ON GENERALIZED MITTAG-LEFFLER-TYPE
FUNCTIONS OF TWO VARIABLES

ANVAR HASANOV AND ERKINJON KARIMOV

ABSTRACT. We aim to study Mittag-Leffler type functions of two
variables Dq (z,9), ..., D5 (z,y) by analogy with the Appell hyper-
geometric functions of two variables,. Moreover, we targeted func-
tions Eq (z,y), ..., F1o (z,y) as limiting cases of the functions

D; (z,y), ..., D5 (z,y) and studied certain properties, as well. Fol-
lowing Horn’s method, we determine all possible cases of the con-
vergence region of the function Dj (x,y). Further, for a general-
ized hypergeometric function D; (z,y) (Mittag-Leffler type func-
tion) integral representations of the Euler type are proved. One-
dimensional and two-dimensional Laplace transforms of the func-
tion are also defined. We have constructed a system of partial
differential equations which is linked with the function D; (x,y).

1. INTRODUCTION

The Mittag-Leffler function has gained importance and popularity
through its applications [24]. Namely, it appears as a solution of frac-
tional differential equations and integral equations of fractional order.
Also, the Mittag-Leffler function plays an important role in various
fields of applied mathematics and engineering sciences, such as chem-
istry, biology, statistics, thermodynamics, mechanics, quantum physics,
computer science, and signal processing[5]. In addition, the Mittag-
Leffler function of many variables arises in solving some boundary value
problems involving fractional Volterra type integro-differential equa-
tions [31], initial-boundary value problems for a generalized polynomial
diffusion equation with fractional time [19], and also initial-boundary
value problems for time-fractional diffusion equations with positive con-
stant coefficients [17]. The definition of the classical Mittag-Leffler
function is the following [24]:

Ea(z):n;#:w (@>0,z€C). (1)
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In [10], a function with two parameters was introduced:

oo n

Eus(2) :Zm, (a, B €C, Re(a) >0, Re(8) >0). (2)

n=0
Prabhakar [20] considered a function E ; () with three parameters

o0 n

E"/ — (fy)nz
s (2) ; I'(an+ B)n!’ (3)
(a, 8,7 € C, Re(a) >0, Re(8) >0, Re(y) >0).
The article [35] considers the function

o ©  (Vng?
Eas(2) = nzzo I (an+ B)n!’ (4)
(o, B,7€ C, Re(a) >0, Re(f) >0, Re(vy) >0,q€(0,1)).

In [29], [30], the properties of the following functions were studied

n

n

~,0 2) = = (’Y)nZ
o (2) = ,LZ::OF(an—i—ﬁ) (6), (5)
(o, 8,7 € C, Re(a) >0, Re(8) >0, Re(y) >0, >0),

> (Vag?

7,0,q _
B0 (2) = 7;) Tlan+ 0) (5)np, a,B,7 € C, Re(a) >0, Re(B) >0,

Re(v) >0,0>0, (p,q) >0,q < Re(a) +p.

n

(6)
The following generalized Mittag-LefHer functions were introduced and
studied in the article [32], [33]

B [(aj7ﬁj)17m;z} = 2 1 IEV()TKZT

a;r+ B;)rl’
(z,’y,aj,ﬂj eC, E;nzl Re(a;) >Re(K)—1, j=1,...,Re(K) > 0) ,
- (7)
E(’Yl ,,,,, Ym) (Z 5 ) _ Z ('71)k1(’72)k2 e (fyk)kmzlleQ . anm
ALy -y #m ~
om0 T A 0 ] et
(A, 4, p5.2; € C, Re(p;) >0, j=1,....,m).

