . 0'1(8t2u1))dsm — 6?’1_1/1 . (VF2 . 0'1<at2ul))d8m
Fl FQ

= /D [m(v(f?ful) :V(07t)) + M+ p)(V - (87un) )(V - (8781)) + pr((9)un) - (35”&1))] dz

+ / (83]92)(1/1"1 . 8fﬁl)dsw — 6?111 . (VF2 . 01(6§u1))d3w, (358) ?7SE11-17
' I'2

and
0= /D2 [M2(V(8752U2) LV (0P2)) + (Mo + p12)(V - (02u2))(V - (822)) + pa((9)us) - (afﬁg))] dae
= | O (vry - ox(Gfua))dse + | OPa (wr, - oaOFun)dse
_ /D 2 [m(v(afuz) Y (P2)) + (Mo + 12)(V - (02u2))(V - (0352)) + po((Fus) - (85,%))] e
+ /F 3 (02p3)(vr, - Optag)dsy + | Optin - (vr, - 02(07us))dss. (3.59) [SE12-1]

'y
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Then, we can combine (3.57)-(3.59) and the continuity conditions on I'; to obtain

/0 t EY)(7)dr

o | t [ lor(@hu) - (330) + O+ ) (V- @)V - (@2)
0 D1

+ 11 (V(02u) : V(02w1))|dedr

+2§R/t/ [p2((0%us) - (9%)) + (N2 + 1) (V - (0Pua)V - (92y))
0 JDo

+ 12(V(02us) : V(02us))|dzdr

:—28?/ / p2 (v, - O ul)dswd7—2§R/ / p3 (vry - b U )ds,dT.
I I's

From lemma 2.7, combining (3.51), (3.56) and (3.60) gives
t t ~
:/ E/(T)dT:/ [Ei(T)—}—Eé(T)]dT.
0 0
2 t
<Zn [ [ (Zi@p@mare+ 2 / | &
Ty
— §R/ / 979)(0%py )dadr
Q1

< —ﬂ%/ / 0-9)(8%p1)dzdr = —§R/ / 9-9)(02py)drdax
Ql Q1

= —g% . [(879)(8Tp1)|6 _/0 (87_9)(8Tp1)d7_:| dT’

2
=——R [ (9g(-,1))(Op1(-,t))dz + 8%// 8%9)(9-p1)drda
951

02 o

2
< 5”81‘/9(3t)”LQ(Ql)Hatpl('vt)HL?(Ql)
2 [t
+g 107 9(, T) I 2 () 19ep1 (- )| L2001 )dT

9
< Q*[tg%g% 19eq (-, )Hmml)][tg%% 1001 (5 V) [ 22(02y)]

2 t
+ L 001 (O] | 1080 7)lzz00 7

Tp2

02py)drdr

2 t
= —[max ||atp1HH1(Ql)][ max {|0¢gl12(0;) +/ |8t29('77—)||L2(Ql)dT}

QQ t€[0,T7 €[0,T)

2

2

= g(”atpluLoo(O,T;L%Ql)) + IV (:p1) | oo 0,722 (021)) ) X

(10egll Lo 0,52200)) + 19791l L10/322(021))) -

24

= g[”atpl||L°°(O,T;H1(Q1))] |:||at9||L°°(O,T;L2(Ql)) + H8t29||L1(0,T;L2(Ql))]

(3.60) [sE13-1

(3.61)[SEL4-1



Combining (3.46) and (3.61) gives
E(t) + E(t)
2
< 5(||atp1”L°°(O,T;L2(Q1)) + IV (:p1) | Lo 0,722 (001)) )

(gl 10,7522 (00)) + 1969l Lo 0.7502(01)) + H8t29||L1(0,T;L2(Ql)))' (3.62)[sE15]
It follows from (3.62) and Young’s inequality that

