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ABSTRACT. In this paper, we establish Hermite-Hadamard type inequalities for Riemann-
Liouville fractional integrals via strongly h-convex functions. Some midpoint type and
trapezoid type estimates related to them for n-times differentiable functions are also ob-
tained, which extend some known results.

1. INTRODUCTION

Let I be an interval in R and A : [0, 1] — [0, 00) be a given function. A function f: I — R
is called h-convex provided that

(1.1) fltz 4+ (1 =t)y) < h(t)f(z) +h(1—1)f(y)
holds for all z,y € I and ¢t € (0,1). This notation was introduced by Varosanec [40]
and generalizes the classes of convex functions, s-convex functions (in the second sence),
Godunova-Levin functions and P-functions, which are obtained by taking in (1.1) h(t) =
t, h(t) =t° (s € (0,1)), h(t) = 1/t and h(t) = 1, respectively. Many properties of them
can be found, for instance, in [7, 11, 13, 16, 18, 30, 31, 45].

A significant application of the convex function is the well-known Hermite-Hadamard
inequality, if f : [a,b] — R is a convex function, then

(1.2) f<a;b> < bia/abf(x)d:ng f(a);rf(b)

This inequality was studied extensively and had been extended under various convex type
functions. In 1995, Dragomier, Pecaric and Persson [12] established similar results for
Godunova-Levin functions and P-functions. In 1999, Dragomir and Fitzpatrick [10] ob-
tained an analogous inequality for s-convex functions (in the second sence). In 2008,
Sarikaya, Saglam and Yildirim [35] extended it to h-convex functions.

Following Polyak [28], a function f : I — R is said to be strongly convex with modulus
B >0 if

(1.3) flto+ (1 =t)y) < tf(x) + (1= 1)f(y) = Bt(1 - )(z — y)*,
for all z,y € I and t € (0,1). The function played an important role in optimization

theory and mathematical economics (see e.g. [19, 20, 21, 22, 28, 29, 33, 37, 41, 42]). In
2011, Angulo, Gimenez, Moros and Nikodem [3] introduced the strongly h—convex function,
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which unified the classes of strongly convex functions and h-convex functions. And then
they extended (1.2) to these new functions.

Definition 2. [3] Let h : [0,1] — [0,00) be a given function and ( be a positive constant.
We say that f : I — R is strongly h-convex with modulus 8, or f belongs to the class
SX(h,B,I), if
(1.4) fltz + (1= t)y) < h(t)f(z) +h(1 = 1) f(y) = Bt(L = t)(z —y)*,
forallz,y € I and t € (0,1).

Particularly, if f satisfies (1.4) with h(t) = ¢, h(t) = t* (s € (0,1)), h(t) = 1/t and
h(t) = 1, then f is said to be strongly convex functions, strongly s-convez functions, strongly
Godunova-Levin functions and strongly P-function, respectively. Moreover, it is not difficult
to check that h(1/2) > 0if f € SX(h,3,I) and f > 0. As an application, the authors [3]
established the following Hermite-Hadamard inequality.

Theorem A. Let f € SX(h, 3, [a,b]) and h be Lebesque integrable on (0,1) with h(1/2) >
0. If f is Lebesgue integrable on [a, b], then

2h(1/2) [f <a;b> +1‘;(b—a)2} < bia/abf(a:)da:
p

1
(15) < (o) +50) [ hoyi—Go—a

It is notable that Theorem A reduces to the result in [35] with 8 — 0.
Let f : [a,b] — R be integrable. The left and right Riemann-Liouville fractional integrals
J& f and Jp- f of order o > 0 are defined by

(1.6) T @) = g7 [ @= 00" (0t >
and

b
(1.7) T f(a) = F(la)/ (t — 2)* L f(t)dt,x < b,

respectively, where I'(«) = fooo t*le~tdz is the Gamma function.

In recent years, Hermite-Hadamard type inequalities via Riemann-Liouville fractional
integrals are studied extensively, for instance, see [5, 9, 24, 27, 32, 36, 39, 43, 44] and the
references therein. In this paper, we extend them to strongly h—convex functions and obtain
some error estimates related to these inequalities.

In the sequel, we assume that the function & in the above definitions is always Lebesgue
integrable on [0, 1]. Denote L(I) be the set of Lebesgue integrable functions on the interval
I and let C™(I) be the space of functions f with its derivatives f*) continuous on I for all
0<k<n,

2. NEw HERMITE-HADAMARD INEQUALITY VIA RIEMANN-LIOUVILLE FRACTIONAL
INTEGRALS

In 2017, Sarikaya and Yildirim [34] first obtained a remarkable inequality of Hermite-
Hadamard type involving the left and right Riemann-Liouville fractional integrals.
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Theorem B.[34] Let f:[a,b] = R be a convex function and f € L([a,b]). Then

a+b 297 0 (a+ 1) [, . F(a)+ F(b)

2

In 2020, Budak, Ertugral and Sarikaya [6] extended it to more generalized fractional
integrals. In 2021, Zhang, Farid and Akbar [46] obtained an analogue inequality as Theorem
B for strongly (s, m)—convex functions. In this section, we establish the following similar
inequality for strongly h—convex functions.