Y

(8)
An interesting generalization of the Mittag-Leffler function E, (z) to
several variables was proposed by Luchko Y. and Gorenflo R. [15], who
used an operational method to solve a boundary value problem for
linear fractional differential equations with constant coefficients. The
solution to the boundary value problem is expressed by the functions

m l;

SR k! n
vvvv am),B (Zl7 ) zm) = Z Z Hz:l i

— B l1!><...><lm!r< T o«l-).
RO Se b ijl iti
(9)



ON GENERALIZED MITTAG-LEFFLER-TYPE FUNCTIONS ... 3

Srivastava H.M., Daoust Martha C. [37], [3%] studied the domain of con-
vergence and Euler-type integral representations for generalized Kampe
de Feriet’s functions

stis () -sess (1068 0 e =)

A >B B
o 1‘[ I [a; +mb; 4+ ng;] [T T [b; + ma;] 1:[ I [V + ny))

Jj=1

D

mn=0 JHIF[CJ + md; + ne;l H ' [d; + mn;] H r [d’ —|—m7j]
aj, b;, b, ¢j,d;, d; € C, 9],%,%,%7 5]753,77],77] € R
(10)
In [3] the Mittag-LefHler type function E; of two variables is introduced
and studied, which in a particular case includes several Mittag-Leffler
type functions of one variable. All possible cases are determined by the
region of convergence. The system of hypergeometric equations is de-
termined, which satisfies the function E;, Euler type integral represen-
tations and the Mellin-Barnes contour integral, as well as the Laplace
integral transformation is given
E ( Y15 013 Y2, P z > _
01, (g, Ba; 02, 13503, B35 | ¥

o)

Z (71)a1m(72),31n x™ y" (11)
S F ((51 —+ QoM + 6271) F ((52 -+ Oégm) F ((53 + /6377,) ’

V1,72, 01, 02,03, ,y € C, min{o, aq, as, 1, B2, B3} > 0,

In that paper, another two-variable Mittag-Leffler type function was
also introduced, but not studied:
E2 717051751;7270[2; X —
01, a3, Ba; 02, 43 03, B35 | Y

Z (71)a1m+ﬁ1n<72)a2m x™ yn (12)
[ (01 + agm + Bon) T' (02 + aym) T' (05 + f3n)’

,n=

71772751752a537$7y S Ca min {&1;a270‘37a4761a627ﬁ3} > 0.

Function (9) for m = 2 was studied in [21]. In this article, an at-
tempt is made to study the generalized Mittag-Leffler function, and
its various properties, including integral and operational relations with
other known Mittag-Leffler functions of one variable, differential recur-
rence relations, Euler transform, Laplace transform, Mellin transform,
Whittaker transform, Mellin-integral representation. Barnes and its
connection with Wright’s hypergeometric function. We also consider
properties of the Mittag-Leffler function of two variables related to
fractional calculus operators.
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The paper [9] considered the equations

— CDgtu(x7t)_uxm (I,t), t>0,
f(x) a { CDfOu(I7t) — Ugy (l’,t), t <0, (13)

in a domain Q = {(z,t) : 0 < x < 1,—p < t < q} where o, 3,p,q €
RT,0 < a <1, 1 < f < 2. For equation (13), the boundary value
problem is considered and the solution to this problem is expressed by
the functions E;.

A boundary value problem in a domain 2 = {(z,t) : 0 <x <1, 0 <t
for the diffusion equation with a fractional time derivative is considered

5]

PCDS‘,;’B’WSU (t,x) — Upe (t,2) = f (t,2), ,,7,0 € C, Rea > O(, )
14
where

L
PGy (1) = TIPSy (1), m— 1< Ref < m, m €N,
t

Py o) = [ (-7 EL, B - 7y (O de
0
(15)
The solution to the problem is expressed by functions FEs.

We note that special functions are closely related to fractional calculi
(see [7], [10], [14], [16], [25], [31]), as well as to generalized fractional
calculi (see, for example, [13], [I1]). Special functions can be rep-
resented as fractional order integration or differentiation operators of
some basic elementary special functions. Relations of this kind also pro-
vide some alternative definitions for special functions. An example of
such unified approaches to special functions can be seen in Kiryakova
([14], ch. 4) and [13]. Many recent works on special functions and
their application in solving problems from control theory, mechanics,
physics, engineering, economics, etc. can be found in the specialized
journal ”Fractional Calculus and Applied Analysis” (ISSN 1311-0454),
available at the website http://www.math.bas.bg/ fcaa. See also the

following works [4], 7], [15], [22], [23], [27], [30], [39].