3 3
2 2 2112 2
tg%&}:ﬁ] ; [HatleLz(Ql) + ||vleL2(Ql)3:| + tgﬁ% 2 [H@:Pl”p(gl) + ”V(atpl)HLZ(Ql)g’]
2
2 2
I3 1083 o, 1+ @+ 19 0
2
2.0 V(12 2 2
"‘tg%&)ji] < [”a?ujH%?(DjP + IV (9; uj)HL?(Dj) +[IV(9; uj)”L2(Dj)3X3]
< M; [HQH%A(O,T;LQ(QQ) + 100901 200 (0 722 (c01y) T+ ||at2gH%1(07T;L2(Q1)):|7 (3.63) 7SE15-17
which shows the stability estimate (3.31) and
2
2. 112 2 N
9D 108 0, + 1+ @ B + 19 O
< M3 |:H9H%1(O,T;L2(Ql)) + 1109017 0,7 2200)) + ||31529!%1(0,T;L2(91))]~ (3.64)[sE16]
Note that for any function v with v(x,0) = 0, we have
¢
o0l < [ 1o )ldr <7 max ool (3.65)[sEx7
which holds for any norm. Hence, it follows from (3.64) and (3.65) that
2
2
tgﬁ&% 2 [Hatuj”QL?(Dj)B + Hv‘uj||2L2(Dj) + Hvuj||L2(Dj)3><3:|
< My [||9||%1(0,T;L2(91)) + Hatg\\%oo(o,T;p(Ql)) + ||at29\|%1(o,T;L2(Ql))]7 (3.66) 7sE187
which shows the stability estimate (3.32). O

3.3 A priori estimates

?(RE)? Theorem 3.5. We assume that g,0,g € LY0,T; L2()). Let pp € HY(Y) (I = 1,2,3) and
u; € HY(D;)3 (j =1,2) be the solution of (2.16), then, for any T > 0, we have

3
> il zeeo,rsz2c00) + VPl oo 0.7 22 (00
=1
< Ms (llgllzro.r:2200)) + 19691l L1 0.7:22(01))) - (3.67) ?RE01?
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]

[HvujHLOO(O,T;L?(Dj)SXB) + IV wjll e o,r02(0;)) + HatujHLoo(O,T;LQ(Dj))]
1

I/\ n

(THgHLl(OTL2 o)) T ”atgHLl(OTLQ(Ql))) (3.68) 7RE027

and

3
> el rzo.r 20y + 1Vl 20,702 0]
=1

< M3 (Tllgll L2 o.1:02(00)) + 10:9ll L1 0,702 (00))) (3.69) 7rE03?

[\

Z [“vujHL2(O,T§L2(DJ')3X3) +V- ujHL2(O,T;L2(DJ-)) + HatujHB(o,T;L?(Dj))]
j=1

3 1
< Ms <T2 l9llz10.1L2(00)) + 12 HatgHLl(O,T;LQ(Ql))> : (3.70) 7RE04?
where Mg > 0 is a constant.

Proof. For a given constant n € (0,7), define some functions

n
il 1) = / (e, 7)dr, i x 0,0, [=1,2,3, (3.71) [REA]
t
which satisfy ¥ = 12 on § and

di(x,n) =0,  Ohi(z,t) = —pi(, 1) 1=1,2,3. (3.72)[re2]

For any ¢;(x,t) € L?(0,m; L3(€)) (I = 1,2,3), we have from the integration by parts and
(3.72) that

/@xthastdt /¢zwt (/ pz(as,T)dT)dt

([ ) ([rmond

= (["wtemar) ([ ¢z<m,<>dc> - [([ o) o ([ ntaryar ) a

—o- " [(/@wg*d()( pl(act)]dt /[(/@m ) (=, )}dt (3.73)

Multiplying (A — 0%83 — L0)p1(z,t) = g(z,t) by a test function 1p1. Taking the inner prod-
1 1
ucts, using the integration by parts and boundary conditions, which include the TBC condition
Ov,.,p1 = J4p1, we arrive at

I - Lo T 71 -
- / L [T+ @R+ B @i daar
971 1

/ / (Trp1) wldrdt—i—/ / OvsD1 wldsmdt—/ / g dadt. (3.74)[RES]
F+ Q1
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Similarly, we get
1 [ _ 1 _ _
/ / {sz -Viho + g(3§p2)¢2 + Py;(atpz)%] dadt
Qo 2