Theorem 1. Let f € L([a,b]) and f € SX(h, B, [a,b]) with h(1/2) > 0. Then
1 a+b B(b— a)?
21(1/2) [f< 2 >+ 2(a+1)(a+2)}

247! Ma+1) [ 4 o
< Totar [Ty f“”( o 10)

1 2
< HOLIO, [ oot [y () (12 L) - Lol D00
2 0 2 2 4dla+1)(a+2)
Proof. Since f is a strongly h—covex function with modulus g, for any t € [0, 1] we have
a+b 1/1—-1% 1+¢ 1 /141 1-t¢
1(727) = (e ) (e )]
1-— 1 1 1

< h(1/2)f< o ++tb>+h(1/2)f< - +b>—§t2(b—a)2,

with means that

o <11/2>f<a;b)

< /1( ) 1f< ! +1+tb>dt+/01( £ 1f(1+t +12_tb>dt
- (<1/2)>2/ (1 -pfiede
2.1) = /b b fudu + 22)& /a(a+b)/2(u—a)a1f(u)du
T4h(1/2)a (oz+ai)(oz+2)
22) = GEG [Ty O+ a0 ~ G ate s D

Therefore we finish the first inequality of the theorem.
On the other hand, it is easy to see that

f<12—ta 1+tb> - h<1;t>f(a)+h<12+t>f(b)_5(1 tAz(Ht)(b_a)Q’
(e i) = () r@en(F5) s - PR
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which, combing with (2.1) and (2.2), imply that
2°T () |:Ja Jo b ]
G o [Ty 7O gy 7O
! a1, (11—t 1+t ! w1, 1+t 11—t
= /0(1t) 1f< 5 a+2b>dt+/0(1t) 1f< 5 a+2b>dt

< [f(a)+ £(b)] /01(1—t)°‘_1 [h (1;) +h<12+t)] g 5(1);@)2 (afi;(jw)‘

Thus we finish the proof of Theorem 1. [l

If taking h(t) =t and h(t) = t°, then Theorem 1 reduces to Corollary 3 and Corollary 4
in [46], respectively. And, it is not difficult to see that the theorem is Theorem A for o = 1.
Letting 8 — 0 in Theorem 1, we have the following result.

Corollary 1. Let f : [a,b] — R be an h—covex function with h(1/2) > 0 and f € L([a,b]).

Then
1 a+b 2071 0(a+ 1) [, .
2h(1/2)f( 2 ) = M[J(T)f(@%f(a;bﬁf(b)]

f(“);rf(b)a/olta—l [h (;) th (1 - ;)} dt.

Especially, if h(t) = t, Corollary 1 becomes Theorem B.

IN

3. MIDPOINT TYPE INEQUALITIES FOR 1 TIMES DIFFERENTIABLE FUNCTIONS

In the past few decades, various applications are studied extensively with respect to the
inequality of (1.2). In 2000, Pearce and Pecaric[30] proved an important equality connect
with the right part of Hermite-Hadamard inequality.

Lemma A. [30] Let f : [a,b] — R be a differentiable function and f" € L([a,b]). Then

bfa/:f(mdx—f(“;b)

1 b , (a+b)/2 ,
= [/( (b—x)f'(x)dx — / (x—a)f (m)dx]

b—a a+b)/2 a

1/2 1
= (b—a) [/0 tf(ta+(1—t)b)dt—/1/2(1—t)f(ta+(1—t)b)dt].

By the lemma, the authors showed the following result.
Theorem C. [30] Let f : [a,b] — R be a differentiable function. If |f'|? is convex on
[a,b] with 1 < q < oo, then

s [ (S50 < b (Ml e

Furthermore, some estimates for concave functions are also achieved in [17] and [30]. In
2004, Kirmaci [15] rediscovered Lemma A and established some other estimates similar to
Theorem C. In 2011, Alomori, Darus and Kirmaci[2] obtained analogue results for s—convex
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functions. Meanwhile, there are large number of works dedicated to study the difference
estimates connected with the right part of (1.2), for instance, in [4, 8, 14, 16, 27, 30] and
the references therein.

In 2017, Sarikaya and Yildirim [34] found an important identity related to Riemann-

Liouville integrals as follows.
Lemma B. Let f: [a,b] — R be a differentiable function and f' € L([a,b]). Then

e ey - s -1 (37

b—a [! ol (1—t 1+t 1+t 1
e R e B D L

It is not difficult to check that Lemma B becomes Lemma A with « = 1. As a conse-
quence, they obtained the following midpoint type inequalities for differentiable functions.
Theorem D.[34] Let f : [a,b] — R be a differentiable function. Suppose that |f'|? is
convez on [a,b] for 1 < q < co.
(i) If1 <q < oo, then
2970 (@ +1)
(b—a)* [

Ty f(a)+J€*a;b)+f(b)} —f (a;bﬂ

—a 1/q
4(1;“) <2(a1+2)) {[la+DIf @+ (@ +3) @)

+la+ 3@+ @+ DIFE)N] .