2. DEFINITIONS OF SOME FUNCTIONS OF THE
MITTAG-LEFFLER-TYPE

Having carefully studied the definitions of generalized hypergeomet-
ric functions and the Mittag-Leffler type functions, we understand the
similarity of these functions with the Horn functions [2]. Given this
situation, we define the following functions. Note that the parameters
introduced in the functions satisfy the conditions ~;,d;, x,y € C, and

<T}
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Oél',ﬁi [~ R, min {Oél',ﬁi} > OI
D, ( Y1, 1, B Y2, ) Y3, B2

x
517043733,527044,53»34; y)
) (73) n (16)
- Z 71 a1m+ﬁ1n 72 agm 3 Ban X )

(01 +asm+ B3n) T (0 + aym) T (63 + fan)’
Dg( Y1, 1, B Y2, ) Y3, 25

x
51,(13,52,53;53,@4;54,54; )
— Z Pyl a1m+ﬁ1n(72)a2m<73)ﬁ2n x y" (17)
61 + Olgm) (52 + /Bgn) (63 + a4m) T (54 + 54,”)7

,)

m

m,n=0

m

m,n=0

D Vi, Q13 Y2, Bi V3, 23 Va, Bo;
3 517043753,527064;53754;

. Z ’yl am 72),31n(,y3)o¢2m(74)[82n x™ yn
Rt [ (61 + agm + B3n) [ (09 + aym) T (63 + Byn)’
(18)
D Vi, a1, P15 Y2, 2, PBo; T
Y\ 01, 309, Bs; 03, 04364, Ba; |y
_ i (’yl)alm+,31n(fy2>a2m+,32n x™ yn (19)
= D (614 azm) T (02 + B3n) I' (65 + cym) I' (04 + Ban)’
Ds Y1, o1, B Ve, 2, B2 Y
51, as, 83502, au; 03, Ba;
_ Z 71 alm+ﬁ1n(’y2)a2m+52n ™ yn (20>
=0 (51 + azm + 5371) ((52 + &4?77,) I ((53 —+ ﬁ4’l’L> ’
E Y15 1, B1; V2, Q2 T
A 043, 02, B2; 03, a3 04, B35 | Y
i 71 a1m+,81n(72)a2m ™ yn (21)
0 r 51 + Oégm (52 + Bgn) r (53 + oz4m) I ((54 + Bgn),
M, a1, B T
042,52 52,53,043,54753,
_ Z (’71)a1m+ﬂ1n ™ y" (22)
0 r ((51 + Oézm) (52 + 5277/) r (63 + 053m) r (54 + ﬁ3n> ,
E Y1, O xz
P\ 61, an, B 0o, 3503, Ba; | Y
i (%>a1m ) y" (23)

T (61 + aom + 5171) r ((52 + Oégm) T (53 + 5271) ’
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( V15 015 Y2, Bri 3, 02

T
517043752,527044;53,53; )
Z 71 arm 72)51n('73)a2m T y" (24)

(51 + a3m + ﬁgn) (52 + a4m) T ((53 + ﬁgn) ’

’)

m

m

mn=0
B ( M, 032, O;

043,51, 02, auy; 03, B;

i () g (72) iy x y" (25)

[ (01 + agm + in) T (62 + aym) T (03 4 Bon)’

’)

m,n

Y, a1, Bi;
01, g, Ba; 02, a3 03, PBa;

— i (’Yl>a1m+51n ™ y" (26)
= T (01 + aom+ fon) T (82 + azm) T' (85 + Bsn)’
—. x
E Y
’ ( 517041751;527042;537523 Y )