// (T-p2) ¢2d7°dt—// ) ¢2d8mdt+// vr, - 0wy )hadsgdt, (3.75) 7RES?
_ N1

and
]. n - 1 2 — ’)/3 - n 2 —
— Vps - Vg + 7(@ pg)wg + —2(8tp3)¢3 dadt = (I/F3 . 8t ’u,z)l/JgdSwdt. (3.76) ?RE7?
0 JOs C3 €3 0 JIy
It follows from (3.72) and the initial conditions in (3.24) that
R [C [ ket = / / [0:(Oprr) — Oyl dda
97 l
_ 1 - 1
= §R/ / ) [@(@pz%) — atpl(—ﬁl)] dtdx = §R/ - |:((9tpﬂ,/1l)‘g + 2\p1|2|g] dtdx
o Jo G oG

1
=0+53 |

T - Vi " -
§R/ / 7(8tpl)¢ldwdt = 2%/ / (8tpl)1,/)ldtdx
0 Jo, G Q

= LR [W%M/PﬁWH@@m— / /@Nwm [=1,2,3,  (3.78) 7RE8-17
Ql 0 Ql

G

1
In@nPiw = alnCnlia, =123 (3.77) 7ass?
l

and

/ V(- t)dt

%/ (Vpy - V?[)l)dacdt / dac 1=1,2,3. (3.79) 7RE117
Ql Ql

Similarly, it can be shown that
n _ n _ _
§R/ / (VFI . 6t2u1)1/12dsmdt = 3%/ / [6t((upl . 8tu1)¢2) — (Vl"l . 8tu1)(6t1/12)}dtdsw
0 ' I't JO
n _
= %/ / [8,5((1/1‘1 . atul)wg) — (l/rl . 8,5’11/1)(—172)] dsxdt
I't JO

_ n
= [ (r, i) fjdsa + R [ [, Ot
T 0 I

n
= 3%/ / (vr, - Opuy)padsgdt, (3.80) 7RE9?
o Jry
and
n _ n
3‘%/ / (v, '8?“2)?,[)3d3mdt = §R/ / (vry - Oyug)p3dsgdt. (3.81)[RrE10]
0 Fg 0 l_‘3
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Combining (3.74)-(3.81) and the boundary condition on S, we find

1 2 1 2 1 3
2028 (720 + 26)72Hp2(‘777)||L2(Qg) + ﬁ”pl('m)ﬂm(ﬂg)

//\pl 2dtda + 2 //|p2\ dtde + — //yp3| dtdz
9201 oM 922 Qo Q33 921

+ — /szdt /Vpgdt
2@2

/ (Zyp1)rdrdr + ?R// (T_p2)t gdrdr—%/ / g1 dadt
F+ — (951

+ %/ / vr, - 8{11;1 deSmdt + %/ / vy, - atUQ)ﬁgdSmdt. (3.82)
Iy

dm+— dx

Vpl dt

dm—l——
Qo

For j = 1,2, we define
n
pj(x,t) = / Oruj(x, 7)dr, xeD;, 0<t<n, (3.83) 7RE13?
¢

which satisfy ¢; = ¢ on I'y and

wi(x,n) =0, opj(x,t) = —Opuj(x,t). (3.84)[RE14]

Using a similar proof as that for (3.73), for any ¢,(x,t) € L*(0,n; L?(D;)?), we may show
that

/077 6,(2,1) - B, (. 1)dt = _/077 [(/Ot (bj(x,T)dT) ~8tcpj(m,t)} dt,  j=1.2. (3.85)7RELs?

For j = 1,2, multiplying (1A + (Aj + ;) VV - —p;0?)0su;(z,t) = 0 by a test function P,
Taking the inner products, using the integration by parts and boundary conditions, we arrive at

0= /D [M(V(@tm) VS + (M + 1)V - () (V- By) + p1(92(05ur)) .%]dw
_/ @, (vr, - o1 (Ou))dsg —/ @, - (vr, - 01(0pu))ds,
T, -

:/D [m(V(f?tul):V<P1)+(Al+u1)(V'(8tu1))(V-<P1)+p1(3f(3tul))'<P1]dw

+/ (Orp2) (vry '<P1)d3m—/ ®1 - (vr, - 01(01ur))dse, (3.86) [RE16]
Fl F2
and

o[ [M(V(@W) VB) + (hn - 12)(V - (0pu2))(V - @) + p2(OF (D)) -%] da
—/ Py - (vr, '02(3tu2))d5m+/ Py - (vr, - 02(0su2))dsg
I's T2
-/ [m(muz) V@) + (a4 12)(V - (Byun))(V - @) + 202 (Druz) -%] da