(ii) If1 < g < oo, then

e Py 10 et -1 (57

o (ap1+1>1/p [(f’(a)\ il >)1/q+ <3!f’(a)\ Z4|f’(b)!>1/q]

b—a 4 1/p , ,
< ( ) (1 (@) + 17 O]

IN

4 ap+1

where 1/p+1/q = 1.

It is notable that Theorem D reduces to the theorems in [15]. In 2016, Set, Sarikaya
and Gozpinart [38] generalized the proceeding theorem to conformal fractional integrals. In
2020, the authors [6] extended them to more generalized fractional integrals. In 2021, the
authors [46] gained similar inequalities for strongly (s, m)—convex functions. On the other
hand, Noor and Awan [23] proved an equality for twice differentiable functions.

Lemma C.[23] Let [ : [a,b] — R be a twice differentiable function and f” € L([a,b]).
Then

e [y 0+ e t00] -1 (%57

e
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Consequently, they established the following inequalities for s—convex functions.

Theorem E.[23] Let f € C?%([a,b]) and f" € L([a,b]). Suppose that |f"|? (1 < q < o)
is an s-convez function ( in the second sense).

(i) If1 <q < oo, then

)

2

_a)? 1-1/q 1 1/q
< et () (o reatror s o)

1 " q 11 a—',-ll 5 //b q 1
+<S+a+2\f(a)\ +/0(—t) (1+1) t\f()}) :
(ii) If1 < q < oo, then

S ey @ Ty 10] 1 (%57

(b — a)2 1 e 1 Ha s " q " q
S ela(a+ 1) (p(aH)H) <s+1) {ler =@+ o

@[+ @ =) o))

where 1/p+1/q = 1.

In this section, we will establish some analogue results for strongly h—convex functions
with n order derivatives. For the sake of convenience, if f : [a,b] — R is an n—times
differentiable function, we denote

2(r%7) = T ey 1@+ Ty 10 =1 (57

Qe

(b—a)*
n—1 i i
B [1+ (=1)7] (b—a)’ Gy (a+h
) Z ST o+ h) ( 2 )

It is easy to see that if n=1or 2, £ (f, “TH’) have the same concise form:

63) 2(1757) = G50 [y 10 gy r0] 1 (*57).

Now we introduce the following key lemma.
Lemma 1 Let f € C™([a,b]) and f € L([a,b]), n € Zt. Then

a+b b—a) - e e (1t 1—¢
2(1557) = w0 oo (e )

! 1— 1
+ / (1 —t)etn=tp) <ta + Hb) dt} ’
. 2 2
here we denote [[0_,(a+ k) = 1.

It is not difficult to check that Lemma 1 reduces to Lemma B and Lemma C for n =1
and n = 2, respectively.
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Proof Without loss of generality, we may assume n > 2. Integration by parts n times
show that

1
/ (1 —¢)otn=trm) <1 AL 1b> dt
0 2 2

— 1 —
_ 2 D) a+b) 2(a+n-1) / (1= gyotn=2 pln=1) 1+t¢ o 1 tb it
b—a b—a 0 2

2
_ 2 1) a+b) 22(a+n—1) f-2) a+b
b—a 2 (b—a)? 2
2(a+n—-D(a+n-2) [ otn3 g (1t 11—t

_ Lfm—l) <a+b> ~ 2%(a+n— 1)f("_2) <a+b>
b—a 2 (b—a)? 2

2(a+n—1)(a+n— Z)f(nf?’) (a—!— b)

(b—a)3 2
(- 2"a+n—1)(a+n—2)---(a+1), [a+b
e G—ar ()
-)"2"(a+n—-1)(a+n—2) - (« a [! —
M AChs (;)_<a;+n 2 (at]) /0(1—t)a—1f<1;ta+l2tb>dt
B nfl n J— 12n ]Hk—]+1(a+k) ) a+b
_]Z% Gy “ ()
—1m2et [ (a + k) (a) o,
* G~ o oy 1
DOm0 we obtain

Multiplying both sides of the proceeding equality by T T (at k)
k=1

(*1)n(b*a)n ! _ potn—1 £(n) <1+t i )
(3.4) 2”+1HZ_11(a+k)/o (1—¢)otnly o+ —5b)dt

2 M(a+1) , 1, (a+b\ s ()i(b—ay L (atb
(b—a) J(a+b) f(a) f( > ;2j+1ni:1(a+k)f]( 5 )

Similarly, using integration by parts n times again,

1 _
/ (1 —t)otnipm) (12 L 1+tb) dt
0

S22Vt k) o fatb) | 27 [[1a(a + B)D(Q)
_ _Z (bk 343711 — f(g)< 5 >+ l}g_oi)a%) ( )J(a;