- zn: [ (61 + arm+ Bin) T (82 + agm) T (05 + Ban)’

! ) . " (28)

= Z (Vl)almﬁ@ln(’m)azmr ((51 + agm) T (52 + B2n)

m,n=0

E Ty 0, B Y2, 25
10 01, aig; 0g, Ba;

m

Note that the introduced generalized Mittag-Leffler functions (16) -
(28) in particular values of the parameters coincide with the known
hypergeometric functions. For example, if in (16) the parameters take
the fOHOWiIlg values a1 = Qg = Qi3 = Oy — 51 = 52 = 63 = 54 = (52 =
d3 = 1, it coincides with the Appel function, that is Dy (x,y) = Fi(z,y)

2]

3. DETERMINING THE REGION OF THE CONVERGENCE OF A
FUNCTION D,

Following Horn [2], we determine the region of convergence of the in-
troduced hypergeometric function D;. Definition. Let us call positive
values r, s the associated radii of convergence of the double series

Z A(m,n)z™y", (29)
m,n=0
if it converges absolutely at |z| < r, |y| < s and diverges at |z| > r,
ly| > s.
Let us also assume that the max(r) = R, max(s) = S. Points (7, s)
lie on the curve C, which is located entirely in the rectangle 0 < r <
R, 0 < s < S. This curve divides the rectangle into two parts; the part
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containing the point r = s = 0 is a two-dimensional image of the region
of convergence of the double power series. Studying the convergence of
the series (30), Horn introduced the functions

® (p,v) = him f (pt,vt), W (p,v) = lim g (ut,vt), (30)
where
A(m+1,n) A(m,n+1)

_ ) _Amnt ) 31
) = HEt g ) = H )
and showed that R = |®(1,0)]™", S = |¥(0,1)|”" and that C has a
parametric representation r = |® (u, )|, s = |V (u, )|, p, v > 0.
Consider the function (16). It follows from the definition of the function
D,
U(y 4+ ar + agut + Bivt) T (y2 + g + aspt)

(v +oqapt + Bivt) T (v2 + aopt)

2

f(ut,vt) =

[ (61 + apt + Bsvt) I (8 + aaprt)
I (51 + as + Oéglj,t + Bg[/]ﬁ) F( o+ ay + 044/Mf>7 (32)
glut, vt) = L' (y1 + b1+ arut + prvt) I (s + Bo + Pavt)
7 I (71 + ot + ﬂlyt) r (73 —+ ﬁ2yt)

I (61 + aspt + Bsvt) I' (05 + Bavt)
[ (01 4 Bs + asput + Bsvt) T (05 + B + favt)’

Due to the asymptotics of the Gamma function for large arguments

[20]

['(z+«) o (a—=B)(a+p8—-1)
T(z+p8) ~ ik 22

we have

102, Jarg(2)| <.

1
fut,vt) ~ —t78 A=a3+ay —aj — as,
2 a3 ay a3 oy (33)
oo (31 + P31) ™ (0 4) o - (@) (a)

Similarly, we define

it vt) ~e 1 N = Byt By By~ B
i asp B (8™ (BB B
(onp+ )™ (8™ (B (B

Now consider some cases:
Case 1. Let A >0, A’ > 0. Then from (33) and (34) it follows

® (p,v) = lim f(ut,vt) =0, W (p,v) = lim g(ut,vt) =0.  (35)

E=u

E' =

Positive numbers r and s large numbers. The series converges for any
value of the argument.
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Case 2. Let A =0, A’ =0. Then from (33) and (34) it follows

1 1
q)<lu’>y):E7 \D(M7V>:Ev

which immediately led us to the parametric representation of the curve

C' on the plane (r,s) in the form r = G, s = G'. Therefore, the

series converges absolutely for the values of |z| < p and |y| < p’ where
3 / 3 /

p= min(E), ¢/ = min(&').

Case 3. Let A <0, A’ < 0. The series diverges r = s = 0. The series

converges only at the point x =y = 0.