+ [ @w)r, wo)dse+ [ %o (or, - 0a(0ru)dsa (3.87) [REt7]
I's I's
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Combining (3.86)-(3.87) and the boundary condition on I'; (j = 1,2, 3) we find
/| [mwatul) V@) + (4 ) (- (Oun)) (V- @) + 1 (08 (Dyun) -«pl} da
1
+ /D [W(V(atw) L VB) + (A2 + p12) (V- (9yu2))(V - By) + p2(07 (Drus)) ‘802] da
2
= —/F (Orp2)(vr, - P1)dsg —/ (Orp3) (v, - P2)dsa, (3.88) ?RE187

s

which satisfies

/0’7 /D [Ml(v(atul) :VE) + (M + )V - (00un))(V - @) + p1(92(05uy)) -cpl] dadt
1
+ /()"/D [Mz(V(atuQ) V@) + (Mo + p2) (V- (0ru2))(V - By) + p2(92(O5uz)) _Lp2] dapdt
_ /0’7/F (Oup2) (vr, - By )dsgdt — /0’7/F (Oep3) (wr, - By)dsadt. (3.80) FED]
1 3
It follows from (3.84) and the initial conditions in (3.24) that
R [ /D 0y 07 (O) - 7wt = R | j [ 10100u; )~ (3P, - 0, e
= Pj%/D_ /On[at(afuj - @;) + (07w, - Oyw;)|dtde

_ 1 0i
= Pj%/ [(afuj @0+ |3tug'|2|g} de =0+ J/ |0y (-, m) P
b, 2 2 /o,

= %”@uj(',n)uizwj)a, 7=12, (3.90) 7RE207
and
n n
R [ @mr, p)dsdt = [ [0, ) - (arr, - 0p)ldtde
0 Fl I“1 0
n
=% [ [0, @) + (o, - ) dtda
r: Jo
n
=R [ (pvr, -¢1)\3dw + §R/ / p2(vr, - Ovuy )dadt
Fl 0 Fl
n
= %/ / p2(vr, - Opun)dzdt, (3.91) 7RE217?
0o Jry
and
n n
§R/ / (8tp3)(l/p3 . ¢2)d8wdt = §R/ / pg(l/FS . (‘9tﬂ2)dmdt. (392) 7RE227
0 Fg 0 FS
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It is easy to verify that
2

n 1 n
§R/ / wi[V(0ruj) : Vopjldadt = 2/ i / V(0ruj)dt dx
0 i D; 0 L2(Dj)3><3
- “23‘ K/ V(8ru;) dt> </ v( 8tu])dt> ]dw
= %ij(-,mugwj)gxs, i=12, (3.93) 7RE23?
and
i _ )\j + W n 2
J J “\Utt ¥y =T 5 Gt
R ; Dj()\ + 1)V - (Opu;)(V - @;)]|daedt 5 o, Jo V - (Oyu;)dt| dx
Aj + 1 Aj o+ 1y ,
=2 [ Pde = YTV By =12 (390

J

It follows from (3.89)-(3.94) that

)\1+,u1

p
HV ( 77)||%2(D1) + éuatul(wn)“%Z(Dl)s
>\2 +,u2

K1

?HVul(, 77)||%2(D1)3><3 +
P2

IV - (-, m) 172 py) + 3“3tu2('a77)||%2(132)3

M2
- 5||Vu2(.,n)|yiQ(D2)3x3 +
n
= —5}%/ / pg(l/pl . 8tﬂl)dazdt - ?R/ / pg(l/r3 . 8tﬂ2)dwdt, (3.95)
0 Iy 0 I's

Combining (3.82) and (3.95), we find

1 1 1
72\\291( )||L2Q1)+ 2Hp2( )”L2(92)+ 2||p1( M7z ()