=0
which means that

(b—a)" /1 +n—1 ()<1—t 1+t>
3.5 1—p)etn=lym) (2= 2q 4 b) dt
RRET RN 2 4T
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20-1D(a + 1) <a+b> = (b—a) : <a—|—b>
= -~ @ S E : () .
G—ap (e f jﬂzﬁJHLﬂ@w+mf 2
Therefore we complete the proof of the lemma by (3.4) and (3.5). O

Using Lemma 1, we obtain the following fractional integral inequalities. For simplicity,
we first denote

1/2
A= / ttn I tydt, B = / )T (t)dt.
1/2

Theorem 2. Let f € C™([a,b]) and f™ € L([a,b]),n € Z+. Suppose that ‘f(”)‘q
SX(h, B, a,H]),1 < g < oo.
(i) Ifq=1, then

(437

a—lp )" n a+n —a)?
Y

(ii) If1 < q < oo, then

=(3)

2(a+n)/qfnfl(a + n)l/q(b _ a)n

[Troi(a+k)

q q [0 n —a 1/q
{[olsoaf'+alpo - grlert st

q q o n —a l/q
+[B\f<"><b>\ e e o +2)] }

IN

X

- olatn)/a—n=1(o 4 p)l/a(h — a)"
N [Tr=i(a+k)

{(Al/q+81/q> (‘f(”)(a)‘+‘f(”)(b)‘)+2[ Bla+n+3)(b—a)? )}WJ}.

20002 (a0 + n+ 1) (e +n+ 2

X

(iii) If1 < q < oo, then

a+b
(2]

(b—a) ( 1 >1/P
2 U [ ot k) \platn-1)+1)

1/q
{ (/1;2 h(t)dt ’f(”)(a)’q + /01/2 h(t)dt ’f(“)(b)’q - ﬁ(bl_;)Q>
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1/q
+ (/1/12 h(t)dt ‘f“‘)(b)’q + /01/2 h(t)dt ’f(")(a)‘q — W) }

(b—a)" ( 1 )”p y
ot /P2 (a+ k) \plat+n—1)+1

1/2 1/q 1 —a)2]'
H(/O h(t)dt) +<1/2h<>> ](f”) |+ \f(”)(‘”\)”[ﬁ(bm)} }

where % + % =1.
Proof. (1) If ¢ =1, then it follows from the fact of |f| € SX(h, 3, [a,b]) that

/01(1 — ¢)etn=l () (1_2” + 1b> dt'
/01(1—t)°‘+”1 [h<1+t> £ )‘+h( >(f \— Ht)(b—a)?]dt

= gotn /1:2(1—t)a’L”_lh(t)dt)f(”)(a)‘ + otn /01/ t“*"—lh(t)dt)f(”)(b))

_ Bla+n+3)(b—a)?
dla+n+1)(a+n+2)

IN

‘_ Bla+n+3)(b—a)?
da+n+1)(a+n+2)

— ootng ‘ Fm ‘ 420t 4 ( £

Similarly,

1
/(1 t)a—f—n 1fn)< 2t +1+tb>dt'
0

Bla+n+3)(b—a)?
dla+n+1)(a+n+2)

< 20t A |0 a)| 4+ 2740 | F v) | -

Then we complete the proof of (i) by the proceeding two inequalities and Lemma 1.
(2) If 1 < g < oo, then power-mean inequality and the fact of |f|? € SX (h, 5, [a, b]) show

that
1
/ (1 —¢)atn=t ) (1 ;Lt + 1b> dt‘
0

1 1-1/q 1 1/q
S (/ (1 _ t)a+n_1dt> </ (1 _ t)a—}—n—l f(n) <1 ;rta n 12_tb> th>
0 0
1 ot a+n ! a+n—1 (n) a
< <a+n> [2 + /1/2(1—75) * h(t)dt)f (a)‘

Blat+n+3)b-a? |

dla+n+1)(a+n+2)

a+n 12 a+n—1 (n) a
A h(t)dt’f (b)( -
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9(an) /g g Blat+n+3)(b—a)? 1Y
_ (n) _
 (a+n)t- 1/‘1[ ‘f a‘ +A‘f (b)‘ 2a+"+2(a—|—n—|—1)(a—|—n—|—2)] ’
and
1 p—
/ (1-— t)a'f'n—lf(n) <12t 4 1+tb> dt‘
0
olatn)/q q Bla+n+3)(b—a)? 1/
(n) _
(a+n)l-1/d [ ’f ’ +A’f (a)‘ 20‘+”+2(oz+n+1)(a+n+2)] ’

which finish the proof of the first inequality in (ii) by Lemma 1 again.
For the proof of the second inequality, let

a1 = [1,(1= )T h()dt | f™) (a)|*, by = 2 [y 2 et (e [ 1 (b))

as = [1 (1= )T h(t)dt | fM B)]*, by = JaP tetn=p(t)dt | F) (a)|*

o B(atn+3) 2
L =0C = T 2aFnF2(a4nt1)(atnt2) (b - (I) :
According to the fact that
m m m m
> arl + 1be] + leel)® <Y lawl” +> 106l + D " lel®, 0<s<1,
k=1 k=1 k=1 k=1

then the desired result can be obtained easily.
(3) If 1 < ¢ < oo, then the Holder inequality and the fact of |f|9 € SX(h, 3, [a,b]) tell
us that