Case 4. Let A =0, A’ > 0. Then the series converges absolutely in

the region |z| < p and |y| < co.

Case 5. Let A > 0, A’ = 0. Then the series converges absolutely in

the region |z| < co and |y| < p'.

(36)

4. INTEGRAL REPRESENTATIONS OF A FUNCTION Dy

For a generalized hypergeometric function of the Mittag-Leffler type
Dy, following integral representations of the Euler type are valid

D Y1, o1, B Ve, 25 Y3, B | _ F(N)
P\ 01, a3, Bs; 02, a3 03, By |y ()L (1 —2)

1

o [ eri(q — gype—tp, (10 Pii s s, B
/§ (1= ! (51,%,53;52,0&4;53,54;

e e 67
| )

Rep > Revyy > 0,

D, V1, 1, B Ve, 2 Y3, o | _ I (1)
51,a3,ﬁ3;(52,044;53,ﬁ4; Y F(")@,)F(,u—")/g)
1

. o, o 11, o 38)
X =11 _ )P 1D Vlaalaﬁla’YQaaQ)Mvﬁ% T d (
bf{ (1= P\ 01, as, Bs; 02, 4 05, s |y€™ 3

Rep > Revys > 0,

D Y15 a1, i V2, 0253, Ba;
! 01, a3, Bs; 02, 0 03, Ba;
1

:1:) _ [ (1) T (p2)
| Yy I (v2) T (v3) T (1 — 72) T (2 — 3)

vo—1,v3—171 _ ¢e\M1—7v2—1l/q1 _ \p2—7r3—1
//5 (1 — g (1~ )

. . . a9
x D, (7511 o %;’g;zzgfg? §§5> dédn, Re ji; > Revs > 0, Rejiy > Reys > 0,
(39)
1 1
105101 _ yo1=1(] _ pyo2=lp Y15 1, B1; Ve, (23 Y3, Pas |2 dedn —
//5 g ( 3 ( U ! (51,@3,53;52,044;53,54; y7764 San
0

0
_ V1, o, B 2, Qa5 3, Ba;
=1 <01) g (02) Dy (51, as, 33309 + 01, ;03 + 09, By

§> , Reg; >0, Reogy > 0,
(40)
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Y15 a1, B Y2, 0253, Ba | ) _ F(N)
51705375376270447537547 F(”)/l)F(,U_’Yl)

1
X/gwl 1) — gpn-ip, (mozl,ﬁl;%,az;%,ﬁz;
0

€ 1>d§, Rep > Reqy > 0,

01, i3, B33 02, au; O3, Ba; | y€P
(41)
D Y1, 0, B V2, 0253, o Y
! p1 + o, o3, B33 02, 0ua; 03, Bas |y
1
. . . a3
_ u1—1 1— /142*1D 717a17ﬁla727a27737527 xf d
/f (1-9) ? (u1,a3;ﬂz>ﬁ3;52,044;53>ﬁ4; y(1— &)™ 3
0
Repy > 0,Re s > 0,
(42)

D, V1, o1, B Ve, s Y3, B | _ 1
01, a1, P15 02, (03, Pa; |y L(y)T (61 —m)
1

% /5711(1 B €>51—W1—1E (727 0‘251,5&1) E <g§:g§:y561> de, (43)

62,0[4,

0
Red; > Revy; > 0,

D M, 0, B Ve, 0253, o | _ I (72 +73)
"\ 61, a3, Bs; 02, a3 65, Bas |y I'(72) I (73)
1

% /572—1(1 _ 5)7371D5 (71,041751;72 + 73, (g, Bo;

01, a3, B3; 02, 0 03, Ba;

x&*?
y(1 - §)ﬂ2> “

(44)

0
Re~ >0, Revys > 0,

51 —v3—1

D, M, 0, Bis e, 08, Bas | _
01, i, 835 02, a3 03, Ba; |y

x F, <51 Y15 0, B 2, ;

— 3,3, B3 — Ba; 02, u; O3, Bs;
Red; > Revys > 0,

( f)
Y€ (1 — €)™ >d§

(45)

D, (71,043 ag, B1; Y2, 253, Bo; ff) _ 1
517()[3)617527@4,537/847 Yy F(”71)F(’)/2)F(51 i 72)

//gyz 17— 1 5)51—72—1(1_77)61—71—w—1

x@ﬁxmﬂ<—owwmv%wxmufﬁwﬁﬁm,
Revy; >0, Reya >0, Re(d; — 71 —72) >0, ag—as > 0.