209c

//|p1| dtdz + —= //|p2| dtdz + — //|p3|2dtdm
9201 of! 02¢ 2 Q2 03¢ 3 of

/Vpldt /Vpgdt /Vpgdt
0

M1
+ 7HVU1('777)H%2(D1)3x3 IV - u(, "7>HL2(D1) + 5\\@%(-7?7)“@([)1)3

1
dx

20

d:c+—

dw+—
Q2

)\1+M1

)\2+M2

H2 P2
—HVug(- )32 (Da)3x3 T IV -z (-, )H%?(Dz) + *Hatﬂa(' )”%2(D2)3
/ (Zp1)rdrdr + 5}3/ / (T_pa)thodrdr — 9%/ / grdxdt.  (3.96)[RE26]
F+ Q1

Using Lemma 2.5 and (3.73), we can obtain

§R/ g (Zip1)rdrdr = /1“ / (/ (Tp1)( )d’]’> pi1(+, t)dtdr <0,
. .
3%/ / (T pa)ibadrdr — m/ / </ (T po)(-, 7)dr )ﬁg(-,t)dtdr <. (3.97) 7RE27?
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Noting that from (3.71), we have

§R/ /Q1 gibydadt = 3%/ /Q1 </t (@ T)dT)dwdt
< [M([ oDzt ) IOl
= ([ 1at-0anat) ([ 1ol

Then, from (3.96)-(3.98), we have

1 1 1

2
2072||Pl( )”L291)+ 2||102( )HL292)+2Q 511p1(, )HL293

1

— de
209 Vpl

dw—i——

da:+—
Q2

/ vpgdt

IV -u(, )HLZ(Dl) +5||atul(',

0 Q3

/\1+M1

M1
+?HV’U;1(',77)H%2(D1)3><3 +

K2 A2 +u2
+ 5 Vua(, M2 (pyyaxs + =5

;2</On|g(-,t)||L2(Ql)dt> </0 |p1('7t)HL2(Ql)dt)
912 </0T ||g(',t)”L2(Ql)dt> </0T ”pl('7t)|L2(Ql)dt>

1
gTHgHLl(O,T;LQ(Ql)) P11l oo (0,750 (021))-

IN

IN

IN

We define another auxiliary functions

~ 7
wl(w,t):/ Opi(x, 7)dT, xeQ, 0<t<n 1=1,23.
t

7
pj(x,t) = / fﬁuj(w,v')dT, zeD;, 0<t<n, =12
t

31

P
IV - wa (Ml + 5 10kua (-

//|p1|2dtd:c+ //p2|2dtdm+ //|p3!2dtdw
9201 01 02C 2 Qo 933 Q1

/Vp;),dt
0

77)”%2(1)1)3

M Z2(pys

da

(3.98)

(3.99)

(3.100) 7RE1-17

(3.101) 7RE13-17



n (3.47), proceeding as in the proof of (3.96), we can derive that

1 1
—QHatpl(-,n)nim)+—2||atp2< Mo + 3 2||atp1< DBy

209c7
n
+ / / |0ppr1|?dtde + —= / / lﬁtp2|2dtda:+ —3 / / |0sp3|?dtda
Q2C1 02¢ 2 Qo ] Qs
2 2
/ V 8tp1 de + — / V thg dt dZU + — / V 6tp3)dt dx
292 Q 292 Qs 293
V(at uy)di de + —— B V (OFun)dt d:c+ Hat 1 n)HLQ(D1)3
D1 L2(D1)3><3 D1
2 2 A2 + p2 2 P2 (42 2
V Ofug)d de + ——— V'(atuQ)dt dm+7‘|atu2(',n)|‘L2(D2)3
Do L2(Dy)3%3 2 Ds |1 Jo 2
1 1
= 20 3022 181 (- ) 1720, + 053 18:p2 (- ) 172 (0) + F\Wt?l(uﬁ)“é Q)
/ / Oupn [2dtda + 2 / / Oups|2dtda + 2 / / (Oyps[2dtdar
201 o) 0263 Ja, 03¢3 Jo,
2 o \Vpl( )]2d:c+/ |Vpa(-,n)| dx+/ Vps(-,n)2de
o A1+ 2 2
L |v<atu1<-,n>>|L2(D1>sxsdw + - @ () P + 20 () |2
2 Dy 2 Dy 2