(fo ““”"”fj) (/ﬁ o (tm )’
<P(Oé+ nl— 1)+ 1) !
x{/o [h<1+t> ‘f ‘q h(l—t> ‘f )‘qg(l—t>4(1+t>(ba)2] dt}l/q

' 1/q
= (rreoe1) (2/1;2h‘t>dt\f(”)<“>\q“ /OI/Qh@)dt)f(n)(b)]"—W) |

By the same way, we have

1 —
/ (1-— t)aJrn*lf(n) <1t + 1+tb> dtl
0 2 2

» 1/q
<p(a - nl_ 77 1>1/ (2 /1;2h(t)dt ‘f(”)(b)‘q + 2/01/2 h(t)dt ’f(”)(a)’q - W) .

Then we complete the proof of the first inequality in (ii) by the above two inequalities and
Lemma 1.
The second inequality is proved by a similar way as (2), we leave the details to readers. O

IN
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Letting 8 — 0. We have the following results.

Corollary 2. Let f € C*([a,b]) and f™ € L([a,b]), n € Z*. Suppose that |f(")‘q is an
h—convex function with 1 < ¢ < oo.

(i) If1 <q < oo, then

(a+n)/qg—n—1 1/q(p _ 4\
‘ <f,a+b)| o 2 (a+n)9(b—a)

£ T (o + F) ’
{ [B ‘f(”)(a)‘q A ‘f(”)(b)‘q] 1/q n [B ‘f(n)(b)‘q + A ‘f(")(a)‘q] 1/‘1}
. 2(a+n)/q;[£:(i;f);)/q(b —a)" (Al/q I Bl/q) (’f(”) ‘ ‘f ") (b D

(ii) If1 < g < oo, then

a+b (b—a)" 1 1/p
‘£O32 N : WHmngaa+m<Ma+n—n+1> .

1/q
{ (/1/12 h(t)dt )f(”)(a)‘q + /01/2 h(t)dt )f(”)(b)’q>

1/
+ (/1:2 h(t)dt’f(”)(b)‘q+/01/2h(t)dt’f(”)(a)‘q> q}

(b—a) < 1 )Vp y
on+1/p HZ;%(O‘ + k) \plat+n—-1)+1

1/q 1/q
{</01/2 h(t)dt> + (/1/12 h(t)dt) ] (‘f(") (a)‘ + ‘f(n)(b)D :
where % + % =1.

Remark. By changing of variable, it is not difficult to check that Corollary 2 extends
Theorem D and Theorem E for n = 1,h(t) =t and n = 2, h(t) = t*, respectively.

4. TRAPEZOID TYPE INEQUALITIES FOR n TIMES DIFFERENTIABLE FUNCTIONS

In 1998, Dragomir and Agarwal [8] established the following identity for the right hand
of (1.2), and then they gained error estimates related to it. Some more studies please refer
to, for examples, [1, 14, 15, 26].

Lemma D.[8 ] Let f € C’1 ([a,b]) and f" € L([a,b]). Then

fla) + _a/ flo b_a/o (1—26)f'(ta + (1 — t)b)dt.

2

In 2016, Ozdemir, M. Avci-Arding and H. Kavurmaci-Onalan [25] (Lemma 2 for z =
(a+b)/2) proved a trapezoid type equality for differentiable function via fractional integral.
Lemma E.[25] Let f € C'([a,b]) and f' € L(|a,b]). Then

22 T(a+1) [, o _ @)+ ()
G [y IO+ Ty 0] - £

2
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Ll (e ) (e )

Thereafter, Budak [5] obtained it for generalized fractional integral in 2019 and Budak,
Ertugral and Sarikaya [6] extended it to other fractional integrals in 2020. As a consequence,
the authors obtained the following results.

Theorem F.[5, 6] Let f € C'([a,b]) and f' € L([a,b]). Suppose that |f'|9 is convex on
[a,b] for 1 <q < oco.