(46)
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Let us prove the validity of the integral representation (46). We expand
the integrands on the right-hand side into a series, then we have

1
I(z,y) = C(y)T ()T (61 — 71— 72)

572—17771—1(1 _ 5)51*72*1(1 _ n)&*'ﬂ*’vzflx

(az—az)\" 0 _ a\B1, By "
(%) ﬁyl(xé £[(1— ) n)s)) 5 (v -7 e
(52 + a4m) 0 r (53 + 54’@)
1 i (’73)5271
L(v) T (72) T (01— —2) o [' (62 + aym) T (03 + Ban)

X

O
o

I OMg

:L_myn

% /évﬁazm—l(l _ 6)51772+(a37a2)m+51n71d§

X /7771+(a3—042)m+61n—1(1 _ n)&*’h*ﬁz*ldn _
0

C(y) T (72) T (01 — 71 —2) e [ (62 + aym) I (93 + 5471)
xB (')/2 + aam, 51 — Y2 + ((13 — O[Q) m —+ Bln) X
B+ (a3 —az)m+ Bin, o1 — 11— 72)
or

o0

B 1 ('73)52n My
Iz,9) = I'(y) T (92) T (01 = 71— 72) mzn;(] I (05 + aam) T (65 + Ban) ’

L2+ azm) T (31 = 7 + (a3 = ag) m + fum)
I ((51 + agm + ﬁgn)
XF(% + (az —ag)m+ Bin) (61 — v — 72) _
I'(01 — 72 + (a3 — ag) m + Bin)

B 1 i (1 + (3 —ag) m+ Bin) T (2 + aem) (13) 4,,,
()T (72) o ' (01 + azm + B3n)
" y" _ Y1, Q3 — 2, B1; 72, Q23 Y3, Bo; | @
[ (62 + cym) I' (93 + Ban) 01,03, 1502, a3 03, 815 |y )

The integral representation (46) is proved.

5. INTEGRAL LAPLACE TRANSFORMS

Let L, and L, denote the one-dimensional and two-dimensional Laplace
transforms:

L@} = [ 7@ e dr, Rep>o (47)
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Lo{f (t1,t2);p,q} = //f (t1,t2) e” P29t dty, Re p >0, Re ¢ > 0.
00

(48)
The following Laplace transformations are valid

. . . tOéB
L. d-1p T, o1, Br; Ve, @25 Y3, o | :
! { ! <51,Oé3,53;527a4;53,54; ytis ) P
1 V1, a1, B15 Y2, @23 Y3, Ba; 1%
B ]EEH 02, 03 03, Ba; y | -Rep >0,

e
-1 M1, Q15 Y2, B Tty |
Ll{t = (517042,52;52,043;53,53; yth? P
x

_ (P)Dl Py 115 f2; V15 015 Y2, B1; E (50)
PP 01, (g, fa; 0z, v3; 03, B35 | Y |7
p.UQ

(49)

=

Rep >0, Repy > 0, Repg > 0,
Ly t’fl*ltgrlEg V1, a1, Bi;

ZEt'ul
pe |0 p =
01, (2, f2; 09, i35 03, 33; yt§‘2>’ ’ }
_ F(Pl)F(P2)D Y1, Qs B P1, H; P2, o | T
= m Pl 5 S :
prLgr2 1,02, 323 02, (33 03, B35 |y

, Repy >0, Reps >0,

(51)
i
yﬂg 7p7 q

,Rep >0, Req >0,

Lo d p01-1,02-1 717041751;727042§73752;
2{ Y 2 01, aig; 02, B3; 03, aug; Oy, Ba;
1

I P E AN
g% 03, 0 04, Ba; 1

e
(52)
By, (’71,061,51;’72,042;’737523 :r;)
(51,0[3;(52,ﬁ3; Yy
B o o (53)
= 2 e O O8) o £ oy G+ )

Equalities (49)-(53) are verified by direct calculations.