2 A2 + pi2 P2
+ 5 [ IV (Oua(-m)) 22 (pyysxsde + / IV - D (- m))[Pda + ([0 wa (- )72 (py)s
2 Jp, > o, 2

1 2 1 2 1 2
= WH&%]”(H”)HLZ S F’th('ﬂ?)\\m @) T+ F\Wt?l(uﬁ)”ﬂ (Q3)

/ / |0yp1 |Pdtda + = / / 1Oypo| 2dtd + 2 / / |0yp3|?dtda
9261 o} 02¢ 2 Qs 03¢ 3 Q3

+ Tm’\vpl(‘aﬁ)um(gl) + %”Vm('ﬂ?)HL?(Ql) + TQSHVP?)(HU)HLQ(Ql)
A +M1

M1 P1
+ EHvatul('ﬂ?)H%?(Dl)wB + IV - dpua (-, )H%Q(Dl) + ?”&?ul('an)H%Q(DlP

>\2+M2

M2 P2
*Hvatux- D32(pyysxs + I - Butua ) 32y + 21072 1) |2y

/ (T4 (0ip1) ledrdt—i- 3?/ / ~(Owp2) ¢2drdt— ?R/ (019) wlda:dt
F+ Q1

< —?R/ (0rg) @Dldmdt
1951

< gHatgHLl(o,T;L‘Z(QI))leHLoo(o,T;Hl(Ql))- (3.102) [RE30-1]
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Taking the L> norm with respect to n on both sides of (3.99) and (3.102) yields
||p1H%°°(O,T;L2(Ql)) + ”pQH%OO(&T;LQ(QQ)) + HP3||%00(0,T;L2(93))

VDLl T 0 722 (1)) + 1VP2l 200 (0 122000y T VP8 e 0,122 (05))
+ ”vu1||%°°(O,T;L2(D1)3X3)

o)) + 185wt ll7 e .72 ()
+ ||vu2||%oo(07T;L2(D2)3><3) + HV : ’U'QH%OO(O’T;LQ(DQ)) + ”8tu2||2L°°(O,T;L2(D2))
< Ms (Tllgll 20,0200y + 110l L1 0.7:22(00))) 121l Lo (0,711 (01) -

(3.103) 7RE317
With the help of the Cauchy-Schwarz inequality, we yields

leH%w(o,T;LZ(QI)) + ”p2H%°°(O,T;L2(Qg)) + HP3H%00(0,T;L2(93))
VP Z e 0.7 200)) T 1VP2l T 02206020 T VP37 o0 (0,720 ))
H VLl oo 02(pyexsy + IV - willEoe o, r2(p1)) + 107 072200
+ Vol oo 0. 1:12(D0y2x3) + IV - w2ll7oc 0 1:22(D0)) T 10c2]1 200 (0 7 22(D2))

~ 2
< M3 (Tllgllpro,7:22(00) + 199l 10,22 (00))

(3.104) ?RE32?
which implies that

3
> llpell oo iz2000) + VPl oo 0,702 (52
=1

< Ms (Tlgllro.z.c2(0)) + 189l 0.7:22(00)) » (3.105) ?RE33?
and

]

[Hvuj\|L00(0,T;L2(Dj)3x3) + IV -l poo 0,122

D) T HatujHLOO(o,T;p(Dj))]
1

.

< M3 (Tllgllzr 0.2 (0)) + 109l L1 0,702 (1)) - (3.106) 7RE34?

where M3 and Mjs are positive constants. Furthermore, we can get

Z el 220,75 02(00)) + V2Ll 20,7522 (00)))
=1

| /\

3
l
T2 Z 121l oo 0,3 22(02)) + VPl Loo 0,73 22(02))) ]

T3 |9l (0,7522(01)) T T3, 1 OTLQ(Ql))> : (3.107) 7RE35?
and

2
> IVl zeomiz2(p, 202 + IV - will 2,7, 02(p,)) + 105wl 2075220,
=1

/\

2
l
< 22 IVl oo 0.7502(0,y3%3) + IV - wjll Lo o 22(D,)) + 106l Lo 0.1 02(D, )]

”gHLl(O T2(Q)) T T3 199l 10,1, L2(91))) : (3.108) 7RE36?
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