(i) If1 < q < oo, then

e [y 10+ Tyt - Y
< ;;j; — (2(‘; 112) £ (@) + ;’(jj;ww) -
+ (gl %f’(b)l")l/q] .
(i) If1<q< oo, then
D ey 0] 12320

IN

b <a;+1>”p [(f’(a)\ - s >>1/q+ <3lf’(a)\ I4\f’<b>r>”q]

b—a 4 1/p , ,
< (o) r@rol.

ap+1

where 1/p+1/q = 1.
In this section, we will prove some similar results for strongly h—convex functions with

n order derivatives. For simplicity, if f € C"([a,b]), we denote

<f7a+b) _ W[ ?m)—f(a)—i—J(aa#ﬁf(b)] _f(a);Lf(b)

n—1 i j .
(4.1) +Z 2]+1 j!Hizl(a-l-k) fY 5 )

Jj=1

It is easy to check that if n =1 or 2, R ( 1, “T*'b) has the simplified form:

a+bd\  207'T(a+1) [, o _ fla)+f(b)
a2 2 (1, 50) = Z D e pa) + ey s)] - L0

(43%)"
Now we introduce the following key lemma.
Lemma 2. Let f € C™([a,b]) and f™ € L([a,b]), n € Zt. Then

[(1)”f( ") (1—2” + 1b) + < “tay mb)] dt.




HERMITE-HADAMARD TYPE INEQUALITIES FOR RIEMANN-LIOUVILLE FRACTIONAL INTEGRALS3

It is not difficult to check that Lemma 2 reduces to Lemma E by (4.2) for n = 1.
Proof. Without loss of generality, we assume that n > 2. Integrating by parts n times
show that

n—1
0 ( ! 2 2

n—1)!

2 ii(a+k) o1y (atb
- ba( k(nlfl)! _1>f( 1)< 2 )

a n — 1 n—2 o B
= b+_ a - /0 [ k(jzl(_ 2—; b (1=t ?—(1- t)a””] b <12+ta + 12tb> dt

2 noi(a+ k) not) (a+b

B b—a( k(nl—l)! _1>f( 1)< 2 )
2(a+n—1) [ [[IZ3a+k) ooy [a+Db

- (b—a)? ( k(nl—z)! _1>f( 2)(2>

22(a+n—1)(a+n—2)
b —ap "

1 n—3
(ot k) n— atn— (n—2) 1+1 1-1
/0 [k(nl—g)!(l_t) 3_(1—t) * 3] f 2 <2a+2b) dt

L (—q)n-itign— I j+1(o¢—|—z) ( izl(a—i—k) _1> f(j) <a+b>

s -
|

' M

pt (b—a)r=J J! 2
non—1 « 1
) 2(6_1;1)n 1( +k>/0 [1—(1=0f (1;t +12b>dt
n—l( 1>n ]+12n JH_ (a—|—2) j: (Oé‘f’k) j a+b
> (b—a)n 5 < ! f”( 2 )
_1\non o n+lon TN~ 1@ 1 —
n—l( 1)n J+lgn— ]H_ a—|—z H a+k j a-+b
_ ; (b_an]j—‘rl i _1)f()< 5 >
(—1)m2n (a+kz) 1)"+12”+‘“F(a) rolatk)

+

Goap @ b —aye Teagy (@)

which means that
27 Mo +1) @) GO [+ k) =3t <+b)
(b—a)e J(%b),f(a) 5 T 27+l G T (o + k) I 2
(=)™ —a)”
o+ [T  (a + k)

(4.3)
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1 [1n—1
M _n\n—-1_ (1 _ patn—1 (n) 1+1¢ 1—t
/0 (n—1) (1-1) (1—1) f oo+ ——b)dt

Similarly, integrating by parts n times again tell us that

1 [yyn-1
M _n\n—1_ (1 _ patn—1 (n) 1—-t T+t
P e e P C R I

2 iy (4 k) w1y (@ +D
- _b—a< OE] ‘1)f( (")

+2(a: n—1) / "2 4 k) a8 — (1 t)a+“—2] ) <1 b, 1+ tb> .

(n—2)! 2 :
] Zz (et ) ( I(a+h) 1) £0) <a+b>

& G-y j 2
A (e + k) (1 N 1—t 14t
[ R M EUNY (2 +2b>d’f
n—1on— JHl +1(a—|—z) Hi:l(a"’_k) ) a+b
- - ) ()
Il atk),, 2T (e) [ (e + k)
(b—a)” f()_ (b_a)n+a (i)-‘rf()
which implies that
20-10(a + 1) _, L) = (b—a) Hk Sa+ k) =3t o <a+b>
e (e R O AC R *; 5 @k |\ 2
L (b—a)”
T e+ k)
1 n—1
[izi(@+k) 0 net o  pyasn—t| gy (L2t 14
/Ol’f(nl_l)! 1-t)"t-(@1 t)*llf <2 + 2b>d
Then we complete the proof by (4.3) and (4.4). O

Using Lemma 2, we obtain the following error estimates. For convenience, we first set

= s w arotn—1
e - [ (MR et

1 "71(oz+ k) _ _
k=1 n—1 o a+n—1
D = /1/2 <(n 1)! (1—1) —2%(1—1) ) h(t) dt.