6. SYSTEM OF PARTIAL DIFFERENTIAL EQUATIONS

Theorem. Letf = x(0/0x), ¢ =1y (0/dy), then for vy, y2, 73, 1, 2,
ds,x,y € C ay,8; €N, (j=1,2,3,4) the Mittag-LefHler-type function
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of two variables Dy, defined by (16), satisfies the following partial dif-
ferential equations:

a3 a4

H (51+013—i+0430+53 qb)H (52+Oj4-i+0&40)l’ 1
i=1 1=1

H (4o —i+arf+519) [] (2 + e — i+ az0) Di(x,y) =0,

=1 =1

B3 B4

H1 (01 4+ B3 —i+ s+ F5 ¢)H1(52+54—i+54 P)y!

:51 " B2

—1:[1 (1 + P —i+ a0+ ¢)E(72+52—i+52 ¢) D1(z,y) = 0.

(54)

Proof. Let us show the validity of the first equation in (54). The right
side of the first equation (54) will be denoted by J(z,y). Substituting
the function D into the first equation (54) and taking into account the
equalities 6 (™) = ma™, ¢ (y™) = ny™, we obtain

4

H ((52 +oay —1+ @40) x_lDl(xvy)

i=1

D55 e (a7 y
it [ (61 +asm+ B3n)  T(0s+ag(m—1))T (05 + f4n)’

1:2[ (2 + ag — i + anf) Dy(z,9y)

Z ,yl a1m+61n(’72)a2(m+1)(73)5271 x™m yn
0 I' (01 + azm + B3n) [ (09 + aym) T (63 + fyn)’
Hence we get
IT (61 +az —i+azf + B3 @) [] (02 + ay — i+ asf) 27 Dy (2, y)
i=1 =1
_ - i (71)041m+51n(72)042771(73)5’271, xmil yn
o foar 8 § (01 +az (m —1) + Bsn) I' (62 + g (m — 1)) I' (5 + Ban)’
(55)
H (V1 4+ a1 —i+ a0+ Bid) [[ (2 + ag — i + asd) Di(z,y)
i=1
o Z 71 ai( m+1 +Bln(72)a2(m+1) (73)[3’277, ™ yn
m.n=0 51 + azm + B3n) ((52 + a4m) r (53 + 6471) ’

(56)
Substituting (55) - (56) into the first equation of system (54), we de-
termine

S I W v
J _ 1m—+pB1n asm o _
(@9) mZ::l ; T (61 + ag (m — 1) + B3n) T (05 + cq (m — 1)) T (35 + fan)
. i (71)al(m+1)+ﬁ1n(72)o¢2(m+l) (,}/3)62n x™ yn
~ T ((51 + a3m + Bg'ﬂ) I (62 + a4m) T (63 -+ @m) ’
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In the first term, changing the summation index m to m + 1, we de-
termine that J(x,y) = 0. The validity of the second equation of (54)
is proved in a similar way. U

7. CONCLUSION

We have introduced the series of two-variable Mittag-Leffler-type
functions and studied certain properties of these functions. Namely,
we have determined the region of the convergence, Euler-type integral
representation, and one and two-dimensional Laplace transform and
determined the system of partial differential equations linked with these
functions. We note that we did these for function D;(z,y), but results
can be easily obtained for other introduced functions. We believe that
obtained result will be applied in near future since similar functions
Ey(z,y) and Ey(x,y) already found their applications in [3],[9].
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