Theorem 3. Let f € C™([a,b]) and f™ € L([a,b]),n € Z*. Suppose that ‘f(”)‘q
SX(h, B, [a,b]),1 < ¢ < oo,
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(i) Ifq=1, then

‘9% (f,a;bﬂ < M (c+p)( 7))

_6n(n+ N (@+ k) — (n+2)(a+n+3) (b a)?
22t (n+2)(a+n+1)(a+n+2) '

(@) +

(il) If1 < q < oo, then

P (3)

(b~ Mtet+n 1 )"
- 9on(1-1/g)+1 HZ;i(aJrk) n! a+n
RN ol nm+3) M2 (a+ k) — (n+2)!(a+n+3) a
{!C /' )(a)‘ +D|f! )(b)‘ —F 2”+2(nk+12)!(a+n+1)(a+n+2) (b—a)2]
+|c f(n)(b)‘q+p f(n)(a)‘q_ﬁ”(n+3) Zi%(a—kk) —(n+2)(a+n+3) (b—a)2] 1/q}
222(n+ 2)(a+n+1)(a+n+2)
(b—a)" VR R R NAT TV I .
—  on(1-1/g)+1 Hz;ll(a—i—k) ( ) 1n! B a+n> {<Cl/ +DY ) <f( )(a)‘ + f( )(b)D

n(n+3) [ a+k) — (n+2)(a+n+3) 1/q
+2 [5 2n+2(nk+12)!(a Fn+Dlatnt2) (b— a)2] .

(iii) If1 < g < oo, then

a+b
= (-57)
(b_a)n ! HZ;I(OH']‘C) n—1 _ ja+tn—1 ' v
< on+1-1/q Hz;ll(a+k) (/0 [ (nl— 1)! t a ] dt x
1/q
{[/1 h(t)dt f(”)(b))qu/l/?h(t)dt M]
1/2 0

12
! wonlt Blb—a)?]"
/1/2h(t)dt ! )(b)‘ 12 ] }

1
< (b B a)n /1 HZ;}(O‘ + k) 7f'n,—l _ toz+n—1 ' dt r %
= otV (a+ k) \Jo (n—1)!

1/q 1/q
{ K/Ou?h(t)dt) + (/1/12 h(t)dt> ] ( f(n)(b)‘) Iy [ﬁ(bua)Q]w},

f(n)(a)}q _

+ )| + /0 " it

(@) +
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where }% + % =1.
Proof. (1) If ¢ =1, then it follows from the fact of |f| € SX(h, 3, [a,b]) that

1 n—1 —
/0 [Wu )t (1 t)(””‘l] £ (1 ;r Lo+ 12tb> dt

T a + k) e o 14+t

< [M“‘ﬂ e 1]h<z )a
' M _f\n—1 _ _ pat+n-—1 1-1

+/0 (1—1) (1—¢t)*t ]h<2 >dt

(n—1)!
1 n—1 —
_/0 [W(l . t)n—l . (1 _ t)a—l—n—l] B(lt)él(l—’—t)(b — a)th

()

Fo )|

_  9n ! HZ;%(O‘_I_]{:) _\n—1_ garq _ pyatn—1 (n)
_ 2/1/2[ = h(t)de |1 (a)|

1/2 n—1 L
+2n/ [Hkl (a + )tn—l _ Qatoc-‘rn—l h (t) dt
0

(n—1)!

Fo)|
_n(n+3) 2ot k) — (n+2)!(a+n+3)

dn+2)(a+n+1)(a+n+2) Bb—a)?

n(n "2 —(n a+n
= 2 (e[| + 2|/ w)) - ( +j()n—|i€;!((a_:]jz)+1()(;:42—)7'1(%—;) =t -
Similarly,
DS @ R) ) pyner (g et | g (1=, 1EE
/0[ =L - (2 at b>dt
n(n 2o —(n a+n
= 7 (D f<")(a)’—|—C f(")(b)D— ( +j()n—f2;'((aj—k;z)+1()(;—12-)7'1(—1-;) +3)ﬁ(b—a)2.

Then we finish the proof of (i) by the above inequalities and Lemma 2.
(2) If 1 < g < o0, then power-mean inequality and the fact of | f|? € SX (h, 3, [a,b]) show
that

1 n—1 _
/0 [W(l — )" = (1 t)"*”‘ll Fo <1;Hta + 12tb> dt

M rn— . 1-1/q
(/01 kgj(al—; k) (1 . t)nfl . (1 o t)a+n71 dt) %
1 [vn—1 o ] _
(/0 _’“(;1(_ 1; I R t)“*"l_ £ (1 ;ta L1t tb)

2
n—1 1-1/q
Tm(nmma+m 1 ) [

n! a+n

IN

¢ \ e
)

IN

f™@)| +c

’ q

o)
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a4+ )[[Zia+k) -+ a+n+ 3)% B a)z}l/q’

2724+ 2)(a+n+1)(a+n+2)

and

1 n—1 _

_ 1-1/q
we (IEZi@+R) 1 Dl 1 el )"
< (TG 20} ol e )
) [ e+ k) =+ DMatn+y) o o]

2+2(n + ) (o + n+ 1)(a + n + 2) ’

which finish the proof of the first inequality in (ii) by Lemma 2 again.

The proof of the second inequality can be obtained by a similar method as in Theorem
2 (ii), we omit the details.

(3) If 1 < ¢ < 0o, then Hoélder’s inequality and |f|? € SX (h, 8, [a, b]) imply that

1 n—1 o _

1 n—1 P 1/p
< (/0 [ k(jj(_al—; k) (1 . t)nfl o (1 _ t)aJrnl] dt) %
1 q 1/q
my (LA 11—t
</Of <2a+2b> dt)
1 n—1 p 1/p
1/ k= (()é+]{?) n—1 _ ja4n—1
§2‘1</O[ (n1_1>! et ]dt) X

1/2 ‘q ﬁ(b—a)le/q

1 q
[ h(t)dt ‘ Fov (a)( + [ h(t)dt ‘ F™ ) -

1/2 0

and

(n—1)! 2

n—1 D 1/p
< 21/(] /1 Mtn_l _ tOH‘n—l dt %
N 0 (n—1)!

B(b - a)?] e

n—1
/1 [’M(l _ t)n—l o (1 o t)OH-n—l] f(n) <1_ta + 12_'_tb> dt
0

[/1/12 et ‘f(n) (b)‘q - /01/2 h(t)dt )f(”)(a)‘q BT

Therefore, we obtained the first inequality of (iii) by the above two inequalities and Lemma
2.

The second inequality is achieved by the same way in Theorem 2 (iii), we leave it to
readers. 0O
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Letting 8 — 0, we take the following conclusion.

Corollary 3. Let f € C"([a,b]) and f™ € L([a,b]),n € ZF. Suppose that ‘f(")|q) is an
h—convex function with 1 < ¢ < co.

(i) If1 < q < oo, then

a—+b
2 (7))
1-1
(b—a) etk 1 /qx
= on(1-1/g)+1 Hz;%(a + k)

n! a+n
(elmial! ol « ol e oo

1-1
(b—a) otk 1 /qx
on(1-1/q)+1 Hz;ll(a + k)

n! a+n
o) o o)

1/q

(ii) If1 < q < oo, then

o (05)]
(b—a)n 1 Z;%(a—l—k) ne1 ot p 1/p
2V [T (o + k) </0 [(n—l)!t ! ] dt) .
1/
([ woalrors [ woalroiar]”

1/q
/1/12h(t)dt‘f‘”)(a)‘q+/01/2h(t)dt‘f<”)(b)‘q] }

_ p 1/p
(b — a)n /1 Z:%(Oé + k) tn_l _ toa-i—n—l dt %
o +1-1/a T a + k) \Jo (n—1)!

1/q 1/q
[(/OI/Zh(t)dt> + (/1/12h(t)dt> ] (‘f(")(a)‘ + ‘f(")(b)D,

where }D + % =1.

Remark. If n =1 and h(t) = t, then Corollary 3 reduces to Theorem F.

As a special case of Corollary 3, we have the following results.

Corollary 4. Let f € C*([a,b]) and f" € L([a,b]). Suppose that |f"|? is a convex
function with 1 < ¢ < oo.

(i) If1 <q< oo, then

20710 (o + 1) [
(b—a)

_l’_

2

2

o o fla) + f(b)
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(b—a)? (a—i—l_ 1 )HMX

23t1/a(a +1) \ 2 a+2

[

at+1 1 ; 2Aa+1) 2 1 v al e
+[< 3 _a+3>’f (b)‘q+< 3 _a+2+a+3>‘f (“M }
(b—a)? a+1 1 \!"Va
23+1/q(a+1)< 2 a—|—2) .

o 1/q o 1/q ; §
(5 -5) (5 ]<|f<a>>+\f<b>|>.

(ii) If1 < q < oo, then

20710 (o + 1) [
(b—a)

. . I+ 0
Togay H@+ Ty 0] - HE LD

b_a2 1 N » 1/p
< 23+(2/q(a)+1)(/0 [(+ 1)t — ¢+ dt) X

{(3 |fﬂ(b)‘q + ‘f”((lﬂq)l/q + (3 !f”(a)|q + ‘f”(b)!q)l/q]
1+3Y9) (b—a)’ ! P Vr " 1"
LEZO ([ farve-enipa) (] + 7o)
b—a)® ! D e " "
< 21+(2/q(a)+1) (/0 [(a+ 1)t — ] dt) (| (@)| + | f"®)]),
where % + % =1.
Remark. Especially, if taking ¢ = 1 in Corollary 4 (i), we have
2“Tm+w[
(b—a)

. . @)+ )

(ﬁﬂﬂ@+%ﬁfﬂ% 2 '
(b— a)2 2 1 "

< L 2@l e
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